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Abstract. We consider rings .S, not necessarily with 1, and develop a decomposi-
tion theory for submonoids and subgroups of (.5, o) where the circle operation o is
defined by x oy = & + y — xy. Decompositions are expressed in terms of internal
semidirect, reverse semidirect and general products, which may be realised exter-
nally in terms of naturally occurring representations and antirepresentations. The
theory is applied to matrix rings over S when S is radical, obtaining group pre-
sentations in terms of (S,+) and (S, 0). Further details are worked out in special
cases when S = pZ,: for p prime and t > 3.

1. Introduction and preliminaries

Groups of units of rings with identity are well studied. However many rings arise naturally
without an identity. For example, nontrivial rings which coincide with their Jacobson radical
never have an identity. Nevertheless, all rings possess groups of quasi-units, that is, elements
which are invertible with respect to the circle operation o defined by

roy = T+yY—xy.

Consider a ring S, not necessarily with 1, with multiplication denoted by - or juxtaposition.
We refer to (S, o) as the circle monoid of S. Denote by S! the result of adjoining 1 to S,
which may be done in different ways depending on the characteristic (see, for example, [10,
Theorem 2.26]). Then the mapping

T (S0) - (Sh), T =1—2 (x€S)
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is a monoid embedding, which is an isomorphism when S = S!. An element z € S is called
quasi-invertible if there is an element y such that

zoy = yoz = 0,

in which case we call y the quasi-inverse of x and write

¥ =y and 7T = 1-412',
so that, in S!,
TT = 27T = 1
Put
G(S) = {x € S|z is quasi-invertible } ,

called the group of quasi-units or the circle group of S. When S = S*, denote by G(5) the
group of units of (5, -), in which case = : G(S) — G(S) is a group isomorphism.

The Jacobson radical of S, denoted by J(S), may be defined to be the largest ideal of S
consisting of quasi-invertible elements. It is easy to see that any ideal of S contained in
J(S) forms a normal subgroup of (G(S), o). The existence of complements of J(S) and the
nilradical in G(.S) appears to be a delicate issue, investigated in [7].

Call S radical if S = J(S). The circle group of a radical ring has also been called the
adjoint group [40]. Chick [3], [4] investigates, also with Gardner [5], interesting examples
of commutative radical rings S in which (S, 0) and (S,+) are isomorphic. The question of
when an abstract group arises as the circle group of a ring, and the interplay between finite
generation, nilpotency of the ring and nilpotency of its circle group have been investigated
by a number of authors including Ault, Watters, Kruse, Tahara, Hosomi and Sandling [1],
[40], [12], [13], [39], [37]. Membership criteria for the circle groups of band graded rings have
been investigated by Kelarev [11].

It should be remarked that many authors use as circle operation ot defined by z ot y =
r+y+xy. This does not matter in our context, however, because negation is an isomorphism
between the monoids (S,0) and (S,0%). Both o = o(™1) and ot = o)) are special cases of
the derived associative operation o*), where k is an integer, defined by

zo®y = z4+y+kay .

Derived associative operations are characterized by McConnell and Stokes[21]. If k is invert-
ible modulo the characteristic of S with inverse reperesented by ¢ then it is easy to see that
(S,0) = (S, o) under the map x + £z for x € S.

In this paper we develop a general decomposition theory (Section 5) for submonoids and
subgroups of rings under o, in terms of semidirect, reverse semidirect and general products,
defined later in this section. Details of the mappings involved in the case of semidirect and
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reverse semidirect products can best be understood in terms of naturally occurring represen-
tations and antirepresentations (Section 4). This theory is applied to obtain decompositions
of the circle group of the ring of matrices with entries from a radical ring S (Section 6), yield-
ing a group presentation (Section 7) in terms of (S,+) and (S, o), further details of which
are worked out (Section 8) when S = pZ,: for p prime and ¢ > 3.

We establish here some notational conventions used throughout the paper. If M is a monoid
then its identity element is denoted by 1 or 1,;, and the dual of M is the monoid M* =
{z* | x € M} with multiplication

Yyt = (yx)"  (zmyeM).
The cyclic group of order n is denoted by C,,, written multiplicatively. If G is a group and
x,y € G then we write

¥ = ylay and [z,y] = z 'y oy,

and if H is a subgroup of G then we write H < G. The use of angular brackets varies slightly
according to context. If X is a subset of a monoid or group then (X) denotes the submonoid
or subgroup, respectively, generated by X. The difference in meaning never causes confusion
here. If X is a subset of a ring S then (X), denotes the additive subgroup generated by X,
and if X C G(S) then (X), denotes the subgroup generated by X under o. If ¥ is an alphabet
and R a collection of relations then (¥ | R) denotes a group presentation. Manipulations
of group presentations in the final sections use Tietze transformations, a good reference for
which is [23]. In some examples, monoid presentations appear (which are not groups), for
which we adopt the notation (3 | R)monoid-

Let S be a ring, € G(S) and k € Z. Denote the kth power of z in (S,0) by x°*, and
note that, since ~ is a monoid homomorphism, (1 — z)* = 1 — z°¢. It is well-known (see,
for example [22, Theorem XVI.9]), for p prime and n > 1, that the group of units of Z, is
isomorphic to Cp_1 X Cpn-1, if pis odd, or p = 2 and n < 2, and Cy x Con—2, if p = 2 and
n > 2. It is easy to see that

(p)o ifpisodd,orp=2and n <2;
(prn,O) =
(2,4), ifp=2andn>2.

If n > 1 then we denote by M, (S) the ring of n x n matrices with entries from S. Note that
J(M,(S)) = M,(J(S)). If S is radical then so also is M, (S), whence M,(S) = G(M,(S5))
is a group under o.

Our development begins by recalling a well-known construction. Let M and N be monoids.
Given a monoid antihomomorphism ¢ : M — End (N) then we may form the (external)
semudirect product

Nx,M={(n,m)|lne N,me M}
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with multiplication

(n1,my)(ng, my) = (ny[ny(my )], mymy)

which is easily seen to be a monoid with identity (1,1). Dually, given a monoid homomor-
phism ¢ : M — End (N) then we may form the (external) reverse semidirect product

Mx,N={(m,n)|meM,ne N}
with multiplication
(my,ny)(my, ny) = (mymy, [ny(myp)In,)
which is a monoid, and one may verify that
(1.1) (M x, N)" = N* X, M*

under the map (m,n)* — (n*,m*) for m € M, n € N, where ¢* : M* — End (N*) is the
antihomomorphism

m*e* : n"— (n(my))" (meM,neN).
In both cases above one can easily verify that if M is a group then ¢ : M — Aut (N). If
M and N are both groups and ¢ : M — Aut (N) is an antihomomorphism then one verifies
that N x, M is a group (see also (1.5) below) and

(1.2) Nx,M=Mxy; N

under the map (n,m) — (m~',n~ 1)~ for m € M, n € N, where 1) : M — Aut (V) is the
homomorphism defined by miy = m~'¢ for m € M. This accords with (and can be deduced
from) isomorphism (1.1) because every group is isomorphic to its dual under the inversion
mapping.

For the development of the theory of semidirect products of semigroups, though not
needed in this paper, and for historical background, the interested reader is referred to the
work of Nico [27] and Preston [28], [29], [30], [31].

