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Abstract In this paper, we characterize matrix transformations
between the sequence space bvP (1 < p < oo) and certain BK spaces. Further-
more, we apply the Hausdorff measure of noncompactness to give necessary
and sufficient conditions for a linear operator between these spaces to be
compact.
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1. Introduction

We write w for the set of all complex sequences z = (x)72,. Let ¢,
l~, ¢ and cg denote the set of all finite, bounded, convergent and null se-
quences, and cs be the set of all convergent series. We write ¢, = {z € w :
YoreolzklP < oo} for 1 <p <oo,and bv ={z € w: > 12y |rr — Tp—1 < O}
for the set of all sequences of bounded variation and extend this definition
to reals p > 1 by putting

o0
bv? = {xew:Z|xk—xk_1|p<oo}

k=0
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so that bul = bv. The sets bvP also arise from the sets £, as the matrix
domains of the difference operator in £, that is a sequence z is in bvP, if
and only if the sequence (z — x_1)72, is in £,. It is this concept rather
than the first one that plays an important role in our studies.

In this paper, we determine the g—duals of the sets bvP, characterize some
matrix transformations and apply the Hausdorff measure of noncompactness
to give necessary and sufficient conditions for the entries of an infinite matrix
to be a compact operator between the spaces bvP for 1 < p < oo and certain
BK spaces.

In this section, we give some notations and recall some definitions and
well-known results.

By e and €™ (n € INp), we denote the sequences such that e, = 1
for k = 0,1,..., and e™ =1 and e,in) = 0 (k # n). For any sequence
= (x)7,, let zln = Y k=0 zre® be its n—section.

A sequence (b(™)22 in a linear metric space X is called Schauder basis
if, for every x € X there is a unique sequence ()52, of scalars such that
=300 oAb,

An FK space is a complete linear metric sequence space with the prop-
erty that convergence implies coordinatewise convergence; a BK space is a
normed F'K space. An FK space X D ¢ is said to have AK if every se-
quence x = (x)72, € X has a unique representation x = 72 zre®) | that
is x = limy,—oo ™.

Let z and y be sequences, X and Y be subsets of w and A = (ank)ifk:o
be an infinite matrix of complex numbers. We write zy = (2gyr)5 g, 21 *
Y={a€w:ar € Y}and M(X,Y) = ex2 '*Y ={a €w:azx €
Y for all z € X} for the multiplier space of X and Y. In the special case
of Y = cs, we write 2% = 27! x ¢s and X? = M(X,cs) for the 3-dual of
X. By A, = (ank)32o we denote the sequence in the n—th row of A, and we
write Ap(z) = > popankxr (n =0,1,...) and A(z) = (An(z))>2,, provided
A, € 2P for all n. The set X4 = {x € w: A(z) € X} is called the matriz
domain of A in X and (X,Y’) denotes the class of all matrices that map X
into Y, that is A € (X,Y) if and only if X4 C Y, or equivalently A4, € X”
for all n and A(z) € Y for all z € X.

Let X and Y be Banach spaces. Then B(X,Y) is the set of all continuous
linear operators L : X — Y, a Banach space with the operator norm defined
by ||L|| = sup{||L(x)] : [|z|| < 1} (L € B(X,Y)). If Y =C then we write
X* = B(X,C) for the space of continuous linear functionals on X with its
norm defined by || f|| = sup{|(z)| : ||z|| < 1} (f € X*). We recall that a
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linear operator L : X — Y is called compact if D(L) = X for the domain of
L and if, for every bounded sequence (z,,) in X, the sequence (L(zy,)) has
a convergent subsequence in Y. It is well known (cf. [10, Theorem 4.2.8, p.
87]) that if X and Y are BK spaces and A € (X,Y) then Ly € B(X,Y)
where L4 is defined by Ly(x) = A(z) for all x € X; we denote this by
(X,Y)C B(X,Y).

Let 1 < p < ocoand = (un)52 o be a non-decreasing sequence of positive
reals tending to infinity. We define the matrices ¥ and A by X,x = 1 for
0<k<n Yy =0fork>n, App1 = -1, App =1and Ay, =0
otherwise, and use the convention that any term with a negative subscript
is equal to zero. So bv? = (f,)a, as has been mentioned above.

Proposition 1.1. The space bvP is a BK space with

[e'e] l/P
2 /lpor = (Z |2) — xk—1|p> ;
k=0

the sequence (b))% with b*) = 2 (e®)), that is bgk) =0 for j < k and
bg-k) =1forj>k (k=0,1,...), is a Schauder basis of buP.

