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Abstract. The aim of this paper is to introduce a method of invariant decompo-
sitions of the tensor space ' R" =R"®R"®@ - - 9 R"@ R @R ®--- @ R™
(r factors R", s factors the dual vector space R™), endowed with the tensor rep-
resentation of the general linear group GL,,(R). The method is elementary, and is
based on the concept of a natural (GL,(R)-equivariant) projector in 77R"™. The
case r = 0 corresponds with the Young-Kronecker decompositions of T°R" into its
primitive components. If r, s # 0, a new, unified invariant decomposition theory is
obtained, including as a special case the decomposition theory of tensor spaces by
the trace operation.

As an example we find the complete list of natural projectors in T)R". We show
that there exist families of natural projectors, depending on real parameters, defin-
ing new representations of the group GL,(R) in certain vector subspaces of Ty R™.
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1. Introduction

In this paper we give basic definitions and prove basic results of natural projector theory
in tensor spaces over the field or real numbers R. The tensor space of type (r,s) over the
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vector space R" = R X R x --- x R (n factors R) is denoted by T'R" = R"Q@R"® - -+ ®
R"@R™@R™ ®---®@R"™ (r factors R", s factors the dual vector space R™). We always
suppose n > 2. R" is considered with the canonical left action of the general linear group
GL,(R), and the tensor space T'R" is endowed with the induced (tensor) action. Since
our discussions are GL,(R)-invariant, the results apply in the well-known sense to any real,
n-dimensional vector space E, and to the tensor space T7 E of type (r, s) over E.

We wish to describe a method allowing us to find all GL,,(R)-invariant vector subspaces of
the vector space TTR"; indeed, this is equivalent to finding all G L, (R)-equivariant projectors
P:T'R™ — T7R"™. In accordance with the terminology of the differential invariant theory,
GL,(R)-equivariant projectors are also called natural.

This method complements our previous results on decompositions of tensor spaces, which
are not based on the group representation theory (see [4, 5]). It can be applied effectively for
any concrete r and s. However, a general formula for the decomposition has not been found.

It seems that the idea to apply the theory of projectors to the problem of decompos-
ing a tensor space of type (r,0), or (0,s) into its primitive components belongs to H. Weyl
[7]. However, this idea has never been developed to a complete theory, or used to an anal-
ysis of concrete cases. Later, the same author gives preference of the group representation
theory over the ideas of the pure projector theory [6]; a standard restrictive assumption in
this approach is usually applied from the very beginning, namely the assumption that the
representation space is a vector space over an algebraically closed field.

For basic ideas and generalities on natural projectors in tensor spaces we refer to Krupka
(see [3], Sections 4.4 and 7.3).

Let us now recall briefly main concepts. A tensor t € T, R" is said to be invariant, if
g-t=tforall g € GL,(R). A theorem of Gurevich says that an invariant tensor of type (r, s),
where r # s, is always the zero tensor, and, if r = s, an invariant tensor is always a linear
combination Y caéf; (1>5§f @ 5fiv(N) of products of r factors of the Kronecker d-tensor, where
¢, € R, and o runs through all permutations of the set {1,2,...,7} (see [1]). Consider a
real, N-dimensional vector space E endowed with a left action of GL,(R). A linear mapping
F : E — E is called GL,(R)-equivariant, or natural, if F(g-x) = g - F(x) for all x € E and
all g € GL,(R). It is a simple observation that F' is natural if and only if its components
form an invariant tensor [3]. A natural linear mapping P : E — E which is a projector, i.e.,
satisfies the projector equation P? = P, is called a natural projector.

In Section 2 we collect standard definitions and facts of the theory of projectors in a vector
space (see e.g. [2]). Section 3 is devoted to natural linear operators in a vector space endowed
with a left action of GL,(R). In Section 4 we introduce natural projectors in tensor spaces
and related concepts such as natural projector equations, decomposability, reducibility, and
primitivity. Section 5 is concerned with the trace decomposition theory; it is shown that
the trace decomposition of a tensor is related to a natural projector determined uniquely by
certain conditions. Finally, in Section 6 we describe all natural projectors in the tensor space
TIR™.

It should be pointed out that the method of natural projectors allows us to treat in a
unique way the case of tensors of type (7, s), where not necessarily r =0, or s=0. In this sense
the natural projector theory represents a generalization of the classical Young—Kronecker
decomposition theory (see e.g. [6]), as well as of the trace decomposition theory [4, 5].
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2. Projectors

This introductory section contains a brief formulation of standard results of the projector
theory in a finite-dimensional, real vector space F (see e.g. [2]).