We now describe a construction which encompasses both semidirect and reverse semidi-
rect products, and which arises naturally in the decomposition theory we develop later for
circle subgroups and submonoids of rings. The notation is due to Rosenmai [36]. Suppose
that we have monoids M and N and maps

Q:MxN-—M, (mn)—m<n

>:MxN-—N, (mmn)—mbd>n

which satisfy the following conditions, known as the general product axioms:
(P1) (Ym € M)(¥Yn,,ny € N) m<(nny) = (m <Iny) <ny
(P2) (Ymy,my€ M)(¥ne N) (mymy)>n=my;>(my>n)
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(P3) (Vmy,my € M)(Vn € N) (mymy) <n = (my < (my>n))(my <n)
(P4) (Vm € M)(Vn,,ny € N) mD> (nny) = (m>ny)((m<ng) > ny)
(P5) (Vme M) m<ly=m

(P6) (Y\neN) 1yb>n=n

(P7) (YneN) 1ly<n=1y

(P8) (Vme M) mp> 1y =1y

Now form the (external) general product
NeM={(n,m)|[ne N,me M}
with multiplication
(g, my) (g, my) = (ny(my > ny), (My A my)my)

which may be routinely seen to form a monoid with identity element (1,1).

If m<n =mforall m € M, n € N then one may check that this reduces to the
semidirect product

(1.3) N&M=N x, M

where mp :n+—mp>n forme M, ne N.If m>n=nforallme M, n € N then this
reduces to the reverse semidirect product

where nYy : m+— m<dn form € M, n € N.If M and N are groups then one may check
that N ® M is also a group and, for m € M ,n € N,

(1.5) (n,m)t=m et mtan).

The concept of a general product was first studied for groups by B.H. Neumann [26], and
subsequently by Zappa [41] and Casadio [2]. For further development in the theory of groups
the reader is referred also to the work of Rédei and Szép [32], [33], [34], [35], [38], who intro-
duce the term skew product. The concept for semigroups and monoids has been developed
by Kunze [14], [15], [16], [17], who refers to them as bilateral semidirect products, focusing
attention on transformation semigroups and applications to automata theory. The termi-
nology that we use has been popularized by Lavers [18], [19] who finds applications in the
theory of vine monoids and monoid presentations. We remark that axioms (P1), (P2), (P3),
(P4) define a semigroup general product, though we have no use for this wider notion in this
paper.

One may ask whether there is a simple criterion for recognizing when a monoid is isomorphic
to the general product of two of its submonoids. Call a monoid M an internal general
product of submonoids N; and N, if M = N; N, (monoid product of sets) and factorizations
are unique, that is

(Vm e M)(I'ny € N))(T'ny € Ny) m=nqn,.

It is straightforward to verify the following result, first noted by Kunze [14].
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Proposition 1.1. If a monoid M is the internal general product of submonoids N, and N,
then

M= N, ®N,

under the map nyny, — (ny,ny) for ny € Ny, ny € Ny, with respect to the mappings < and
D> defined by the equation

nyny = (ny > ny)(ny < my)
for unique ny >ny € Ny and ny <Angy € N, .

Call a monoid M with submonoids N,, N, an internal semidirect [reverse semidirect| product
of N; by N, if M is an internal general product of N; and N, [ N, and N,] and

(‘v’nl S N1)<\V/TL2 c NQ)(ElTLT c Nl) nomnyp = n’{ng [ ning = TLQTLT ] .
We deduce easily the following.

Proposition 1.2. If a monoid M is the internal semidirect [reverse semidirect| product of
N; by N, then

M = Ny xg N, [ N> Ny ]
where ¢ : Ny — End (N;) is defined by the equation
nony = (ni(neg))ny [ mny = na(ni(nag)) |

forny € Ny, ny € Ns.

2. Examples

We give some contrasting examples using groups and monoids illustrating general, semidirect
and reverse semidirect products. The group examples will be revisited, from a different
direction, in Section 8, as an application of the theory of presentations which we develop in
Section 7.

Example 2.1. We give a simple example of a general product which is neither semidirect
nor reverse semidirect. Let M = {x%|i € ZT U {0} } be the infinite monogenic monoid and
define, for 7,5 € ZT U {0},

S 1 if j >4 L 1 ifi>j
<) = . - , >l = . -
{ﬁj ifi>j {ﬂ’ ifj> 1.

Then it is routine to check that the general product axioms are satisfied, so we may form the
general product M ® M , and further that

M@Mg<a,b|ab:1>monoid7

the bicyclic monoid [9, Example V.4.6], [6, Section 1.12].
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We give two examples of general products of groups which we will see later arise as
the circle groups of the ring of 2 X 2 matrices over pZ,s where p is an odd and even prime
respectively.

Example 2.2. Let p be any prime and
G = <x,y|xp2 :yp2 =1, 2v=2""7).

Observe that z — 2! 7P is an automorphism of Cy2 of order p, with respect to which we may
form the semidirect product C,2 x Cp2 , and this is isomorphic to G'. Thus we may write

G={a2"y|i,j€Zy}
with multiplication
xilyjlxiQij — xi1+i2(1+p)j1 yj1+j2 .
Now define <1,> : G X G — G by the rules
miyj 4 xkyl _ wi(l—p)_lyj—ikp : xiyj > xkyl _ mk(l—p)jyl+ikp’

interpreting the expressions in the exponents always as elements of Z,2. The verification of
axioms (P5), (P6), (P7), (P8) is trivial and (P1), (P2) straightforward. To check (P3) note
that, for z € Cp2,

L1Ep)P z, (Zp>(1ip) — P

Then (i1 < (22972 > 2Fyh)] (22972 < 2Fyh)
g (1mp) 7 T iy (1) () TR i K1) 2y ik
— xil(1_p)7l+i2(1_p)7l(1+p)j1 yjl—ilkp+j2—i2kp

(i (L=p) 1) (14p) ™y iy = (i +ig (1)1 ) kp

)
= (xilyjlxiQij) < xkyl’
which verifies (P3). The verification of (P4) is similar. Thus we may form the general product
G ® G. Observe that
y il =2 ylarz =yt zpy=y, zay=2"",
y>y =yy =y, zbzxr =uzxy’ , z<dz =22y’

It follows, by an obvious identification of generators and a straightforward counting argument
(using the previous observations to check satisfiability of the relations below), that G ® G is
isomorphic to the group

<$1,y1,$2,y2 | xip2 = yipz = 17 xiyi = x;*p (VZ), xiyj = .’IZ;er (VZ 7A ])

[9172/2] = 1,[x1,m2] :yl_py2p>~
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Example 2.3. Consider
H={(zyzlzt=y*=22=1, [z,y] =[y,2] =1,2" =27 ")
which may be viewed as a semidirect product, in at least two ways, isomorphic to
Cyx(Cyx Cy) or (CfxCy) xC,

where the copy of C, and the second copy of C, form a dihedral subgroup of order 8. We
may write

H={a'y*|i€Z,,jk €Ly}
with multiplication
xilyjl Zklxi2yj2zk2 — mil+i2(_1)k1 yj1+j2zkl+k2 .