P 1 oo f Since ¢, is a BK space with ||z]|, = (3520 |zx[P)'/P, b? is a
BK space with || - [[p» by [7, Theorem 3.3, p. 178]. Furthermore ¢, has AK.

Hence the sequence (b(%))2°  is a Schauder basis of bu? by [5, Theorem 2.2].
(|

2. The B—dual of the space bvP

In this section, we give the f—dual of bv? for p > 1. If X D ¢ is a BK
space and a € w then we write
el = 1} 7

provided the expression on the right is defined and finite which is the case
whenever a € X? (cf. [10, Theorem 7.2.9, p.107]). Let 1 < p < co and
4 = p/(p—1). We write (n+ 1)1/9 = ((n+ 1)/0)32,,

lall5 = [lal* = sup{

oo
Z QI
k=0

Theorem 2.1. Let 1 < p < co. We define the matric E by E, =0 for
O<k<n—1land E,;, =1 fork>n (n=0,1,...) and write M (bvP) =
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(n+ 1)V~ swr.
(a) Then
(bvP)P = (£, N M (bWP)) .

(b) Furthermore

lallzor = 1 E(a)llq for all a € (boP)°. (2.1)

Proof. (a) By [5, Theorem 2.5, (bv?)? = (Eg NM(bvP,c))p = (lg)e N
(M (bvP,c))g. We are going to show

M(bP, c) C M(bvP) C M(bvP, ). (2.2)

First we assume a € M (bvP,c). Then azx € ¢ for all x € bvP. Now z € bP
if and only if y = A(z) € ¢,. Then z = X(y) and apzy, = > j—gAnYk
(n =0,1,...) for all y € £,. We define the matrix C' = (cu)p k=0 by
ok = ap for 0 < k < nand ¢y, = 0 forn > k (n = 0,1,...). Then
C € (£, c), and [10, Example 8.4.5B, p. 129] yields

o0 n
sup Z |enk|? = sup Z |an|? = sup(n + 1)|a,|? < oo, (2.3)
" k=0 " k=0 "

hence a(n + 1)Y/9 € £,,. This shows
M (bvP c) C M(bvP). (2.4)

Conversely, we assume a € M (bvP). Then there exists a constant K such
that (n+4 1)9)a,| < K for all n, and so |a,| < K/(n+1)"/7 — 0 (n — o),
that is

a € co. (2.5)

Defining the matrix C' as above, we see that (2.3) holds again, and by [10,
Example 8.4.5D, p.129], conditions (2.3) and (2.5) yield C € (¢,, cp), that is
ax € ¢ for all x € bvP. Thus we have shown M (bv?, ¢p), and with (2.4), we
obtain (2.2).

(b) Let a € (bvP)? be given. We observe that € bvP if and only if
y = A(z) € £p. Abel’s summation by parts yields, with R = E(a),

n+1

n
Z apxy = Z Riyr — Ryy12n+1 (n=0,1,...).
k=0 k=0
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Since a € (bwP)? implies R € M (bvP, ¢g) by Part (a), it follows that

o o
> arrr =Y Ry (2.6)
k=0 k=0
Now |[z[eer = ||yllp implies |lallj,, = [|R]|; and (2.1) follows from the fact
that ¢, and {4 are norm isomorphic. O

Remark 1. We observe that neither ¢, C M (bv?) nor M (bvP) C £,. If
we define the sequences a and a by

1
_ (k=2") _ _— 1 _
ak—{(l)/+1 (k£ 2) (v=0,1,...) and ak_(k:+1)1/‘1 (k=0,1,...)

then a € £, \ M (bvP) and a € M (bvP) \ {4, since

00 B e 1 . g 21//q
ar(k+1)Y9=1for k=0,1,... but > ap= > —— =00
k=0 o k+1

3. Matriz Transformations on the spaces bvP

In this section we characterize matrix transformations on the spaces bvP.

Throughout let 1 < p < oo and ¢ = p/(p—1). A subset X of w is said to
be normal if v € X and y € w with |yg| < |zi| (k=0,1,...) together imply
y € X. We need the following general results.