Let E* be the dual of F, and let £ x E* 35 (z,y) — y(z) = (x,y) € R be the natural
pairing. The dual A* : E* — E* of a linear mapping A : E — FE is defined by the condition
(Az,y) = (x,A*y) for all z € E,y € E*. If A,B : E — E are two linear mappings, then
(AB)* = B*A*,

A linear operator P : E — FE is said to be a projector, if P> = P. Clearly, the zero
mapping 0, and the identity mapping idg, are projectors.

Lemma 1. Let E be a finite-dimensional, real vector space.
(a) A projector P : E — E defines the direct sum decomposition E = ker P & im P.
(b) A linear mapping P : E — E is a projector if and only if idg — P is a projector.
(c) If P: E — E is a projector, then Q = aP, where a € R, is a projector if and only if
a=0,1.
(d) Let P,Q : E — E be two projectors such that im P = im Q) = F. Then there ezists a
unique linear isomorphism U : F — F such that P =U o Q).

Let u* : B* — E* denote the dual of a linear mapping u : F — E. We say that two projectors
P,Q : E — E are orthogonal, if (Pz,Q*y) = 0 and (Qz, P*y) = 0 for all x € E,y € E*.
Obviously, P and () are orthogonal if and only if QP = 0 and PQ = 0. For every projector
P, the projectors P and idg — P are orthogonal.

Lemma 2. Let P,Q : E — E be projectors.
(a) P+ Q is a projector if and only if P and Q are orthogonal.
(b) P —Q is a projector if and only if PQ = QP = Q.
(¢) If P and @ commute, PQ — QP =0, then R = PQ = QP is a projector, and im R =
imPNim@.
(d) ker P =im (id — P).
Remark 1. If P+ @ is a projector, then condition (a) implies PQ = QP = 0 hence by (c),

imPNim @ = {0}. Thus im (P + @) = im P + im @ is the direct sum of its subspaces im P
and im Q).

Remark 2. If P —(Q is a projector, condition (b) together with (c) imply that im @ C im P.

3. Natural linear operators in tensor spaces

Let E be a finite-dimensional, real vector space, endowed with a left action of the general
linear group GL,(R), denoted multiplicatively. A linear operator F' : E — E is said to be
GL,(R)-equivariant, or natural, if F(A-z) = A-F(x) for every x € E and every A € GL,(R).
The vector space of natural linear operators on E is denoted N E.

The kernel and the image of a natural linear operator F': E — E are GL,(R)-invariant
vector subspaces of E.
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Our aim in this section is to study natural linear operators in the tensor space 7T, R". If
the canonical basis of R" is denoted by e;, and e’ is the dual basis of R™, then any tensor
t € TTR"™ is uniquely expressible in the form

t= t;ilJZZ ZJrsezl b2y €i, K- Q €i, ® e’ ® e’ Q- ® er’ (31)

where the real numbers ¢t = t%ﬁ ’]T are the components of t. We usually write ¢t = t;llg ZJ’“S
Let (A,z) — & = A -z be the canonical left action of GL,(R) on R™; in the canonical
basis of R", z¢ = A;ﬂ, where A = A; IfB=A"1 B= Bji., the tensor action of GL,(R) on

TTR"™ is given by

t=A-t=t""¢ ®e,® Qe R R R @€, (3.2)
where
i Lige iy + nh nl ls phika--ky
B, = ARAR, - AL BB - Bt (3.3)

A tensor t € TTR" is said to be mvamant, if A-t=tforall Ae GL,(R). The following
theorem describes all invariant tensors (see [1], and [3]).
Let S, denote the group of permutations ¢ of the set {1,2,...,r}.

Lemma 3. Lett € TR".
(a) Assume that r # s. Then t is invariant if and only if t = 0.
(b) Assume that r = s. Then t is invariant if and only if

T S L Y i (3.4)

J1j2-Jr Jo(1) ‘70'(2) Jo(r)
O'EST

for some a? € R.

Invariant tensors in 77R"™ form a real vector space. This vector space is spanned by the
invariant tensors

vt 12 7 . ... . J1 J2 e Jr
E, 510(1)530(2) 5/«( ) Gin ® €i, ® ®e, e Yer R ®e

/ ' j 3.5
- 6‘7‘7(1) ® 6.70'(2) ® ® ejo'(r) ® 6‘71 ® 6‘72 ® e ® 6.77" ( )

Note that any invariant tensor can be expressed, instead of (3.4), by
t= Z a’ (3.6)

Now we apply Lemma 3 to natural linear mappings F' : TyR" — TF'R". We have the
following simple observation ([3], Section 4.4).

