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Abstract. In 2001, Li and Pierce characterized the linear operators
that preserve the g rank of real matrices. The present paper describes all
rank preserving maps F' : M, ,(K) — M,, ,(K) of the m x n matrices
over an arbitrary field K which are of the form F(a;;) = (fi;(ai;)).
The linearity of F' is not a priorily assumed, and it turns out that if
min{m,n} < 2, then nonlinear rank preserving maps indeed exist.
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In [7] Pap introduced the so-called g-calculus. Markové [6] observed that functions
preserving the rank of matrices play a fundamental role in this calculus. The
problem of rank preservation was studied in [3] and [4]. This note generalizes
the results of [3] and [4] as well as of [2] and [5] and it may also be viewed as an
extension of the results of [1], which concern linear or additive preserver problems.

Let K be afield. Let M,,,,(K) denote the set of m xn matrices over K and put
M, (K) = M, ,(K). Throughout what follows we assume that F' : M,,,(K) —
M, »(K) is a map of the form

Flaij)isy jor = (figaig))izy j=1

with maps f; ; : K — K. We say that F is rank preserving if rank F'(A) = rank A
for all A € M,,,(K). It is easily seen that if min{m,n} = 1, then F' is rank
preserving if and only if f; ;(0) =0, f;;j(z) # 0 for all ¢, j and all = # 0. Here is
our result.
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Theorem.
(a) Ifmin{m,n} =2, then F is rank preserving on M,, ,,(K) if and only if there
exrist NONZero Uy, Ug, . . ., Um, V1, V2, . .., Uy € K and an injective function g :

K — K satisfying g(0) = 0 and g(zy) = g(x)g(y) for all x,y € K such
that f; j(z) = uvjg(x) for allz € K.

(b) If min{m,n} > 3, then F preserves the rank on M, ,(K) if and only if
there are nonzero uy, Us, . .., Uy, V1, Ve, . .., v, € K and an injective function

9: K — K satisfying g(zy) = g(x)g(y) and g(z +y) = g(z) + g(y) for all
z,y € K such that f; j(x) = wv;g(x) for all x € K.

Thus, for min{m,n} > 3 the rank preserving maps F on M,,,(K) may be
written in the form F'(A) = Ulg(a;;)]V, where U = diag(uy,us, ..., u,) and
V = diag(vy,ve, ..., v,) are invertible diagonal matrices and ¢ is an injective en-
domorphism of K. For min{m,n} = 2, the additivity of ¢ may even be relaxed
to the sole requirement that g(0) = 0. Note that the maps of part (a) may be
nonlinear: for example, one can take g(z) = 2.
Proof. Let min{m,n} > 2 and suppose F' is rank preserving on M,,,(K). We
denote by F;; the matrix whose j, k entry is 1 and the remaining entries of which
are 0. Since rank F(zE; ;) = rank zE; j, we see that f; ;(0) = 0 and f; ;(z) # 0 for
all 7,7 and all x # 0. The matrix all entries of which are 1 has rank 1, and since F’
preserves the rank of this matrix, it follows that rank (f;;(1)) = 1. This implies
that there are w;,v; € K such that f; ;(1) = wv; for all 7, j. Because f;;(1) # 0,
we obtain that u; # 0 and v; # 0 for all 4, j. Put g; ;(x) = u; 'v; ' fi ;(z). Clearly,
9:;(0) =0 and g;;(1) = 1 for all ¢, j.

For1<i#r<mandl<k#[I<nlet A=E;+zE;,;+E, ;+zE, . As
rank F'(A) = rank A =1, we get

0= fir(1)fra(®) = fra(l) fia(z) = usvpu,vigri(z) — upvpuvigig (),

that is, ¢,;(z) = giu(x) for all z € K. Consequently, the matrix G = (g;;) is
constant along its column. Analogously one can show that G is constant along
the rows. This implies that all g; ; are one and the same function g and that
therefore f; ;(x) = u;v;g9(x) for all 4, j and all z. Note that g(0) = 0 and g(1) = 1.

To prove that g is injective, suppose x # y and consider B = Ey; + E1 5 +
xE91 + yEs 5. We have rank F/(B) = rank B = 2 and hence

0# fi1(1)fa2(y) — fra(1) f21(x) = urviugv2g(y) — urvaugvig (),

which implies that g(z) # g(y), as desired.
To show that g(zy) = g(z)g(y), take C = Ey 1 +xEy o +yEs 1 +xyEs ;. Since
rank F'(C) = rank C' = 1, we obtain that

0= f1,1(1)f2,2<1’y) - f172(:1:)f271(y) = U101U2@2g($y) - U102U2U19($)9(?/),

that is, we arrive at the equality g(zy) = g(z)g(y).
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At this point we have proved the “only if” part of (a). To get the “only if”
part of (b), assume min{m,n} > 3 and consider

D=uxE 1+ FEio+yEs1+Ess+ (x+y)Esy + B30+ Es 3.

Asrank D = 2, we conclude that the determinant of the upper-left 3 x 3 submatrix
of F(D) must be zero, which means that

0 = wyususzvivav3(—g(z) — g(y) + g(wy)).

Thus, g(x +y) = g(z) + g(y). The proof of the “only if” part of (b) is also
complete.

We now prove the “if” part of (a). Clearly, F' maps the zero matrix to itself. So
assume rank A > 1. Let
a b
-(0 )

be any submatrix of order 2 of A. The determinant of the corresponding submatrix
of F(A) is

fir(@) fea(d) — fi1(D) frr(c) = wivpupuig(a)g(d) — usvrurv.g(b)g(c)
= wurvv(g(ad) — g(be)).

Since g is injective, we deduce that det P = ad—bc = 0 if and only if g(ad)—g(bc) =
0. This proves that A and F(A) have the same rank.
We finally prove the “if” part of (b). Let A € M, ,(K), let D = (d;;) ¥._, be any

ij=1
submatrix of the order k, and put R = (fi;(d;;)) ¥,_,. The assertion will follow
as soon as we have shown that det () = 0 if and only if det R = 0. We have
k k
detR =Y (=1 [ [ firt (i) = D (1) ™ [ [ wivnny9(dimiiy) =
TESE =1 TES) i=1
k k k k
= H(uzvz) Z (=1)%"" Hg(di,w(i)) - H(Uivi)g (Z (—1)%®"" Hdi,w(i)> -
i=1 TSk i=1 i=1 TESk i=1

k
= cg(det Q)), where ¢ := H(uzvz)

i=1
Since ¢ # 0 and since g(x) = 0 if and only if + = 0, we arrive at the desired
conclusion that det R = 0 if and only if det () = 0. O
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