Proposition 3.1.([5, Theorem 2.7 (a)]) Let X D ¢ be a normal FK
space with AK and Y be a linear space. If M(Xa,c) = M(Xa,co) then
A€ (Xa,Y) if and only if

RA € (X,Y) where r, = Zank (n,k=0,1,...) (3.1)
j=k

and
R € (Xa,c) for all n. (3.2)
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Proposition 3.2.(cf. [7, Theorem 1.23, p. 155 ]) Let X D ¢ and Y be
BK spaces.
(a) Then A € (X, ls) if and only if

1A% = sup | An]lx < oo. (3-3)
Furthermore, if A € (X,l) then || Lall = ||A|%-

(b) If (0*))22 ) is a Schauder basis of X and Yy is a closed BK space in'Y,
then A € (X,Y1) if and only if A € (X,Y) and A(b®) € Yy for all k.

First we characterize the classes (bvP, lo), (bvP, co) and (bvP, c).

Theorem 3.1. We have
(a) A € (bvP, L) if and only if

oo | oo a\ 1/a
1Al per 00 = sup (Z > an; ) < o0 (3.4)
k=0 | j=k
and
s%p (kzl/q ianj ) < o0 for all n; (3.5)
=k

(b) A € (bvP,cy) if and only if conditions (3.4) and (3.5) hold and
nh_)ngo Z anj =0 for each k; (3.6)
=k

(c) A € (P, c) if and only if conditions (3.4) and (3.5) hold and

o0

lim Z anj = oy, for each k. (3.7)
(d) Let Y denote any of the spaces lno, co or c. If A € (bvP,Y) then ||Lal| =
1Al por,e00)-

Proof. (a) By Theorem 2.1, M (bv?, c) = M (bvP, ¢p), so Proposition 3.1.
yields that A € (bvP, l) if and only if R € (¢,,{) and R,, € M (bvP,c) for
all n where 1y = 322 an; for all n and k. Now M (bv?, c) = (k) )~ 1«
l~, and this is condition (3.5). Furthermore, by [10, Example 8.4.5D, p.
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129], R € ({p, ) if and only if sup, > 7o |rnk|? < 0o, and this is condition
(3.4).

(b) Since (b¥))32, with b%) = ¥ (e*)) for all k is a Schauder basis of bv?
and bg-k) =0 for j < k and bg-k) =1for j >k (k=0,1,...) by Proposition
1.1, we have

= Z anjbgk) = Z an; for each k.
§=0

=k

Now Part (b) follows from Part (a) and Proposition 3.2.

(c) Part (c) is proved in exactly the same way as Part (b).

(d) If A € (bvP,l) then ||Al|j,» = ||Lal|l by Proposition 3.2. Since
|All;e = sup,, ||Anll;,» for all n, the conclusion follows from (2.1) in Theo-
rem 2.1. Since (bvP, cp) C (bvP,c) C (bvP, L), the assertion also follows for
Y =¢p or Y = ¢ by what we have just shown and Parts (b) and (c). O

Now we characterize the classes (bvP,¢1) and (bvP,bv). We need the
following result.

Proposition 3.3.Let X D ¢ be a BK space. Then A € (X,41) if and
only if

[All(x,ey = sup ||> An f. [4, Satz 1)).
N% 0 llneN
Furthermore, if A € (X,¢1) then
IAllx,e0) < N1 Lall =4 |All(x,00)- (3.8)

P r oo f. We have to show (3.8). Let A € (X, /1) and m € INg be given.
Then, for all N C {0,...,m} and for all x € X with ||z| = 1,

5 Aule)

neN

< Z [An(2)] < |[Lall;

and this implies
[All(x,e0) < I Lall- (3.9)

Furthermore, given € > 0, there is € X with ||z|| = 1 such that

[A() [l = Z [An(2)| = || Lall =
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and there is an integer m(:n) such that

Z [An(@)| 2 1A@)]1 - 5.

Consequently Zm(x) |An(z)| > ||La|l —e. By [7, Lemma 3.9, p. 181],

> Ap(x

neN

m(z)

4- ZIA )= | Lall = ¢,

NC{O, 7m(att

and so 4 - [|[Al|(x,,) > [[La| —e. Since ¢ > 0 was arbitrary, we have 4 -
I All(x,e,) = | Lall, and together with (3.9) this yields (3.8) 0

A matrix T is called a triangle if t,;, = 0 (k > n) and t,, # 0 for all n.