Now define <1,>: H x H — H by the rules

xiyjzk 4 ajlymzn _ x(—l)”z’yj—&-ilzk 7 xiyjzk > xlymzn _ x(—l)klym+ilzn‘
It is straightforward to verify the general product axioms (relying on the fact that y = y~! for
(P3)). Thus we may form the general product H ® H which, by a straightforward counting

argument, is isomorphic to

<x1’yl’zlax2vy27z2’wi4:yi2:zi2:1a [xi’yj] - [yivzj] =1,

T :xi_17 5,7 =12, [y, vyl =[21,2) =1, 2,2 =1 ) -

The differences between semidirect and reverse semidirect products become apparent when
one moves beyond the class of groups. We combine both in the example below. A Munn ring
M(S; P), where S is a ring and P is an m x n matrix over S!, consists of n x m matrices
over S with usual addition of matrices and multiplication - defined by

a-f = aPp

for a, 6 € M(S; P), where juxtaposition denotes normal matrix multiplication. For a detailed
analysis of the circle monoids of Munn rings the interested reader is referred to another paper
8] of the authors. The terminology Munn ring is due to McAlister [20], which in turn derives
from the notion of Munn algebra (see [24] and [6, Section 5.2]), though in our definition above
we allow an unrestricted sandwich matrix P (see also [25]).

Example 2.4. Consider the commutative monoid
Ml = <:17,y]a:2 = 17y3 = y2>y =Yy = y'x)monoid

which is an ideal extension (in the sense of [6, Section 4.4]) of a two element null semigroup
by a copy of Cy with zero adjoined, and we may write

Mlz{l,x,y,gf:o}.
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Then M, = (Zy,-) = (Z4,0). We write Cy = (z) and induce endomorphisms z¢, yg of C,
by the rules

xgo:zr—>z_1, ygo:zl—>z2.

The relations of M, are satisfied in End (C};) when z, y are replaced by xzy, yp respectively,
so we induce a homomorphism (= antihomomorphism, since M, is commutative) ¢ : M; —
End (C}4) with respect to which we may form the semidirect product

M, =C,x,M,.
Clearly
M, = (z,y,z|relations of M, , 2* =1, 22 = 2’7, yz = 2°Y ) monoid
and we may write, without causing confusion,
M, = {22 2yF|i € Zy,j €Ty, kc{l,2}}.

It is not difficult to see, by a simple counting argument, that M, is isomorphic to the circle
monoid of the Munn ring M(Zy; (§)) . Now put

K=(u,vju'=vt=[u,v]=1) =2 C, xC,

and induce endomorphisms x, yi, z¢ of K by the rules

) s u—ul, v
g - u— u?, Vv
2 u—muvTt, v .

The relations of M, are satisfied in End (K) where z, y, z are replaced by z¢, yib, 21
respectively, so we induce a homomorphism ¢ : M, — End (K) with respect to which we
may form the reverse semidirect product

My = M, xy K.

It is not difficult to verify that M; is isomorphic to the circle monoid of the Munn ring
M(Zy4;(33)), and further that

M, = (z,y,z,u,v| relations of M, and K , uz = zu®, uy = yu?,

uz:zuv3, VT =TV, VY = Yv, vz:ZU>monoid-

3. Some technical lemmas

In this section we collect together some observations of a technical nature which will be
useful later in applying Tietze transformations. The proofs of Lemmas 3.1 and 3.2 are
straightforward inductions and left to the reader.
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Lemma 3.1. If G is a group and z,y,z € G such that [x ,y] = z and [z, 2] = [y, 2] = 1 then
[2*  y*] = 2™ for all X\, p € ZF .

Lemma 3.2. If G is a group and x,y € G such that [x,y| = y* for some a € Z then

[1)\ ] = yu(l—(l—a)*)
forall \,u € Z*".

Lemma 3.3. Suppose that G is a group and x,y, z € G such that [z, z] = 2% for some a € Z,
ly, 2] = 2% and [z,y] = 1. Then

[y, = 00
for all \,u € Z*.

Proof. Observe that 2¥ = 27!, so, by Lemma 3.2,

[y, 2" = [2 ) [y, 2] = 2 0mN 2 e O
Lemma 3.4. Let p be a prime, t > 3, and put

_Jp i p#F2
V1 =2

Suppose G is a group, x,y,z,w € G such that z,y,z,w each have order dividing p*,
i} e g Ty =yt =yt [z, w] =1
(all quasi-inversion taking place in Z,: ), and for eachm =0,... ,p"™3 —1,
xl—(—mzﬂ)’y — Z—ayml—(—mﬁ)’wa
where a is the least positive integer such that
(1= =1+ (1~ (=mp*))p*
in Zy (which exists because qZy = (q)o). Then, for all X, u € Z+,
PPyt = 2y
where v is the least positive integer such that
(1—¢q)" =1+ up?

N Lt .
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Proof. The case A = p = 1 is covered by the hypothesis (when m = 0), which starts an

induction. In the following, since orders divide p’, we may interpret exponents as elements

of Zy: . Let A > 1. By an inductive hypothesis, choosing « so that (1 —¢)* =1+ (A — 1)p?,
Py = ztly = zz %M lw

— Z—ozxz’ yl,/\—lwa

_ z—am(l—q)* yl,)\—lwa

= 27 Py Pt |
choosing 3 such that (1 — ¢)° = 1+ (1 — q)~*p? by the hypothesis, since (1 — ¢)™ =

1—(—=(A=1)p?), so that

aj)‘y — Z_(a“‘ﬂ)yx(l_‘I)ﬂI (:L,/\—l)w’ﬁw,@wa
_ o (@HB) (1m0 1) P 1) ek
= 2 %z M

where 0 = a + 3, after observing that (performing arithmetic in Z,)

-9 +1-¢)"A=1) = A-g*+(1-9"(A—1)
= (1-¢)*+1+1-q)*pH(A-1)
= A-1+(1 -1+ -1p?)
= A—1+1 = A.

Further we have that

1-9q° = 1-q*(1-9)’°
= 1-9¢*A+(1—q) %
= (1—-@)*+p*=1+N".

Now let > 1, > 1. By an inductive hypothesis, we have, choosing v such that (1 —¢)” =
L+ Ap —1)p?,

A

Py = ul Tyt~

_Zy
P ()"

(1—q )”/\

Ay
-

NH

I
®

Y

(1-g")7A, e

p—1_ v ,—€
w'z Yyx w-,

Y
Ty Lol x
Ty

= Z

choosing € such that (1 —¢)¢ =1+ (1 — ¢/)?Ap? by the first half, so that, since [z, w] =1,

x’\y“ = T Myrle uﬂyac(l_q ARV
= z—vz—e(yp—l)z*yw‘”wwx(l—q’)”we

L Oy () ) (1) (g A e

L oy 0md) )0 (1-0) (g0

—0 A, 0

2 Tytatw
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where 0 = € 4 v, after observing that

(I—=¢) (p—1)+1-q)"

Further we have that

I-g)p-1)+1-q)"

A+ 1= (p—1)+(1—q)"
p—=1+(1—q) "M —1)p* +1)
p—1+1=p.

(1-9)(1-q)
1+ (1 —¢) M) —q)

(1—-q)" +Xp°
L+ Mu—1)p*+ p?
1+ up?.

O

The next result is used in developing the presentation in Section 6 for circle groups of rings
of matrices over radical rings. Though we only apply it in this paper in a group-theoretic
context, it is no harder to state and prove for monoids, and it is useful in studying the
circle monoids of Munn rings (see [8]). Note that the angular brackets refer to submonoid

generation for the remainder of this section.

Lemma 3.5. Let M be a monoid and n a positive integer. For eachi,j € {1,... ,n}, let

X;; € M and put Y;; = (X;;) . Suppose that

i
(1 Mz(iL’Jinj).
2]

(3

)
(2)  (Vi#lj#k)(Vo e X;;)(Vy € Xy)
)

(Vi,j, k #1i)(Vz € X;; )(Vy € Xjp,)(Fz1, 22, w1, w2 € Yyy)

TYy = Z1Yr = Yrzz, Yr = ITYw, = WTY,

4)  (Vi>j)(VzeY;)(VyeY;)(IzeY;)(Twel;)

TY = 2YTW .