Lemma 4. Let F': T{R™ — TPR™ be a linear mapping,

Ti1igip 11121y kle---kq lllz---lp
tjlj?"'js - F:’jljZ"'js l1l2...lp kle...kq (37)
its expression relative to the canonical basis of R™. F is natural if and only if its components

11191y k1k2“~kq . .
Fj1j2--~js lig-d, OTE components of an invariant tensor.
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If F' is identified with a tensor, F' becomes an element of the tensor space TJII?R”. Thus

by Lemma 3, a nontrivial natural linear mapping F : T{R" — TFR" exists if and only if
r+q=s+p.
Let us discuss the case p =r, ¢ = s. Then by Lemma 3 (b), F' has an expression

11920 Cpp1fp42 lrds z : i1 ia . Sir Tri1 tr42  glrds
F;1J2"'Js Js+1Js+2Js+r aadja(l)éja@) 5]0(7‘)5]0(T+1)5JJ(T+2) 5]a(r+s)’ (38)
O'EST+5

where a, € R. Clearly, the same is expressed by the equation

L. . 1 1 1 .. .
1192 by __ } : p(1)*u(2) " p(r) 11920y
tjlj2"'js - aotkv(l)ku(Q)”'ku(s) + Tirjager (3'9)
LES, VES,

where the summation takes place through ¢ € S,,; of the form of the product of two

permutations ¢ = uv, v € S,, n € Sy and 7127 contains all the remaining terms. Note that

J1J2:Js

each term in 72227 contains at least as one factor the Kronecker d-tensor multiplied by an

J1jJ2-Js

. . 11821y
expression obtalpelgclkfrogn L
. 11121 . .

Since F]ll]j j: 11112.2..zpq are components of an invariant tensor, F' can also be expressed by

means of (3.6) as

by the trace operation in one superscript and one subscript.

F= Y «BE,. (3.10)

UEST+S

If F,G:T;/R"™ — TTR" are two natural linear operators, given in components by

711121y _ 11191y klk:z'“k:s lllzn-lr 711191y _ 1112 1p k)lkz“-ks l1l2'-~lr
irjege = Fiiiags Lilgody thykamkes  injomge = Grjamgs Lilsdy Uhrigoies (3.11)

then the composed natural linear operator is given by

ti1i2---ir — GilliZ"'i'r kika ks polila-lr p1p2-Ds 1q1q2-qr (312)

J1jz-Js Jije-gs lila-ly = kiko-ks quq2--qr "p1p2-ps”
To obtain an explicit formula, one should substitute from (3.8) into (3.12); indeed, this cannot
be done effectively in general, but in every concrete case.

4. Natural projectors in tensor spaces

Let E be a finite-dimensional, real vector space, endowed with a left action of the general
linear group GL,(R). By a natural projector on E we mean a natural linear operator F' :
E — FE which is a projector. A natural linear operator F' is a natural projector if and only
if it satisfies the projector equation F'*> = F. The projector equation represents a system of
quadratic equations for the components of F'.

If P: F — FE is a natural projector, then both vector subspaces im P, ker P of E are
GL,(R)-invariant ([2], § 43).

A natural projector P : E — FE is said to be decomposable, if there exist a natural
projector @@ # 0, P and a natural projector R, such that P = @ + R. In this case @) and
R are orthogonal (Lemma 2 (a)). A natural projector which is not decomposable is called
idecomposable.

P is said to be reducible, if there exists a natural projector ) # 0 such that im ) C im P
and im @) # im P. If P is not reducible, it is called irreducible, or primitive.
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Remark 3. Examples show that there exist reducible natural projectors which are not
decomposable. Consider the family Py of natural linear operators in T)yR" defined by the
equations . ‘ A
One can easily verify that (4.1) consists of natural projectors. Indeed, contracting (4.1) we
obtain t); = to, + A(—nt,; +t5), t = nty. + An(—nty; +t;), and then
T = 5,@{;’% + A(s,i(—njgj + Efp) . .
= 0}, (ty; +pA(—ntpj + tgp)) - Moy (th: + A(—ntp; + 7))

verifying the projector equations P§ = Py. Note that the family (4.1) includes the natural
projector ;, = d;th., and the natural projector t’, = (1/n)d;t}, defined by taking A = 1/n.
The family \oj(—nt,; + t5, in (4.1) does not consist of projectors, because A serves as a
multiplicative parameter, and two non-zero projectors cannot differ by a factor different from
143 P S S b __ S S b __ S S
L. Indeed, writing t2 = AOP(—nts, + t5,), we get t; = A(—ntg; +t5,),t;, = In(—ntg; +t5,)

hence t%, = A0j(—nty+1th) = —Indith + X045, = —X*ndj(—nts; +15,) + A*ndj(—nts, +15,) =

041,
From now on we consider natural projectors on a tensor space 77 R".
Theorem 1. Let P : TTR"™ — TTR" be a natural projector.