Proposition 3.4.([7, Theorem 3.8, p. 180]) Let T be a triangle. Then,
for arbitrary subsets X and Y of w, A € (X,Yr) if and only if B=TA €
(X,Y). Furthermore, if X andY are BK spaces and A € (X,Yr) then

I Lall = Il (3.10)

Theorem 3.2. We have
(a) A € (bvP, 1) if and only if condition (3.5) holds and

o o a\ 1/q
Al gor,er) = NsélII])\fo (12) Z (Z: ank) ) < 00. (3.11)
N finite =0 |neN \j=k
Furthermore, if A € (bvP,41) then
Al por,er) < ILall < 4+ [ Allor,e1)- (3.12)
(b) A € (bvP,bv) if and only if condition (3.5) holds and
o . a\ 1/q
I Allpor by = sup (Z > (Z(ank - anl,k)) ) < oo. (3.13)
g%ﬁoe k=0 |neN \j=k

Furthermore, if A € (bvP,bv) then

[Allor,bo) < 1Ll = 4 - [[All por,bv)- (3.14)
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P roof. (a) Part (a) follows from Proposition 3.3. and Theorem 2.1.
(b) Part (b) follows from Part (a) and Proposition 3.4. O

4. Measure of noncompactness and transformations

If X and Y are metric spaces, then f : X — Y is a compact map if
f(@Q) is relatively compact (i.e., if the closure of f(Q) is a compact subset
of V) subset of Y for each bounded subset @ of X. In this section, among
other things, we investigate when in some special cases the operator L4 is
compact. Our investigations use the measure of noncompactness. Recall
that if @ is a bounded subset of a metric space X, then the Hausdorff
measure of noncompactness of @, is denoted by x (@), and

X(Q) =inf{e > 0:@Q has a finite € — net in X}.

The function y is called the Hausdorff measure of noncompactness, and
for its properties see ([1, 2, 8]). Denote by @ the closure of Q. For the
convenience of the reader, let us mention that: If ), @1 and @2 are bounded
subsets of a metric space (X, d), then

x(Q)=0 <= @ is a totally bounded set,
x(@) =x(Q),
Q1 C Q2 = x(Q1) < x(Qa2),
x(Q1UQ2) =max{x(Q1),x(Q2)},

X(Q1NQ2) < min{x(Q1),x(Q2)}

If our space X is a normed space, then the function x(@Q) has some
additional properties connected with the linear structure. We have e.g.

X(Q1+Q2) < x(Q1)+ x(Q2),
X(AQ) =|Ax(Q) foreach \eC.

If X and Y are normed spaces, and A € B(X,Y), then the Hausdorff
measure of noncompactness of A, denoted by ||Al|y, is defined by ||Al/, =
X(AK), where K = {x € X : ||z|| < 1} is the unit ball in X. Furthermore,
A is compact if and only if [|Al|, = 0, and [|Al|, < ||A].

Recall the following well known result (see e.g. [2, Theorem 6.1.1] or [1,
1.8.1]): Let X be a Banach space with a Schauder basis {ej,e2,...}, @ a
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bounded subset of X, and P, : X — X the projector onto the linear span
of {e1,e9,...,en}. Then

1 lim sup <sup (T — Pn)xH) <x(Q) <
z€EQ

a n—oo

(4.1)
< inf, sup,eq [[(1 = Pa)e| < limsup, o (Supseq (1 = Pa)all)

where a = limsup,,_, || — P,||.

Theorem 4.1.Let A be an infinite matriz, 1 < p < o0, ¢ = p/(p — 1)
and for any integers n,r, n > r, set
q) 1/q

[Lallx = lim lAllg, (boP o) (4.2)

Z nyj

=k

1A 4.0y = S0P (Z

k=0

(a) If A € (WP, cp), then

(b) If A € (bvP,c), then
1

5 416, ) < 1 Lally < lim JANG, .- (4.3)
(c) If A € (bvP, L), then
0 < [Lally < lim [[A]G), ). (4.4)

P r oo f. Let us remark that the limits in (4.2), (4.3) and (4.4) exist.
Set K = {x € bvP : ||z|]| < 1}. In the case (a) by inequality (4.1) we have

|Lall = X(AK) = lim [sup Toss R«)Axn] , (4.5)

zeK
where P, : ¢g — cg, 7 =0, 1,...,is the projector on the first 741 coordinates,
ie, P.(z) = (zg,...,2,,0,0,...), for x = (z) € cp; (let us remark that

Il - P =1, r=1,2,.... Let Ay = (Gnk) be infinite matrix defined by
dnk = 01f 0 < n < r and au, = ank if ¥ < n. Now, by Theorem 4.1 (d) we
have

sup I( = B)Az|l = [ Lag, | = @ llpor ey = A1) (boP loo)” (4.6)
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Clearly, by (4.5) and (4.6) we get (4.2).