Then M = H HY;J-, so, in particular, if M is finite, |M| < H H 1Yl

i=1 j=1

i=1 j=1

We prove Lemma 3.5 by first developing a sequence of lemmas, each of which is assumed

to have the hypotheses of Lemma 3.5.

Lemma 3.6. (Vj #i)(Vz €Y, )(Vy €Y, [Y;])(3z,weY;[Y;])

Yyr = T2

and TY = W .

Proof. This follows by (3) and a simple induction on the number of generators.

Lemma 3.7. (Vi#j#k#i)(Vo €Y, )(Vy€Y,;)(F2, 22 €Y)

yr = 2y2

and TY = Yyrzs .
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Proof. Suppose i # j # k # i. By (2), elements of Y}, commute with elements of Y;;UY), ,

s0, by a simple induction on the number of generators, it suffices to suppose z € X, , y € X;,

and then the result follows immediately by (3). O
Forie {1,...,n}, put
Ry = Yy . Y.
Lemma 3.8. For eachi € {1,... ,n},
Ri = <jL:JleJ > )

so, in particular, R;R; = R;.
Proof.  Clearly ,GlXij C R, C{ bLZlXij ), so to prove the Lemma it suffices to show R, is
= =

closed under multiplication on the right by elements of CJlXij .Let g=1y,...y, € R, where
J:
y; €Y, forj=1,...,n.Let k € {1,...,n} and choose v € X . We show gz € R;. If
k > i then, by (2),
9T = Y- Yt (Y T )Ypy1--- Y € R; .

If k =i then, by Lemma 3.6, for each j >, y;z = zz; for some 2; € Y};, so
97 = Yy Y% (Y 2)24 ... 2, € R;.
If k < i then, by (2) and Lemma 3.6, there exists z € Y;, such that
9 = Y1 YiTYip1---Yn = Y1---Yir1 2YiYir1-- - Yn
= Y U (e 2 )hpa Y € Ry O
Lemma 3.9. (Vi >j)(Vk) R;Y,; CRR,.

]

Proof. Suppose i,j, k€ {1,... n}andj<i. Letg€ R;, € X;;,50g=1y,...y, for
some y; € Y;y,...,y, €Y, . If i # k then, by (2),

gl’ — yl“'ijyj+1"‘yn — yl...y‘]_lxwy‘]_,’_l...yn

for some w € Y;;, by Lemma 3.6, if & = j, and for w = y;z for some z € Y};, by Lemma 3.7,
if k # j, so that, by (2) and Lemma 3.8,

gr = (Y- Yy 1 WYYy
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If i = k then, making free use of (2) throughout,
97 = Y1 Y @Y1 Zig1 ) - (Y 20)
(Jzi,1 €Y541) ... (32, €Y,,) by Lemma 3.7

= Y1 YiaWYiYipr - - YnZig1 - %n

(Jw €Y};) by Lemma 3.6

= yl"‘ij(yj+1zj+1)"'(yiflzifl)yi‘“ynzi+1"‘Zn

(2,1 €Y ,00) (I, €Y,

Jyi—1

) by Lemma 3.7

= Y Y WY1 Yn Zigr e Zi1 Bl P

— yl...y]_l(uwij)yj+1...ynzj+1...zz_lzz+1...2n
(FueYy;)(FveY) by (4)

— uyl...y‘]_lwy‘]vy‘]_‘_l...ynzj_i_l...Z,L_1ZZ+1...Zn

= ww (Y 2) (Y1221 Y OYju1 - Yn Byt -+ %1 Zig1 - - Zn

(32, €Y,)... (32,4, €Y}, ;) by Lemma 3.7

Jj—1

= (vwzy. 2z (Y1 Y V0Yjpr Y ) (Zjgg o 21 Zigg - 2)

in the last line, by iterating the previous case (when ¢ # k), and also by Lemma 3.8. This

proves R, X, C R, R, . It follows immediately that R;Y;, C R;R,. O
Lemma 3.10. (Vi >j) R,R; C R;R,.
Proof. This follows immediately by Lemmas 3.8 and 3.9. a

Proof of Lemma 3.4. We have to show M = R,...R,. Clearly UX;; € R,... R, , so it
2]

is closed under multiplication on the right by elements of [JX; .
1,J

suffices to show R, ... R

n

For any j,
RX,.  C (UX,) = R,,

n<*nj
by Lemma 3.8, so that

R,.R X, € R,...R,,
and, for any ¢ < n,

R,..RX, C R,..RR, C (R,..R)R,...R) = R,...R,,
1 n<*ij n= v ! n

i n

since (R;,,...R,)R;, € R;...R,, by Lemma 3.10, and since R;R; = R;, by Lemma 3.8.
This completes the proof of Lemma 3.5. O
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4. Representations and antirepresentations

Consider a ring S. In what follows we develop a sequence of steps leading to naturally oc-
curring representations and antirepresentations of circle submonoids of S by endomorphisms
(or automorphisms if the submonoid is a subgroup) of additive subgroups of (S, +). From
these we may form external semidirect and reverse semidirect products. In the next section
we will find conditions under which these become internal, leading to a decomposition theory
for a large class of circle monoids and groups.

(1)

Define
Ps, Ag S —> End(S,+)
by, for z,y € S,

TPy 1 Y= YT, TAG Y TY.

It is well known (and easily checked) that ps and Ag are a representation and antirepre-
sentation respectively of S', and faithful if S has 1.
Let M be a multiplicatively closed subset of S and T',U be additive subgroups of S*
closed under multiplication by elements of M on the right, left respectively. Define
Prr i M —End(T,+) by mp,, : t—=tm (meM,teT)
and
Ao - M —End(U,+) by mA,, : u—=mu (meM,ucl).

Then p,, . and A, are a representation and antirepresentation respectively, resulting
from p , and A, by restriction. Further, it is easy to see that if M < G(S"), then

(4.1) M — Aut(T,+) and A, , : M — Aut (U, +).

Purr

Let M be a subset of S closed under o, and T',U be additive subgroups of S* closed

under ordinary ring multiplication by elements of M (and hence also by elements of M )
on the right, left respectively. Define the composites

~

Por = °Par and /)\\MU = o Ay
SO

Mpyy : t = tm=t—tm (meM,teT)
and

mXMU cu = mu =u—mu (meM,uel).

Because they are composites with a monoid homomorphism, we have that p,,, and

h\ wu are a representation and antirepresentation respectively. Further, by (4.1), if M <
(G(S),0) then
(4.2

2) Por i M — Aut(T,+) and X, , : M — Aut (U, +).
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(4) Suppose, in addition to the hypothesis of (3), that there is an anti-isomorphism ¥ : M —
M (for example T might be quasi-inversion if M < (G(S),0)). Define the composites

ﬁL‘T =T Ppir and /):ATAU = To/):M,U
SO

m,/o\ATA’T ctst—tm' (me M, teT)
and

m/):JII’U cu—su—mlu (meM,uel).

Because they are composites with an anti-isomorphism, p! and A are an antirepre-
M, T MU

) s

sentation and representation respectively. Further, by (4.2), if M < (G(S),o0) then
pl M- Aut(T,+) and ! M — Aut(U,+).

As a result of these four steps, we may, under the appropriate hypotheses, form the external
semidirect products

U NX M and T Nﬁf M 3

M, U mT

and the external reverse semidirect products

MD(A T and MD(XATAUU.

