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PARTIAL AVERAGING FOR IMPULSIVE DIFFERENTIAL
EQUATIONS WITH SUPREMUM

D. BAINOV, YU. DOMSHLAK, AND S. MILUSHEVA

ABSTRACT. Partial averaging for impulsive differential equations with
supremum is justified. The proposed averaging schemes allow one to
simplify considerably the equations considered.

1. INTRODUCTION

For mathematical simulation in various fields of science and technology
impulsive differential equations with supremum are successfully used. The
investigation of these equations is rather difficult due to the discontinuous
character of their solutions and the presence of the supremum of the un-
known function, hence the need for approximate methods for solving them.

In the present paper three schemes for partial averaging of impulsive
differential equations with supremum are considered and justified.

2. PRELIMINARY NOTES

We note, for the sake of definiteness, that by the value of a piecewise
continuous function at a point of discontinuity we mean the limit from the

left of the function (provided it exists) at this point. By the symbol
0< T <T
we denote summation over all values of k for which the inequality 0 < 7, < T

is satisfied, and by the symbol || - || the Euclidean norm in R™.
In the proof of the main result we shall use the following two lemmas.

Lemma 1. Let u(t) be a piecewise continuous function for t > a with

points of discontinuity of the first kind 7, > a, k = 1,2,..., for which
Te < Tpy1 for k = 1,2,..., and klim T, = 00. Then, if for t > a the
— 00

1991 Mathematics Subject Classification. 34A37, 34C29.
Key words and phrases. Impulsive differential equations with supremum, partial av-
eraging schemes.

11
1072-947X/96,/0100-0011$09.50/0 © 1996 Plenum Publishing Corporation



12 D. BAINOV, YU. DOMSHLAK, AND S. MILUSHEVA

inequality
t

u(t) <cp+co /u(T) dr +c3 Z u(Ty)

a a<lt <t

holds, where co is a positive constant and c1,cs are nonnegative constants,
then for t > a the estimate

w(t) < e1(1 + e3)" @Y exp{ea(t — a)}

is valid, where i(a,t) is the number of points T, which belong to the interval
[a,t).

Lemma 1 is proved by means of the Gronwall-Bellman inequality and by
induction.

Lemma 1 is a particular case of the theorems on integral inequalities
obtained in [1] and [2].

Lemma 2. Let the sequence 11, ...,Tk ... be such that for any k € N the
inequality T, — Tx—1 > 6 holds, where 0 is a positive constant and 9 = 0.
Then for any T > 6 and ty > 0 the inequality

( to) < RY
— oL
E k —to 20
to<r<to+T

s valid.

Proof. Let n > 2 and 75 < tg < Tj41 < -+ < Tjpn < to+71. Then for T > ¢
we have

Jj+n—1

Z (Tk - tO) = Z (Tk - t()) + (Tj+7l - tO) S
to<Ti<to+T k=j+1
1 j+n—1
< ] Z (ke — t0)(Tht1 — k) + (Tj4n — to) <
k=j+1
Tj+n
1 T2 372
< — t—to)dt itnp— 1 — 4+ T < —,
<5 [ - tdts (i —t) < 5 +T <
Ti+1

Let 7; <to < 7j41 < to+ T < 7j12. Then for T' > 6 we have

372
Z (Tk—to):Tj+1—t0<T§W. O
to<tp<to+T
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3. MAIN RESULTS

Let the impulsive system of differential equations with supremum have
the form

2(t) =eZ(t,2(t),z(¢¥),2(t), t>0, t+#k,
2(t) = »(t), 2(t) =3(t), —h<t<0, (1)
Az(t) = 2(t+0) — 2(t —0) =ecLg(2(t —0)), t=m, keN,

where z(t) = (21(t), ..., zn(t)), h is a positive constant,
Z2(t) = (z1(1), -, Za (1), 2() = (21(D), -, Za(1)),
Z(t+0):(zl(t+0)a" ( ))v Z(t ) (Zl(tfo)w'wzn(tfo))a
Zi(t) =sup{z(s) : s € [t — h,t]}, Zi(t) =sup{zi(s) : s € [t — h,t]},
zi(t+0) = s_}%}g%zi(s), zi(t—0) = S_}grslqzi(s), i=1,...,n,
#(t) = (5e1(t), ..., 2,(t)) is an initial function,
O=mp<m< <<+, klim T, =00 and € >0 is a small parameter.

Let the functions Z(t,z) and Ly(z) exist for which

Tlggo%/[Z(t 22,0)~ Z(t,2)] dt = 0 )
0
and
Jim % O<%:<T [Lk(2) = Ly(2)] dt =0, keN. (3)

Then with the initial-value problem (1) we associate the averaged impulsive
system of differential equations

&) = <Z(t,¢(1), >0, 4,
AC(t) = C(E+0) = C(t—0) = Lul(C(t—0), t=7x, kEN, (4)
¢(0) = 5(0).

We shall prove a theorem on nearness of the solutions of the initial-value
problems (1) and (4).

Theorem 1. Let the following conditions hold:

1. The functions Z(t,z,u,v), Z(t,z), Lip(z), and Lp(z), k € N, are
continuous in the respective projections of the domain {t > 0, z,u € G,
v € H}, where G and H are open domains in R™. The functions »(t) and
3(t) are continuous in the interval [—h,0], h = const > 0, 3(t) and 3(t)
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(i=1,...,n) have a finite number of extremums in the interval [—h,0], and
#(t) € G, (t) € H fort € [—h,0].