(a) P is decomposable if and only if there exists a natural projector Q # 0, P such that

PQ=Q, QP=Q. (4.2)
(b) P is reducible if and only if there exists a natural projector Q # 0, P such that
PQ=Q, im@ #imP. (4.3)

Proof. (a) If P is decomposable, we have two natural projectors @) and R such that R = P—Q
and QR =0, RQ = 0 (Lemma 2 (a)). Thus, Q(P—Q) = (P—-Q)Q =0, ie, QP = PQ = Q.
Conversely, assume that we have a natural projector @ satisfying (4.2). Define R = P — Q;
R is a natural linear operator (Lemma 3, Lemma 4), and R> = P — PQ — QP + Q =
P—-—Q—-0Q+Q=P—( =R as required.

(b) Let P be reducible. Then there exists a natural projector @ # 0 such that im @ C im P
and im @) # im P. Thus, to any t € T7R" there exists t' € TIR"™ such that Qt = Pt' =
P(Pt") = PQt hence PQ = Q. Conversely, assume that we have a natural projector @) # 0
satisfying (4.3). Then imQ = Q(T'R") = P(Q(TTR")) C P(T'R"™) = im P as required.
Equations from Theorem 1 (a) for a projector Q

PQ=Q, QP=Q, @=Q (4.4)

are equivalent with the equations

PQP=Q, @ =Q. (4.5)
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Indeed, (4.4) implies (4.5), and vice versa: QP = PQPP = PQP = @, PQ = PPQP =
PQP = Q. Each of the systems (4.4) and (4.5) is called the decomposability equation of P.
Equation PQ = @ from Theorem 1 (b) is called the reducibility equation.

Now we study indecomposability, and primitivity.

Theorem 2. Let P : TTR"™ — TTR" be a natural projector.
(a) P is indecomposable if and only if the decomposability equation of P has exactly one
nontrivial solution, ) = P.

(b) P is primitive if and only if the reducibility equation of P has no nontrivial solution.

Proof. Both assertions are immediate consequences of Theorem 1.

(a) If P is indecomposable, there is no @ # 0, P such that PQ = @, QP = @, which means
that the decomposability equations have only one nontrivial solution, () = P. The converse
is obvious.

(b) If P is primitive, then by definition, (4.3) has only the trivial solution, and vice versa.
Now we consider properties of primitive natural projectors.

Theorem 3.
(a) Any two different primitive natural projectors in TIR™ are orthogonal.
(b

) The number of different nontrivial natural projectors in TIR™ is finite.
(c) The sum of any two primitive natural projectors is a natural projector.
)

Let M be the number of different nontrivial primitive natural projectors in TTR™. If
a natural projector in TTR"™ admits a decomposition P = p; + ps + - -+ + pk, where
P1, D2,--., Pk are primitive natural projectors, then K < M, the primitive natural
projectors py, pa,. .., pr are mutually different, and this decomposition is unique.

(e) The identity natural projector id : T'R™ — TIR™ admits the decomposition
id=pi+p2+---+pu (4.6)

where {p1,ps,...,pm} is the set of nonzero primitive natural projectors.

Proof. (a) If P, P, are two different primitive natural projectors, then im Py P, = im PP, =0
henceP1P2:P2P1:O.
(b) Since dim 77 R™ is finite, this assertion follows from (a).

(c) By (a), any two different primitive natural projectors p;, p, are orthogonal. Thus, by
Lemma 2 (a), p; +p2 is always a projector; p; +ps is obviously a natural projector (Lemma 4).
(d) Assume that P = p;1 +ps + -+ +px = q1 + g2 + -+ + qz. Then by orthogonality,
p? = p = p(qu + g2 + -+ + qr), where at most one term on the right is nonzero. But
pr # 0 hence exactly one term on the right, say p;qx, is nonzero, and is equal to p;, i.e.,
P = Pigr = qrpi- Since different primitive projectors are orthogonal (see (a)), we have
qr = pi- In particular, the two sums p; + ps + - + pr, @1 + g2 + - - - + q, may differ only by
the order of the summation.

(e) If P=p; +p2+ -+ py # id, we have a nonzero natural projector @) = id — P, which
is a contradiction with maximality of the set {p1, pa,...,pr}-
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5. The trace decomposition

For basic notions of the trace decomposition theory as used in this section, we refer to [4],
[5]. The following assertion can be used when calculating the trace decomposition of concrete
tensor spaces.