Pm,T

In the case that M < (G(S),0), and T is quasi-inversion, then all of these are groups and, by
(12),

MKﬁM,TT -t TN@&’TM
and
U X< M = Mxs: U.
M, U M, U

5. Circle Decompositions

In this section we find decompositions of circle monoids and groups using internal general,
semidirect and reverse semidirect products, and, in particular, look for conditions under
which the external constructions of the previous section can be realized up to isomorphism.
We begin with general conditions under which additive and circle decompositions coincide
and the circle factorization is unique.
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Lemma 5.1. Suppose (I, +) < (S,+),(H,o) < (G(S),0) and IN{(H); = {0}. If I
absorbs multiplication on the right [left] by elements of H then

I+H=I10H [Hol]
and circle factorizations are unique.

Proof. Suppose I absorbs multiplication on the right by elements of . If z € I and h € H
then zh,zh € I,

zoh = z+h—xzh = zh+h € I+H
and
t+h = xh+h—ahh = (zh)oh € IoH.
This proves I + H = [oH.lfx,,z,€ 1, hy,h, € H and x, 0o h; = z, 0 h, then
hy —hy, = xy—x,+xhy —23hy, € IN(H); = {0},

so hy = h, and 2, = x, 0o h; o h,’ = x,0 h; o hy' = x,. This proves circle factorizations are
unique. The other half of the lemma is dual. O

Theorem 5.2. Suppose that I is a subring of S, (H,0) < (G(S),o), IN(H), = {0} and
I absorbs multiplication by elements of H on both the right and left. Then

I+H=IoH=Hol
and I +H is the internal semidirect product of (I ,0) by (H o). Furthermore
I+H = (I,0) x4 (H,0)
where 0 is defined by

ho : x s hzh (xel,heH).

Proof. Observe that I + H is a submonoid of (S, o), by the formula
(5.1) (21 + hy) o (Ty + hy) = (z1 0 T5) + (hy © hy) — T1hy — by 7y

and the fact that I absorbs multiplication by elements of H on both the right and the left,
and, by Lemma 5.1, that I + H = I o H = H o I and circle factorizations are unique. If
x €l ,heHthen Woxroh=x—h'x—xh+ h'zh € I so that I is closed under conjugation
by elements of H . It follows immediately that I 4+ # is the internal semidirect product of
(I,0) by (H,0). The last claim follows easily by observing, for x € I, h € H , that

hox:h—l—w—hx:ﬁm—l—h:(/ﬁmﬁ)oh. 0
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Corollary 5.3. If I is a subring of S, (H,o) < (G(S),0), IN(H);r ={0}, I absorbs
multiplication by elements of H on the right [left] and H annihilates I by multiplication on
the left [ right], then

I+H = IoH = Hol,
I+ H is the internal semidirect product of (I ,0) by (H,0), and
T4H 2 (1,0)wy (H,0) [(1,0) x5, (H.o)].

Proof. 'This is immediate from Theorem 5.2, noting that for x € I, h € H,

ok = 2 The =0 .
hx it xh=0.
Theorem 5.4. Suppose that I is a subring of S, (H,+) < (S,+), INH = {0}, (H,0) <

(G(S)
circ) and I and H absorb each other by multiplication on the right |left]. Then

I+H=ToH [Hol]

and I +H is the internal general product of (I ,0) with (H o) [(H o) with (I,0)]. Further-
more

I+H = (I,0)®(H,0) [(H,o)®(l,0)]
where the mappings <1 and > are defined by, for x € I, h € H,
h<x=hz, hi>x=xht  [z<<h=Zhz, > h=7h]
Proof. We prove the “right” half, the other being dual. Observe that I + H is a submonoid

of (S,0) (again by equation (5.1)) so, by Lemma 5.1, I +H = I o H is the internal general
product of (I ,0) with (H,0). The last claim follows by observing that, for x € I ,h € H,

hox =z + hi = (zhZ) o (hT). H
Corollary 5.5. If I is a subring of S, (H,+) < (S,4+), I NH={0}, (H,o) <

(G(S),0), H absorbs elements of I by multiplication on the left [ right] and I annihilates H
by multiplication on the right [ left], then

I+H = Hol [IoH],
I+ H is the internal semidirect | reverse semidirect] product of (H ,0) by (I,0) and
I+H g (H’O) NXI,’H <I7O> [(I,O) Mﬁ[ﬂ.‘ (7-[70)]

Proof. 'This is immediate from Theorem 5.4, noting that, for x € I ,h € H ,

Thr if (Th)x =0

=1 —

zhx if z(hZ) =0. O
In the applications that now follow, all of the submonoids are subgroups, and the conclusions
of Corollaries 5.4 and 5.5 carry the same information (in accordance with (1.2)). In [8] the

authors consider monoids which are not groups (see Example 2.4 above) and Theorems 5.2
and 5.4 and their corollaries play markedly different roles.
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6. Matrices over a radical ring

Let S be a radical ring and n > 1. Then S is an abelian group under addition and a
(not necessarily abelian) group under circle. (Even when both groups are abelian they need
not be isomorphic; for example (2Zg, +) is cyclic of order 4, whilst (2Zg, o) is isomorphic
to the Klein 4 group.) Then M, (S) = J(M,,(S)) = G(M,(S5)) is a group under o and has
many possible decompositions. In this section we give a decomposition involving rows (which
dualizes to columns) and then a contrasting decomposition involving both rows and columns
leading to a recursive formula. In both cases (M, (S) , o) is built from (S, +) and (S, o) using
direct, semidirect and general products. All of the anti-representations involved in the use of
semidirect products are described explicitly using the theory and notation of Section 5. The
<1, > mappings involved in forming general products, whilst not explicitly described here,

can be gleaned from results in Section 5.

Put M = M, (S) and fori,j € {1,... ,n},

X, = {aeM|oy,=0ifk#iorl#j},
R, = X;+...+X,,

R; = Xi1+---+Xi,i_1+Xi,i+1+“‘+Xin’
C, = Xp+...+X,,

61./ = Xli—l—...+Xi,1,i+Xi+1,i+“'+Xni’

T. = R +...+R,,
M, = {aeMl|ay=0ifk>iorl>i}.

It is straightforward to check that all of these are subrings and circle subgroups of M . We
develop our understanding of (M , o) through the following sequence of steps.

(1) If i # j then X, is both an ideal and a normal subgroup of R;, and X;; is a null ring (so
circle coincides with addition) which annihilates elements of R,, and X,; in particular,
by multiplication on the left. Clearly then, for each 7,

—~

R- = Xilo...oXi7i_1oXi7i+1o...OX‘

7 m

and, for j # 1,

Xij N (Z X)) = {0},

k#j
ki

yielding an internal direct product decomposition of E, whence

(6.1) (R;,0) = (S,+)" L.

(2) For each i, (X;;,0) = (S,0) and X, is a left ideal of R,. Further, E absorbs multipli-
cation by elements of X, on the left and is annihilated by X, by multiplication on the
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right. Also R, N X, = {0}. Hence, by Corollary 5.3 or 5.5 and isomorphism (6.1)

R, = /R;+Xii = /R;OXii

(3
X

(23

41770

(6.2) >~ (S, +)" I x(S,0).

