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Abstract. Using a result from Herzog [2] we prove the following. Let (B, ng) be
an artinian local algebra of embedding dimension v over some field L with tangent
cone gr(By) = L[Xy,...,X,]/Iy. Suppose the ideal I, is generated by power pro-
ducts of degree 2. Then for every residually rational flat local homomorphism
(A,m) — (B,n) of local L-algebras that has a special fiber isomorphic to B, the
(v + 1)th sum transforms of the local Hilbert series of A and B satisfy the Lech
inequality H4" < H5M.

1. Notation

Throughout we fix a field L, an integer v > 2, indeterminates X = Xy,..., X, and write
R := L[[X]] for the ring of formal power series and Ry := L[X] for the polynomial ring.

Note that Ry and all the Ry-modules that will occur are canonically graded and fur-
thermore admit a canonical Z'-(multi)grading that refines the grading. If M is such an
Ro-module , n € Z and p € Z°, we let M(n) and M (u) denote the homogeneous parts of
degree n and multidegree p (e.g., Ro(p) = L - X*). We will write M (< n) := &p,,_, M(m),
M(> p) == D,>, M(v) and similarly.

We use the term “local L-algebra” for a noetherian local L-algebra (A, m) such that L —
A/m is an isomorphism. A deformation of a local L-algebra By is a flat local homomorphism
of local L-algebras with special fiber isomorphic to By. In particular, any deformation will
be residually rational, i.e., it induces a trivial extension of the residue fields.
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If (A,m) is a local L-algebra, gr(A) denotes the tangent cone of A, which is the graded
ring associated with the natural filtration of A by the powers of the maximal ideal. HY is
the 7th sum transform of the local Hilbert series of A, i.e.,

Hy=(1-T)" Z dimy, (m’ /m/ )T = (1 —T)~" Z dimp (gr(A4)(j))T’.

We understand inequalities between formal power series in the “total” sense, i.e., Y oop a;T" <

2. The Lech problem

In [3] C. Lech asks whether the multiplicities of any two local rings (A, m) and (B, n), con-
nected by a flat local homomorphism A — B, satisfy the inequality eg(A) < eo(B). A
generalization is the question whether the analogous inequality

(1) Hit < Hp,

always holds for some i, where d denotes the dimension of the special fiber By := B/mB.
(1) has been shown to hold true for ¢« = 1 if By has dimension zero and corresponds to a
smooth point of the Hilbert scheme (see [1]) or, also for i« = 1, if A — B is tangentially
flat, i.e., induces a flat homomorphism of tangent cones (see [1], [2]). Little is known in
between these two somewhat extreme situations. However, in ([2] Cor. 8.3 ) Herzog proved
the following estimation:

Theorem. (Herzog) Let A — B be a deformation of a local L-algebra By. Then it holds

00 1—T! dimL(Tglr(BO)(—l))
1 o 1
where Tglr(BO)(—l) denotes the homogeneous part of degree —l of Schlessinger’s T of the

tangent cone of By.

Remark. If T glr(BO)(< —1) = 0 one immediately obtains H} < Hp; this is the tangentially
flat situation. If the product on the right of (2) is not trivial, there are situations where it
is small enough to allow for the conclusion of a Lech-type inequality from (2) (compare [2],
9.3). If gr(By) = Ry/Iy for I generated by power products, gr(Bj) and hence Tglr(Bo) are
Z’-graded and the determination of the dimensions of Tglr( BO)(—Z) becomes a combinatorial
problem. This problem does not appear to have an elegant solution. Therefore, we restrict
ourselves to estimating dimy, Tglr( BO)(—Z) in terms of the power products that generate I (see

the Lemma below).
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3. Estimates for dimy Ty, ,; (1)

Let S be a set of power products of degree d in the indeterminates X.

Definition. For every k € N, k > 0 we define an equivalence relation =* (“k-connectivity”)

on S: we call s,t € S k-connected (and write s =* t) iff there exists a sequence s =
S1y...,S8m =t of elements of S such that

deg(ged(s), sj41)) > d—k for  j=1,... m—1.

S splits into equivalence classes S = Sip1 U ... U Sgusk) (called k-components in the
following). We define

d = deg(ged(Sy;))  for  j=1,...,n(S,k).

Whenever n < m, let the binomial coefficient (:1) be zero.
Lemma. Let Iy be the ideal generated by S in Ry. Then with the above notation for all k € N
it holds

n(S,k)
. v+d?, —k—2
dimy, (Tg, /7, (—(k +1))) < le ( gk_ , )

Proof. By the exact sequence of graded modules and homomorphisms
Der(Ro, Ro/Io) = Hompg, (o, Ro/Io) = Ty /1, — 0
and Dery,(Ry, Ro/Ip)(l) = 0 if I < —1 we conclude
Homp, (I, Ro/Io)(< —1) = Tp, 1 (< —1).