Theorem 4. Let r,s > 1. There exists a unique natural linear operator @ : T/R"™ — TTR"
satisfying the following two conditions:

1. Qt is traceless for every t € TYR™.
2. (id — Q)t =t — Qt is §-generated for every t € T'R™.
Q s a natural projector.

Proof. Existence and uniqueness of @ follows from the decomposition ¢ = Qt + (id — Q)t,
and from the trace decomposition theorem. We prove that @) is a projector. By hypothesis,
Qt is traceless for every t € TTR™, hence Q*t = Q(Qt) is also traceless for every ¢. Similarly,
since t — @t is d-generated for every ¢ € T7 R", the formula

(id—QHt = (id— Q+Q — Q*)t = (id — Q)t + (id — Q)Qt (5.1)

shows that (id—@Q?)t must also be d-generated. Since t = Q¢+ (id—Q?)t, then by uniqueness,
Q*=Q.

In a concrete case, the natural projector () can be determined from the conditions (1)
and (2) of Theorem 4. Clearly, given @, the trace decomposition of a tensor t € TrR™ is
obtained by the formula

t=Qt+ (id — Q)t. (5.2)
6. Natural projectors in R®* ® R™™ ® R™

As an application of the natural projector theory, we find the complete list of natural projec-
tors in the space of tensors of type (1,2) TyR". Since our discussions are G L, (R)-invariant,
the results apply in the well-known sense to any real, finite-dimensional vector space E, and
to the tensor space of type (1,2) over E.

First let us describe natural linear operators in T)R". Using the canonical basis e; of R™
and the dual basis e/ of R™, we usually express a tensor ¢t € T)R™ in terms of its components
ast = t'e; e ®e”, and we write t = /. If P : TYR"™ — Ty R" is a linear operator, we write
P = ;k ', where P;k o are the components of P, and the indices i, j, k,p, q,7 run through
the set {1,2,...,n}. The equations of P are usually written in the form #, = P}, I't? . P is
natural if and only if

Pl 7 = a8i6l8T + b616%0F + c5L8907 + dOL8%ST, + e 508y, + f086T, (6.1)

jk p
where a, b, c,d, e, f are some real numbers. In view of (6.1), we also write
P = (a,b,c,d,e,f). (6.2)

We denote by N(TyR") the real vector space of natural linear operators P : TyR™ — Ty R"™;
by (6.1), dim N (T3 R") = 6.
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We find the composition law for the natural linear operators. Consider a natural linear

operator (6.1), and another natural linear operator Q = Q. {5’”, where
Qs Zf = a’5g535; + b’5§6§6§ + c’5§5§6§ + d’5‘g5§5; + 6’5;55(52 + f’5;6§5,§. (6.3)
Lemma 6. The composed natural linear operator R = PQ = R;k ‘g 15 expressed by
Rj-k (g = a"é}égég + b”é;égé,’; + c”é,iégé; + d”é,ié]q-ég + e"é;é]q-é,’; + f"5;5,’§5§, (6.4)

where
a'"=da+nda+ea+ndb+ f'o+db+de+df,
V' =ba+nda+ fla+nbb+ b+ eb+be+f,
d"=nbc+dec+ec+bd+ndd+ fld+ e+ b,
d'"=ndc+dc+ fle+dd+ndd+ed+de+af,
e// :€/€+f/f,
f// — f/€_|_e/f

Proof. Since for any t € TyR", t = th , Rt = %;k = Pl bty = P @y Ttk = R Uth | the

(6.5)

coefficients R’ % are obtained from the formula
R;‘k (Z - P;k Zc be ;;IT- (6.6)

Now we derive the equations for natural projectors in T} R".

Lemma 7. A natural linear operator P : TyR™ — TyR" expressed by (6.1), is a natural
projector if and only if

a’>+ (nb+nd+2e—1)a+bd+ (b+d)f =0,

nb*+ (a+c+2e—1)b+nca+ (a+c)f =0,

A+ (mb+nd+2e—1)c+bd+ (b+d)f =0,

nd®>+ (a+c+2e—1)d+nac+ (a+c)f =0, (6.7)
e=e?+ f?

f=2ef.

Proof. The components of P satisfy the projector equation Pj, % Py, 7" = P;k o7, which can
be obtained by substituting @ = P and R = P in (6.5).

Equations (6.7) are referred to as the natural projector equations. These equations rep-
resent a system of six quadratic equations for six unknowns (a,b, ¢, d, e, f).