Observe also that, for j # ¢, X;; is normalized by R;, and X,; in particular, so the factors
may be placed in any order, yielding, for example,

(6.3) R, = RoX,; = X,o...0X%,

(2 m

(3) Dual formulae and the use of equation (1.2) yield, for each ¢,

—

C, = Ci+X,; = CioX,; = Cuo...0C,

A i ng

= C Nﬁ/ X

~ i
X..,C,

X3 T

n—1

>~ (S, +H)" x(5,0).

(4) Foreach i <n, T, and R, are right ideals of M, T; | = T;+ R, and ;N R, = {0},
so that, by Theorem 5.4, T;_ , is the general product

(6‘4) Ti-i—l = Tz © Ri+1 = (T ’ O) ® (Ri—H ) o) :

)

(and the general product mappings, though not explicitly described here, may also be
deduced from Theorem 5.4). For each i, we have, by a simple induction,

T, = Rjo...oR, =2 (...(Ri®R)®...)®R,.

Steps (1) to (4) culminate, by equation (6.3) and its dual, in the following result.

Theorem 6.1. If S is a radical ring and n > 1 then

M,(S) = Ro...0R, = Cjo...0C,

(X{p0-.. (X,10...0X,,)

(Xq;0... (Xy,0...0X,,)
(.(R,®R)®..)®R, = (...(C,0C)®...)®C

n

0X;,)0...0
0X,)o0...0

1%

We describe an alternative recursive decomposition of M = M, , which uses a mixture
of general and semidirect products. By equation (6.4) we have the internal general product

(6.5) M =T, =T, ,0R,.

n
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But M,,_, and 6’; are left ideals of T, M,,_, annihilates 5; by multiplication on the

n—1- n
right, T,,_, =M, _, + C, and M, , N C, = {0}, so, by Corollary 5.3 or 5.5 and the dual of
isomorphism (6.1),

—~

T C oM

n-1 = n n—1

(6’; ) o) >q;\ S (Mn—l ’ o)

M

1%

n—l’cn

(S, )"t x (M, ,,0).

1

Thus by equation (6.5) and isomorphism (6.2) we get the following recursive formula.

Theorem 6.2. If S is a radical ring and n > 1 then

(M,(S),0) = ((S,+)""" % (M, _4(S),0)) @& ((S,+)" " % (S,09)) .

7. A group presentation

Let S be any radical ring and n any positive integer. In this section we first find a presentation
for ( M,(S), o) in terms of the addition and circle multiplication tables of S'. We then modify
it to yield a presentation in terms of presentations and sets of normal forms for the groups
(S,+)and (S,0). In Section 8 we illustrate how this result can be used to find explicit,
concise presentations in important special cases.

Form the alphabet
Ys={r,lzeS,i,je{l,...n}}.
Let Rs be the collection of relations of the following types:
(1) (Vi,j)(Vz,y€S)
TiiYi5 = {(x +y)ij 1f] 7 2:7
(zoy)y ifj=u.

(2) (Vi#l,j#k)(Ve,yeS) [z yu]=1.
3) (Vizj#k#i)(Ve,yeS)

[wijayjk] =(—2Y )i -
(4) (Vi#j)(Vz,y€S)

(xly )ij .

[xiivyij]
(5) (Vi#j)(Va,y€S)

[xijayjj] = (_xy)ij'
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(6) (Vi>j)(Ve,yeS)

LY = ( (—yx );J ) yjimij( —ZY )i -

The reader might observe that (3) and (5) could be amalgamated. However it is convenient
to keep them separate for the purposes of the proofs below.

Theorem 7.1. (M,(S),0) = (Xg|Rs) .

Proof. Put G = (¥s|Rs) . We identify elements of G with words over ¥ g without causing
confusion. Observe that

ES:LJXij
(¥
where, for each 7,7,

so that, by (1) of Rs, X;; = (X;;) (where the angular brackets may be interpreted both as
subgroup and submonoid generation). By rearranging the commutators it is easy to see that
the relations in Rg imply that the hypotheses of Lemma 3.5 are satisfied with G in place of

M, so

(7.1) G=111x%s-

For each x € S and 7,7, let xijT denote the n X n matrix consisting of zeros everywhere
except for = in the (7,7 )th place. It is routine to check that all of the relations of Rg
become equations in M, (S) when each =,; is replaced by a:ijT . As an example of the nature
of the calculations involved, the following suffices to verify (6):

J {

8 QA B () RY G Y (e
:((—?(J)x)’ y—(oyl’)’y)O@ _(;y)

_ ((—yﬁv)’— (y—(yz)y)r y— (yz)y+(y— (yx)’y)xy)

T —zy
(0 y (0 0 . 0y
\z —xy) \z 0 0 0
Thus the mapping z;; — z,/ (2 € S,i,j€{1,...,n}) induces a well-defined homomor-

phism ¢ : G — M,,(S). Now put, for i, 7,

T T
X' ={=z; |z €S}
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and observe, by Theorem 6.1, that

M,(S) = (X o...oX,)o...0o(XJo...0X 1) = <UXijT>°’
i,J

which proves ¢ is onto. To complete the proof it suffices to show ¢ is one-one, and for that
it is sufficient, by equation (7.1), to check the induced map, also denoted by ¢, on the set of
words

1S one-one.

Let uw,v € W and suppose up = vy . There are elements z(i,j),y(i,j) € S fori,j €
{1,...,n} such that

u = HH(:C(Z"]))U and v = HH(y(Z7]))1]
i=1 j=1 i=1 j=1
For each k € {1,... ,n}, put
n k
Ty = H(x(kaj)>kj and s, = H(y(kaj)>kja
j=1 j=1

sou=ry...r,and v =s;...s,. We will prove
(7.2) (VE=1,...,n) rp = sp.
Suppose that r;p = s, for all [ > k (which is vacuously true if k¥ = n). Then, since M, (S)

is radical,

(ry...m.)p = O (Tpoq T )P0 ((Tppq - -mn)p)

( )¢
= (ri...ry)po(rye) o . o(rpqe)
(s1---8,)p0(s,0) 0. 0(s10)
= (87...8,)¢

But, by a simple matrix calculation, we see that the kth rows of (r,...7,)p and (s;...5;)p
are r,p and s, respectively, whence 7,9 = s,¢, and equation (7.2) follows by induction.

By another simple matrix calculation, r,¢ and s,¢ are matrices with zeros everywhere
except for the kth rows which are

(z(k,1) ... x(k,k) Za(k,k+1) ... Zz(k,n))
and

(y(k,1) ... y(k,k) ©y(k,k+1) ... @y(k,n))



78 C. Coleman, D. Easdown: Decomposition of Rings under the Circle Operation

respectively, where z = z(k,k) and w = y(k,k). But r,po = s, so, for j =1,... ,k,
x(k,j)=y(k,j), and in particular z = w. Hence, also, for j =k+1,... , n,

w(k,j) = zZx(k,j) = zZZy(k,j) = y(k,j).
This proves u = v, proving ¢ is one-one, completing the proof of Theorem 7.1. O

The reader might note that if S is finite then it is not necessary to argue that ¢ is one-

one on W, since this follows immediately from the fact that ¢ is onto and, by Lemma 3.5,
|G| < H?:IH?:I |Xij|-

The presentation of Theorem 7.1 uses the entire addition and circle multiplication tables
of S, leading to superfluity in practice. For example, the generators 0,; may be deleted
and replaced by 1 throughout, for all 7, 7. In Theorem 7.2 below we give a presentation for
(M, (S),o) in terms of presentations for (S, +) and (S,0). Suppose