For j =1,...,n(S,k) let I; C I, denote the ideal generated by the elements of S;; in Ry.
By applying Homg, (-, R/I) to the surjection

n(S,k) n(S,k)
@ Ij’k — IO . (Oél, . ,O(n(g,k)) —> Z Q;
j=1 j=1

we obtain an injection Hompg, (1o, Ro/Io) — @?(jk) Hompg, (I; %, Ro/lp). Thus it remains to
prove that

: v+dS —k—2
(3) dimp (Homp, Lk, Ro/Io)(—(k + 1)) < ( " )
for all Kk > 0,5 = 1,... ,n(S,k). Considering Z"-gradings, there are vector space isomor-
phisms

Homp, (I, Ro/Io)(—(k+1)) = @D  Hompg,(Ijx, Ro/Io) (1)
Z'U
W)
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for all 7, k. Since there are exactly (”+d§z’i—1k_2) multi-indices p satisfying |u| = —(k+1), X*-
ged(Sj k) € Ro(> (0,...,0)), equality will hold in (3) if for each p € Z" satisfying |u| =
—(k 4+ 1) it holds

(4) dimy (Homp, (I x, Ro/ o) (1)) =

1 if X*- ng(Sng) S RQ(Z (0, e ,0))
0 if X‘u : ng(Sj,k) ¢ R()(Z (O, Ce ,O))

To prove (4), note that the relation module of I; is generated by the pairwise relations

R r®P = (rPP ... rfP), 1<q<p<t
sp/ ged(sq,8p) il =g,
(5) T?’p =4 —54/ ng(Stb sp) ifl=p,
0 otherwise
of the elements si,... ,s; of Sjp.

Thus we can identify g € Hompg, (L, Ro/Io) with (g1,...,9:) € R} (g, arbitrary liftings of
g(sp) to Ry) for which

t
(6) Zgﬂ’f’q €I, for all the rP.
I=1

We fix j, k and p € Z¥ such that || = —(k+1) and let g € Hompg, (I; %, Ro/Io)(1). Then
g corresponds to

(ag-s1- XM, oo ap- 8- XP)
with a, € Land a, =0 if s,- X" ¢ Ro(> (0,...,0)). Furthermore, we have
(7) ap = ...=q.
Indeed, by k-connectivity of S;j, there is u € {1,...,¢} with deg(gcd(s1,s,)) > d — k. By
substituting ¢ = 1, p = u into (6) we obtain
$1 Sy

— . X* e I,.
ged(s1, ) 0

(a1 — ay)
This monomial has degree less than d. Since I is generated by monomials of degree d, we
obtain a; = a,. We use k-connectivity and iterate to obtain (7). Equation (4) follows, since
X* - ged(Sjk) € Ro(> (0,...,0)) iff for every element s, of S;; it holds s, - X' € Ry(>
0,...,0)). O

4. The estimates imply Lech-inequalities in the case I, generated in degree 2

Theorem. Let By be an artinian local L-algebra of embedding dimension v such that
gr(By) = Ro/ly, where Iy is generated by power products of degree 2. Then for every de-
formation A — B of By Lech’s inequality holds with i = v + 1,

v+1 v+1
HY < HYH
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Proof. Let S be the set of generators of Iy. Since By is artinian, {X? ..., X?} C S. One
verifies that S is 2-connected. Therefore d;; = 0 for all £ > 2 and thus by the lemma
dimp (T, 1, (< —2)) = 0. Herzog’s theorem now reads (let w(2) := dimy (T}, g, (—2))):

H)-HY <Hp-(1+T)*®

It remains to show that
i Hy > (147)~®
i. w(2) <,

since i. implies

Hy-(1+T)*® < Hp-(1+T)“?

and multiplying with (1 — 72)=“® . (1 — T)~=“2) (which has positive coefficients by ii.)
yields Hy™ < HYM.

Any 1-component of S either consists of a square of an indeterminate or it contains two
or more squares of indeterminates, in which case its ged is equal to 1. We may assume that
the 1-components that have a ged of degree 2 are {X?},... ,{X2}. The lemma gives

s (1170) s (117) e

and proves ii. The residue classes of all the squarefree monomials in X, ... , X, are linearly
independent elements of gr(By). Hence

H},(n) > (w> for 1<n<w
n
and by the binomial theorem Hp, > (1 + T')" which implies i. O
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