Remark 4. If P is a natural projector, then the complementary projector id — P is also
natural. Thus, if P (6.1) satisfies (6.7), then id — P also satisfies (6.7). Indeed,

id — P = a'01008], + V810587 + ¢/ 61048 + d'6L8967 + €'5L8707 + f0L0%8%,  (6.8)

where

ad=-a,V=-bd=—-cd=—d =1—e, f'=—Ff (6.9)

The transformation (6.9) leaves invariant the system (6.7).
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It is easily seen that the formulas

ad=c,b=0bcd=a d=d e=e f=F
ad=a,b=d d=c,d=0b¢é=¢ ff=Ff (6.10)
also define invariant transformations of (6.7). Consequently, if (a,b,c,d, e, f) is a natural
projector, then also (—a,—b, —c,—d,1 —e,—f), (¢,b,a,d,e, f), (a,d,c,b,e, f), are natural
projectors.
We are now in a position to find all solutions of the natural projector equations (6.7).
We write these solutions in the form of their equations #, = Pj, 9" t?  ie., as
Ll = adity, + b0t + cOpts; + dogts, + etly + fti,. (6.11)

Here (a, b, c,d, e, f) are the components (6.2) of a natural projector, expressed by (6.1). Note
that the list (A1), (A2), ..., (D4) below includes one-, and two-parameter families of natural
projectors.

We define

Ay = nd + d* — n*d?, Ay = —nd + d? — n?d?,

Az =n2d? —d?* — d, Ay =n2d? — d* + d,

B, =n?ct -2 +ec, By =n%c® — 2 —¢,

C1 =4d + 4d* — 4n?d® + 1, Cy = —4d + 4d* — 4n?d? + 1.

(6.12)

Theorem 5. The following list contains all natural projectors P : TyR™ — Ty R™:
ik = 2y (—O5the + 05t — 0pty; + 6iE5,),
ik = oo (O3ths + 05t3 + G4L3; + 0L5,),
b= — A0t + 0t — 0Lt + oty

n2—1 n2—1"j%sk = n2-1 n2—1 Jjs?

£, = =~/ Aigiy  ni2dondo 2V sigs, o VLGS dSEts
f, = — gt 4 nt2don d i3V gigs AV 4 dgiEs (A2)

de [0,n/(n?—1)],

), = (1 —c—2n (—nc + \/E» Oits + (—nc + \/Fl) O5te + Ot
- (—nc - \/B_l) Oitss,

thy, = (1 —c+2n (nc + \/B_l)) Ot — (nc + \/B_l) d5tsy + ity (A3)
— (nc - \/B#J Otse,

¢ € (—o0,—1/(n*—1)]U[0, 00),

th, = (1 —nb)dity, + bokts,
t, = dondocdgiys o esconedgis 4 ogits, + dojts,,  d+nc#0, (A4)

s 148 (] 1 118 n 145
jk _nb6] ks + b(S] sk - n2715kt5j + n2716ktj57
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_é'k = z'ka

ty = #((V Re — 0Lt + Opts; — OptS )+t§k7
thy = — 2(n 1)(5Z R T 0Lt +5k T 0LtS,) +
U = =25 (05th, — nditsy, + 0jts, — ndjts,) + iy,

—n+2d—n2d—2\/£ 148
+ n2 5] sk +

—d++ Az 51
n k

7i . —d+v Ay 5z s
jk — n vk
i . __ d+As gigs
G = — 05t +

—n+2d—n2d+2m6its _
n2 J'sk

£+ doits, + thy,
d++ Az 51
n k

de [-n/(n?-1),0],

]k—(l—c—2n( nc+\/F))5§-i

£+ doits, + t,

+ (—nc + \/E) 13 + COpts;

+ (=ne + v/Ba) 6it5, + 1y,

Ek:(l—c—Zn(—nc—\/_))(S;

— (nc + \/B_2> 61753

i — (ne+ v/Ba) oits,

+ cé,itjj
s

c € (—o00,0]U[1/(n* —1),00),
Fip = (1 — nb)Sits, + boits, +
fh, = —Lndtedgips 7”;;’;@‘16’ Sk OOy + A0t + 1y, dtne£0,
_]k nb6Z 2s T bé;- A 16’t8 = 1(5%3 ks
Ge=atutate
ik = 30— 1)( Ojtis + Ojti — Oits; + Oit},) + 2 ]k + 5ty
Lk =~ = (5} ke O30, + 4ty + Oit5,) + st + tkj,
k= 05t — e Okty + e Okts + 3tk + 5tk
i, = —H2VCigiys | 2onid L O gigs,  IRAVCrgigs 1 dgits + et + ft;;j,
) —1- 145 —n? — 148 — 148 145
b = T2 Cgiys Aot 1oVOgigs | 1o 2d+f5t Aot + Lt + 3t
de [_%<n + 1)7 %(n + 1)]7
f), = — (nd—i— \/Ag) Oits, + doits, + (—nd + /Ag) o ts, + dopts, + 5th + St
iy, = (—nd + /A3)dits, + doity, — (nd + v/A3) 613, + dojEs, + 50, + 3ti,
de (—O0,0] U [1/(77“2 o 1)7 OO),