(8,+) = A(THRW), (5,0) = (T?|R)

for some alphabet I'*) | T'®) and collections of relations R+, R over I'H) | T'®) respec-
tively. We may suppose no generator is redundant, so that there are collections W) | W)
of words, which we may refer to as normal forms, over It) | T'°) respectively such that

r'cwt e cwe,
and bijections
o WH 8 . W — g
whose inverses induce the above isomorphisms. We now create a new alphabet
I'={o;|i,je{l,....,n}, oI ifi£j, and c €T ifi=j}.
For any i,j € {1,...,n}, put
1,.=1

ij
where 1 here denotes the empty word, and if w = o™ ... o™ is any non-empty word where

oM ..., 0™ are letters, put

— 5W (m)

so that, if w is over I'*) and i # 5, or over I'® and i = 5, then w;; is over I'. For any i # j,

let RE;’) denote the collection of relations of the form

Vi = Wy

where v = w is a relation of R(*) . For any 1, let REO) denote the collection of relations of the
form

Vi = Wy,

where v = w is a relation of R(°) . Now let R denote the collection of relations of the following
types:
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(1) URS UURY.
i;éj 7

I if g £ I if k41
2) (Vi#l,j#k)| Vac Vb €
@) (vizlj# )<“ {r<°> if i = j T if =
1

(3) (Vi£j#k#i)(Vu,ve W)

[ui;,v5,] = ((—(up)(ve) )™,
(4) (Vi#5)(VueW® veWwd)

[uii vy ] = (((w)'(ve) )™, -
(5) (Vi#j)(YueWH) veWwe)
vl = ((=(up)(vy))e™),. -

[uij7

(6) (Vi>j)(Yu,veWH)
gt = (= (ve) (e ))U7) vy (= Cup)(v0) 970 )

Theorem 7.2. (M,(S),0) = (I'|R).

79

Proof. Put H = (I'|R). By Theorem 7.1 it is sufficient to prove H = G = (Xg|Rgs) . We

do this by applying Tietze transformations to G .

Step 1: Add to Xg the alphabet I'; which we may assume to be disjoint from g, and to Rg

relations of the form

Tij = Sij
F(+) .f . . .f . .
where o € ll#‘] and s = 7¥ IZ#]
re ifi=jy oy ifi=j.
Step 2: Add relations
Lij = Wy
—1 .f . .
where x € S and w = e ) 1 Z%] This is justified for ¢ # j (i = j being
xp— ifi=j.
similar ) as follows:
Suppose z € S and 2o ' =w = oV ... ¢® for some oM ... 0¥ € '™ Then, in

S,
= oWYo+.. . .+
so, by type (1) relations in G, followed by Step 1 relations,
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Step 3: Add all relations in
(+) ()
Ur v R
i#j i

This is justified for R (R(®) is similar ) as follows:
Suppose v = w is a relation of R . Write v = oM ... c® |
w=71D_ .70 where oV ... o® 7O 70 )

Then, in S,
oMo+ .. . +0Wp=rWp 470y,

so, in G, using type (1) relations,

(U(I)Sp)z‘j (U(t)éo)ij = (0(1)90+-~+0(t)90)ij

so, by Step 1 relations, we deduce that
1

vy = O'Z(j) . .O'i(;) = (eWp)y; ... (WD),

R

-

= (T(I)So)ij'--(T(t)SO)ij = Ty - W=,

ij ij -

Step 4: Remove all of G’s type (1) relations. This is justified for ¢ # j (i = j being similar )
as follows:
Suppose z,y € S. Then z +y € S and, in (I') | R+,

(o D)(ye™) = (z+y)p ',

. . +
S0, as a consequence of relations in jo ) , we have

(zp~! )z‘j(y@_l)ij = ((55‘1'9)80_1)@'7

from which we derive, using relations from Step 2, the relation
Y = (T+Y);-

Step 5: Remove all letters from Xg, replacing any letter s;; (s € S,i,5 € {1,...,n})
which appears in any relation by the word (s¢™"'),; if i # j, and (syp");; if i = 7.
The Step 1, 2 relations now become equality of the same letter, word respectively,
so are redundant and may be deleted.

The effect of Steps 1 to 5 is to replace Xg by I, type (1) relations of Rg by type (1) relations
of R and each relation of types (2) to (6) of Rs by a relation in which any letter s;; has been
replaced by the word (s@™"'),; or (s¢~");; if i # j or i = j respectively.
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Step 6: Consider i # [, j # k. The transformed type (2) relations have the form

[Uz'j yw ] =1
W ifq £y W if k£
where v € , weE )
we  ifi=j wWe  if k=1
T ifi 4
Delete all such relations where v ¢ 1 Z 7 J
e ifj=j

') ifk#£1
or w ¢ {I‘ ) %f . 7 ;o since these are implied by the remaining relations of the
1 =

I if £ 4 ) if k#£1
and 7 €
e ifi=j re ifg=1.

The relations that remain are precisely those catalogued by R , and Theorem 7.2 is proved. O

form [0, 7, ] = 1 where o €

8. Examples

We apply the results of the previous section section to determine ( M,,(S),0) when S = pZ,: ,
the radical of the ring Z,: , where p is a prime and ¢ > 3 (the cases t = 1,2 yielding trivial,
elementary abelian groups respectively ). The cases p odd and even are treated separately
because (pZy , o) is cyclic, in fact isomorphic to (pZy: ,+ ), when p is odd, but noncyclic
when p = 2.

Theorem 8.1. Let p be odd. Then
(Mn(prt),o) = (I'|R)
over the alphabet

F:{CLU‘Z,jG{l,... ,n}}

and where R comprises relations of the following types
t—1

(Vi,7) az’f =1
(Vi£l,5#k) [aij,akl]zl;

(Vi£j#k#1i) [aij7ajk]:ai_kp§

(Vi#7g) [aii’aij]:aigpl;

(Vi#7) [aij7a’jj]:ai_jp;
(Vi>j)(Vm=0,...,p"3—1)

1—(—mp?)’ —a, 1-(-mp*)  «

Qi =@ Qs - a.

a’L] Jt 27 ]t (22

where a is the least positive integer such that
(1=p)* =14 (1= (—mp*) )p*

in Ly (which exists because (pZy ,0) is cyclic generated by p ).
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Proof. Observe that, for S = pZ,: ,

1

(S,+) = (p)+ = (ala® =1) = (p); = (5,0).

In the framework leading up to Theorem 7.2 we take
wH = we = famme{0,...,p"t-1}}
and choose bijections
o : WH (S, 4), a™—mp
and
Y WO — (S,0), a™w—p™.

Then relations of type (1), (2) are identical in Theorems 7.2 and 8.1.
Consider relations of type (3) in Theorem 7.2. Suppose i # j # k # i. The relations
have the form

A H

—Aup
[aij ) Qe

| = ay
for \,u € {0,...,p""1}. The cases A = 0 or u = 0 are redundant, and the cases A\ > 0 and
1 > 0 follow from the relation [aij ,ajk] = a;,”, by Lemma 3.1, so may be deleted, leaving

type (3) relations of Theorem 8.1.
Suppose i # j . Relations of type (4) of Theorem 7.2 have the form

—(1=p' A
laida ] = () (up) )™ )iy = a7

and of type (5) the form

(a0 ] = ((=0p)(p™) e )y = a2,

The cases A = 0 or © = 0 are redundant, and the cases A > 0 and p > 0 follow from the
relations

/
[aii7aij] = a’i]p and [aijaajj] = 4,

by Lemma 3.2, noting that the latter is equivalent to

[aj; 0] = lay,a;]7" = af

whilst the type (5) relation is equivalent to

a = O,,gjli(lip)u N .