(b) Let us remark that every sequence z = (x3)32, € ¢ has a unique repre-
sentation z = le+ 3.7 o (z—1)e®) where | € C is such that z—le € cp. Let us
define P, : c— c by Pr(z) = le+ X7 o(zr — e r=0,1,.... It is known
that [ — P:|| = 2, r = 0,1,.... Now the proof of (b) is similar as in the
case (a), and we omit it (it should be borne in mind that now a in (4.1) is 2).
Let us prove (4.4). Now define P, : {o — lo, by Pr(z) = (20,21, ...,24,0,...),
x = (x) € loo, 7 =0,1,.... It is clear that

AK C P.(AK)+ (I — P,)(AK).
Now, by the elementary properties of the function xy we have

X(AK) < X(P(AK)) + x((I — P)(AK)) = x((I — P,)(AK))
< sup (1 = P)Az| = || L, | (4.7)

By (4.7) and Theorem 4.1 (d) we get (4.4). O

Now as a corollary of the above theorem we have

Corollary 4.1.1f either A € (bvP,cy) or A € (bvP,c), then
Ly is compact if and only if hm ||A|| (bor bo) = 0- (4.8)
If A e (bvP, L), then

La s compact if  lim HAHE;))P,ZOO) =0. (4.9)

The following example will show that it is possible for L4 in (4.9) to be

compact in the case lim, HAH(W (o) > 0, and hence in general in (4.9)
we have just 7 if”.

Example 4.1. Let the matriz A be defined by A, = e (n=0,1,...).

hen sup, (72 [ S5 an") ™" = 1 < oo and supy (521|552, o) =

0 < oo for all mn. By Theorem 4.1 (a) it follows A € (bvP,l,). Further,

q\ 1/q o
= sup
n>r j:()

o0

HAH (bvP loo) — SUP (Z Zanj
i=k

k=0

=1 for all r,

> ang
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whence

lim HAH (bor to) = 1> 0.

r—00 )

Since La(x) = xoe for all x € bvP, L4 is a compact operator.

Theorem 4.2. Let A be an infinite matriz, 1 < p < oo, ¢ =p/(p—1)
and for any integer r, set
q) 1/q

)’

Il 0y = sup (Z

NCINo\{0.1,...r} \ 0

N finite

= (S

neN

If A € (bvP, ty), then

lim_A];) (bor,ey) = [l < 4 lim [E (bor,01

r—00

(4.10)

P r oo f. Every sequence z = (x1)2, € ¢1 has a unique representation

T = Z et
k=0

We define P, : ¢ — ¢ by P.(z) = (x0,21,...,24,0,0,...), 7 = 0,1,....
Since || — P,|| =1,r=0,1,..., by Theorem 4.2 (a) and (4.1) we get (4.10)
(the proof is similar as in the case (4.2)). O

Corollary 4.2.Let A be as in Theorem 5.2. If A € (bvP,¢y), then

L4 is compact if end only if Jim ||A”E;),p oy =0

Theorem 4.3.Let A be an infinite matriz, 1 < p < oo, ¢ = p/(p — 1)
and for any integer r, set
q) 1/q

lim | A]f;) ooy < [[Lally < 4 lim l4llG) (bop o) (4.11)

r—00

NCINo\{0.1,...r} \ 2

~ finite

Al )y = sup (Z

> (i(anj - an—l,j))

neN \j=k

If A € (bvP,bv), then
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Proof. Letb® k =0,1,..., be as in Proposition 2.1. (b(k))zozo is
Schauder basis of bv and it holds

[e.e]

x = Z(l‘k — 2 )b® 2 e bo.
k=0

Now let us define P, : bv — bv by

T

P.(z) = Z(azk — ) )b® . r=0,1,....
k=0

Therefore (I — P,)(z) = (0,...,0,2y41 — Ty, Tpy2 — Tp,...). By

(I = Pr)(2)lso =
= ‘$r+1 - xr’ + |xr+2 — Ty — (-Tr+1 - xr)‘ + ’xr+3 — Ty — ($r+2 - xr)‘ + ...

= |Tr41 — | + |pp2 — T + [Trgs — T2 + -

< llzllpv,
(4.12)

we get ||I — P.|| < 1. Since I — P, is a projector, we have ||I — P,|| > 1.
Therefore ||I — P,|| = 1. Now, by Theorem 4.2 (b) and (4.1) we get (4.11).
O

Now as a corollary of the above theorem we have

Corollary 4.3. Let A be as in Theorem 5.3. If A € (bvP,bv), then

Ly is compact if and only if rhﬂrgo HA||E;))p by = 0-
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