iy, = — (L +nb) dity, + boits,

ry c+2nd2+20d61 s
Jk 2d+2nc+1 J

2d+2nc—|—17£0,

5o (1
gk T \2

d+2ncd+20 52 s

— nb) dity, + boits, —

. c5k s T dékts + 1 5 ]k + tk],

nl)

2d+2nc+1 77

1 s
2(n— 1)5k mdkt + 5t + 3tk

227

(B3)

(B4)

(C1)

(C2)

(C4)



228 D. Krupka: Natural Projectors in Tensor Spaces

1 147 147

tik = 3tk — 3tk

o 148 7 7 s 144 1

ik = 2(n—1)<5j — 05t3y, + 0ts; — 0it3,) + 5th — 5tiys

thy, = ﬁ(%tiﬁﬁiﬁ% S 0ptS ) ;]k 1%’

oo i 4S 1 48 n 148 s ) i

tjk T n2-1 jtks T on2o 15Jtsk n2— 15 t ktjs + 2th tka’
i o 1— 2d \/ 1148 2d—n2d— 14++/Co Sigs 1— 2d \/ '3
Uik = 200ths + T RNy 20415, + dogts, 2 ]k %7
noo_ 1— 2d+\/ 148 2d— n2d 1—+/C2 Sigs 1— 2d+\/ 144
B, = TGOy, + HEF R0, + S YO + Aot + 5t — Sty

de [-1/(n* = 1),1/(n* = 1)},

£, = — (nd + VA;) 0t + dé’tik (—nd + \/ _) 3its + déi £, + 2t;k 1%,
de (_007 —1/(712 - 1)] [07 OO),

o 1 ’L s l s 1 ’L 5 Z S 7« 1 )

{;k _ c— 2nd2 QCdézts + d— 2ncd 2c? 5zts —|—C§Zts +d5zts + 5 ]k ftk]’

2d+2nc—1 7 2d+2nc—1 “j sk
2d +2nc —1#0,
iy, = (5 = nb) 85t + b0t + 5y 0utsy — sy Outss + St — 3 Fhs.

Proof. (6.7) splits into the following 16 cases to be considered separately:

(e, f) =1(0,0), a=¢, b=d,

(e, f) =1(0,0), a =c, b:—d—i(a+c+26—1),
(e,f)=1(0,0), a=—c—nb—nd—2e+1, b=d,
(e,f)=1(0,0), a=—c—nb—nd—2e+1,b= —d—i(a—f-c%—Qe—l),
(e,f)=(1,0), a=¢, b=d,

(e, f)=(1,0), a =c, b:—d—i(a+c+26—1),
(e,f/)=(1,0), a=—c—nb—nd—2e+1, b=d,
(e,f/)=(1,0),a=—c—nb—nd—2e+1, b= —d—i(a+c+26—1),

(e,f):(;,;), a=c, b=d,

11 1
(e, f) (2,2), a=c, b d n(a—i—c—i— e—1),

11
(e, f) = <2,2>, a=—-c—nb—nd—2e+1, b=d,

(D4)

os]
—_
~—
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11 1
(e, f) = (2,2>, a=—-c—nb—nd—2e+1, b= —d—ﬁ(a—irc—i—Qe—l) (C4)
1 1
(e,f):<2,—2>,a:c,b:d, (D].)
1 1 1
(6,f)=<2,—2>,a:c,b:—d—n(a+c—|—2e—1), (D2)
1 1
(e,f):<2,—2>,a:—c—nb—nd—26+1,b:d, (D3)
1 1 1
(e, f) = (2,—2), a=—-c—nb—nd—2e+1, b= —d——(a+c+2e—1). (D4)
n

Each of these cases is subject to the conditions

a?+c+ (nb+nd+2e—1)(a+c)+2bd+2(0b+d)f =0,

nb? +nd? + (a+c+2e — 1)(b+d) + 2nac +2(a +c¢)f = 0. (6.13)

To complete the proof, we solve the system (6.13) of two quadratic equations for every of the
possibilities (A1), (A2), ..., (D4). We get, using MAPLE,

woooom

1 1
2(n1’2n1 T 2(n— 1)’2(n 1)0())’