© A
i ij |

[a

Deleting all but the cases A = p = 1 yields type (4) and (5 ) relations of Theorem 8.1.
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Suppose i > j. Relations of type (6) of Theorem 7.2 have the form
az;\aﬁt:((_( )()\p))’l/J 1>]jajlalj(( ()‘p)( ))¢_1 )zz

_ JTSRDY
a a’gz a’z] CL“

where v is the least nonnegative integer such that
(1=p)" =1+ up”,

for A\, u > 0. We delete all such relations except for the cases p =1, A = 1 — (—mp?*)’ for
m=0,...,p"3—1, since those to be deleted are either redundant (when A = 0 or = 0),

or follow from the ones to be retained and the relations [a;;,a;] =1 (type 2) and

a. . 1 a.. 1_ / a. . 1 ll 1
Ji —-p il p 7J -p’ —-p
;7 = T, G = g y oy =ay , ajl =aj

(the result of rearranging type (4) and (5) relations of Theorem 8.1) by Lemma 3.4. This
completes the proof of Theorem 8.1. O

This presentation simplifies further when t = 3.
Theorem 8.2. Let p be odd. Then

M, (pZys ), ~ (T'|R
over the alphabet (Mo(pLy) ) (TIR)

F:{aij“?je{]-w--an}}
where R consists of relations
(1) (¥i,j) af =1;

( i
(2) (Vi#l,j#k) [aijvakl]zl;

( ) (Vi,j,k, k%l) [az’jv jk}:a’i_kp;
(4) (

VZ>j) [aij7aji]_a]jau :

Proof. Relations (1), (2) are the same as those of Theorem 8.1. Note that in Z,s
p' = —p — p?, so that relations (4) of Theorem 8.1 become

2
[a’ii7a’ij] = aijp ?

4P
_aij ,

by (1). This can be amalgamated with (3) and (5) of Theorem 8.1 to yield (3) of Theorem
8.2. There is only one relation in (6) of Theorem 8.1 when ¢ = 3:

—(p*-p) p’—p
az]a'jz - a’jj ajiaiiaii

since (1 —p)? P =1+ p? in Z,s , which becomes, by (1),

&z]a’]z = a]j a’]za’ua’m :

Tracing through the isomorphism with M, (Z,) (induced by the map ay + a, in the
notation of Theorem 7.1) we see that a,% and a;"” are central (since they correspond with
matrices with one nonzero entry equal to p* and —p? respectively ), so the above relation, in
conjunction with commutativity relations, is equivalent to

[aij,a;:] = ajja". H
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Example 8.3. Further simplification takes place when n = 2 in Theorem 8.2: one relation
suffices in each of (2) and (4), and relations of type (3) may be rearranged to give four
conjugation relations, yielding the following presentation for (Ms(pZys ), o), for any odd
prime p :
2 . . —
(ayy,019, 09,09 | aif =1(Vi,j), [ay,a0] =1, [ay,a55] = ajfay;
a;, 1 a,; 1— . .
;- = aij+p’ aij” = G P(Vi#3))

which the reader will recognize as being the presentation of the general product G ® G of
Example 2.2 | after renaming generators.

Finally we consider the case when p = 2.

Theorem 8.4.
(Mu(2Z5),0) = (D|R)
over the alphabet
L={a;li,je{l,...,n},i#jU{b,c¢lie{l,... ,n}}

where R comprises relations

(1) (Vi#j) a5 =1;
(1) (Vi) b2 =¢2=1, [b,¢]=1;
(2) (ViAiti#k#D) [ay,0u]=1;
(2) (Vi#j) [bb;]=1[bi,c;]=[c;,c;]=1;
(2)" (VEAi#L#k) [bi,ay]=[c ay]=1;
(3) (Vizj#Fk#i) lay,a;]=ay;
(4) (Yi#j) [bay)=aj, [e,a;] = ag;
(5) (Vi#35) lay.b]=a;", [a;,¢]=az;
(6) (Vi>j§)(Vm=0,...,2"% 1)
a;; T ag = b %aga) T b

where a is the least positive integer such that
(=3)*=1+4(1—-(—-4m)")
in Zot (which exists because all multiples of 4 comprise the

cyclic subgroup of (2Zy ,0) generated by 4 ).
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Proof. Observe that, for S = 2Zs¢ ,
(S,4+) = (2)s = (ala® =1);

(S,0) = (2,4) = (b,c|b? " =c>=1,[b,c]=1).

In the framework leading up to Theorem 7.2 we take

W = fa*xef0,...,2" ~1}},
Wl = (e [Ae{0,.... 27 =1}, pe{0,1}},
o W — 8§ a2,

W WO S Bk s 2% 0 4%

85

We apply Theorem 7.2 and also, to decongest notation slightly, identify b..,c.. with new

i1 71

letters b, , c; respectively. Then relations of types (1), (1), (2), (2)" and (2)” here are

17

identical with relations of types (1) and (2) which feature in Theorem 7.2. The reduction
of relations of types (3) and (6) is identical to that in the proof of Theorem 8.1, relying on

Lemma 3.1 and Lemma 3.4 (with ¢ = 4) respectively.
Suppose i # j. Relations of type (4) of Theorem 7.2 have the form

(1A
B al] = (4N (2u)e Ny = al T
or
B, al] = (204 (2u)¢ ™)y = a7

and of type (5) the form

; - o)yt _ ,—(1=(=3)"A
[y, 05] = (—2N)@*)o™ Y = ay
or
a3y, Vie;] = ((=(2N)(204)™ )y = ai_j(1+(_3)“)>‘ .

The nonredundant cases follow from the relations

bivaiy] = afj, lenag] = aly, [be]l=1,

[aljvb]] - a’i_j4 ) [a'ijacj] = az‘_j2 ) [ijcj] =1 )

by Lemmas 3.2 and 3.3. Deleting all but the cases A = p = 1 yields type (4) and (5) relations

of Theorem 8.4, and the proof is complete.

O
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Again, the presentation simplifies when t = 3.

Theorem 8.5.
(Mn(2Zs),0) = (I'|R)
over the alphabet

L={a;li,je{l,...,n},i#jU{b,cqlie{l,... ,n}}
where R comprises relations
(1) (Vi,j#1) aj=0b"=c’=1;
(2) (VI#i#j#k#1) [ay,ay]=1;
(3) (Vi,jg Ak #A1#]) [b ] (b 0] = [b; 5 ay]

=[e,q]= [Cgvakl] L;

(4) (VZ%J%k#Z) [a’m? ]k] [Cwazk] [zk?ck] I?
(5) (Vi>j) |a,, ]*bb

iy

Proof. This follows by making economies to relations appearing in Theorem 8.4, noting that
4" = 4 in Zg , exploiting relation (1), and rearranging (6 ) into a commutator relation, noting
that b; commutes with a,; and a;; for i # j by (4) and (5). O

Example 8.6. Yet further simplification takes place when n = 2 in Theorem 8.5, yielding
the following presentation for ( My(2Zg),0) :

4 2 _ 2 ¢ -1 ¢ -1
<a12,a21,b1,b2,01702|a12—a21—b ;" =1, a19 = a5, ay =ay; ,

(b, z] =[c 0] =1, [ap,a9] =biby (Vi)(Va#b;))

which the reader will recognize as the presentation of the general product H ® H of Example
2.3, after renaming generators.
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