E L 0,0), (A1)
(-

2(n 1)’2n 1) 2(n— 1)’2(n DE

1 o@

n2 1’n2 17 n2- 1’n2 1

( d+ﬁ n4+2d— n2d 2f 7d+\ﬁ d 0,0
(- d*f , "jﬁ“ﬁ ey ,d,o,O), (A2)
de [Oan/(n2 - 1)]7

(1=c=2n(-nc+v/Bi),—nc+vBi,c,—nc+ v/Bi,0,0)
(1—c+2n(nc+\/_) (nc+\/_)c—(nc+\/_) ) (A3)
c € (—o0,—1/(n* = 1)] U0, 00),
(1 —nb,b,0,0,0,0),
(e, e 00) e 20 (A4
0,0),

(nbb

n2 1’n2 1’

moomLm

1 1 10)’

2(n—1)7  2(n— 1 y) 2(n—1)7  2(n—1)’ >

(z-
( 2(n 1) (n— 1) _2(n1—1)’_2(n1—1)’170>’
( 1 o 1 _.n 1 0)7

n2-1? n2 1’ n2—-1° n2—-1°’ "5
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(S —nizienaaVT —atVE g0, 0),
( d+\/*2 —n+42d— n2d+2f d*f,d,0,0),
d

€ [- n/( - 1.0,

<1—c—2n<—nc+\/B_2), —nc + +/Bs, ¢, nc—l-\/B_g,l?O),
(1—0—2n(—nc—\/B_2),—nc— g,c,—nc—\/E,l,O),
)

c€ (—o0,0]U[1/(n?—1),00),

(1 —nb,b,0,0,1,0),
(_d+nd2+cd’ c+c24ned .C, d 1 0) d+nc7§ (),

d+nc d+nc
(=nb, b, g, — 1,1,0)
(0,0,0,0,1,),

(_ 1 1 ! 1 1 1)

2(n—1)7 2(n—1)°  2(n—1)7 2(n—1)7 2’ 2

(_ 1 1 1 1 1

2(n—1)7  2(n—1)" 2(n—1)> 2(n—-1)’2
_n 1 n 11 ;)
n2-1’ n2-1? n2-1'n2—-17227292 />

( 1+2d+ﬁ 2d— n2d+1+f 1+2d+f d )

72’2

n2

< —1— 2d+ﬁ 2d— n2d+1 ﬁ —1- 2d+\/7 d )
1272
de [—f(n—i- ),5(n+1)],
<_nd - \/A_?n da _nd + \/_37 da 57 %)

(—nd + VA5, d,—nd — VA3, d, 5, 3) .
d € (—o0,0lU [1/(n —1),00),

1 111
(_5 nb, b, =555 51y 20 5)?
_c+2nd?+2cd d+2ncd+2c 11
( Sdtoncil 0 sdtoncii O g 2) , 2d42nc+1#0,

l\D\)—\ <)
~——

1 11
(5 nb, b, — 2(n 2(n-1)  2(n-1)’ 2’

(0,0,0,0,4, 1),

1 1 1 1 11
(2(71—1)’ T 2(n—1)7 2(n—1)’  2(n—1)’ 2? _§> )

( 1 1 1 1 1 _;)

2(n—1)7 2(n—1)’ 2(n—1)’ 2(n—1)7 27~ 2>

n 1 n 11 1
2

n2—1° mn2—-1'n2—-1° n2-1° —92)>
1— 2d \/02 2d— n2d 1+\/02 1-2d—/Ch d 1 1
9 m )99 92 )
(1 2d+\/ 2 2d— n2d 1 VC 2, 1— 2d+\/ .d 1 _1)
)99 2/

d e [ 1/(n -—1) 1/(n? —-1ﬂ

(B3)

(C1)

(C2)

(C3)

(C4)

(D1)

(D2)
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(—nd — VA4, d, nd+\/_4, d,1,-1),

(—nd+ VAi,d, —nd — VA, d, 3, -1), (D3)
dE(—oo,—l/(n2—1)] [0, 00),

1 11 1
(_5 nb, b, 2(n 1) 2(n— 1)72’_§>7

c—2nd?—2cd d—2ncd—2c? 1 1
( 2d-+2nc—1 ° 2d+2nc—1 ’d’27_§>’ 2d +2nc —1#0, (D4)

(3 = nb.b gy —a 30 73)

Now our assertion follows from (6.11).

Remark 5. Note that Theorem 5 gives us a complete answer to the problem of finding all
natural projectors in T} R". Properties of these natural projectors can be obtained from this
list (A1), (A2), ..., (D4) by a direct analysis.
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