2. There exist positive constants A and M such that for all t > 0,
z,u, 2 u' € G, v,v' € H, k €N, the following inequalities are valid:

1Z(t, 2w, 0) | + 12t )] + 1Lk (2)]] + 1Lk (2] < M,
1Z(t, 2,u,0) = Z(t, 2" 0, 0) | < A(llz = 2| + lu— /|| + [lo = 2']]),
1Z(t,2) = Z(t, )| + | L (2) = Le(2)]| + [1Lr(2) = Le()]| < Az = 2|

and for t € [—h,0] the estimate ||3(t)| + ||5¢(t)|| < M is valid.

3. For each z € G there exist the limits (2) and (3).

4. There exists a positive constant 8 such that for k € N the inequality
Tk — Tk—1 > 0 holds, where 19 = 0.

5. For any € € (0,e*], e* = const > 0, the initial-value problem (1) has a
unique solution z(t) which is defined for t > 0; z;(t) and ;(t) (i=1,...,n)
have a finite number of extremums in each interval of length h; z(t) and
2(t) satisfy respectively the conditions z(0+0) = 5(0) and 2(040) = 352(0).

6. For any € € (0,&*] the initial-value problem (4) has a unique solution
C(t) which is defined for t > 0 and for t > 0 belongs to the compact Q C G
together with some p-neighborhood of it (p = const > 0).

Then for any n > 0 and L > 0 there exists g € (0,&*) (0 = €0(n, L))
such that for e € (0,e0] and t € [0, Le™1] the inequality ||z(t) — ((t)]| < n
holds.

Proof. From the conditions of Theorem 1 it follows that for the compact
Q@ C G there exists a continuous function «(7") which monotonically tends
to zero as T — oo and is such that for z € @ the inequalities

T
H/[Z(t,z,z,o) _Z(t’z)]dtH < To(T) (5)
and
| ¥ [ -Tu@)| < T ©
0<1e<T
hold.

For t € T. = [0, Le~1] we have

z(¢) :z(O)+€/Z(T,z(7),2(7),§(7))d7+5 Z Li(2(mx)), (1)

0< <t
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C(t) =<¢(0) +¢ /7(T§ Ddr+e > Li(¢ (8)
0

0<1 <t

for t € [—h,0].

where z(t) = »(t) and 2(t) = 5(t)
t > 0 we obtain

Subtracting (8) from (7) for

[[2(t) = <)l < 6/ 12(7, 2(7),2(7), (7)) = Z(7,{(7), C(7), 0) [ dT +
0

te Y ILula(m) - Ll +

0< <t

= / [2(7,¢(7),¢(7),0) = Z(r,¢(n)]ar | +

el X [ ~ Tem)] |- ©)

o<t <t

Denote successively by 5(¢), v(t), 6(t), and o(t) the summands on the
right-hand side of (9).

Without loss of generality, for the estimation of the function 5(t) we
shall assume that h < ¢, z;(7) = max(z;(7x — 0), z; (7% + 0)), and 2;(7) =
max(%;(m — 0),2;(7x + 0)) for ¢ = 1,...,n and k¥ € N. From the last
assumption it follows that the supremums in z;(¢) and z;(t) (i = 1,...,n)
are achieved.

Denote by 5;(t) (resp., s;(t)) the leftmost point of the interval [t — h, ],
t > 0, at which z(s) (resp., %(s)) takes its greatest value in this interval.
Then Ei(t) = Zi(gi(t)) and El(t) = Zl(gz(t)) (Z =1,... ,n).

Using the conditions of Theorem 1, we obtain

t) = 6/ 12 (7, 2(7),2(7), (1)) = Z(7,¢(7),¢(7), 0)[[dT <

< 25)\/ lz(7 T)||dT + 5)\/ [||E(T) —z(T)|| + H?(T)H]dr (10)
0

Denote by £y(t) the second summand on the right-hand side of (10). We
obtain the following estimate:

== [ [l — =) + 5 ar <



16 D. BAINOV, YU. DOMSHLAK, AND S. MILUSHEVA
h
<o [ I + 10l + 20 dr +
0
I267) = =)l + [0 <

[le(r = W)l + [l3(7 = W) | + 2ll2(7)l] + ()| dr +

t
1/2

+5A/[zn:(zi(si(r))—zi(ﬂ)ﬂ dr +

h =1

gsAh[3+e(1+h)+eg}M+62A(t—h)M\/ﬁ+

t n T

+5/\/[Z(e / Z(0, 2(0),7(8), 3(0))det +

=1 5
1/2

e > Lki(z(m))ﬂ dr.

Si(T)<TR<T

Setting A = A3 + (1 + h) + 5%]M + ML — eh)M+/n and applying
Minkowski’s inequality, we obtain for ¢ € T,

t T

Bo(t)geAJrez)\/{['n ] / Zi(0, 2(0),2(0), 5(0))de

h =S

+ {i’ Z Lki(z(Tk))m 1/2}d7 <

Si(T)<TR<T

SEA_i_ez)\h/sz:thﬂl/z_i_ {i<%)2M2}1/2}d7§

<At e — sh)# hM /.

241/2
N

1
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For ~(t) and t € T, by the conditions of Theorem 1 we get the estimate

) =e Y ILe(a(m) = Lu(CmDl < ed D llz(m) = ¢l

o< <t 0<T<t

In order to obtain estimates of the functions 6(t) for ¢t € T, we partition
the interval T into ¢ equal parts by the points t; = %, 1=0,1,...,q.

Let t be an arbitrary chosen and fixed number from the interval 7., and
let t € (ts,ts41], where 0 < s < g—1. Then, using the conditions of Theorem
1 and inequality (5), we obtain

s—1 tit

) <e| Y [ (2660 ¢r1.0) = 2 () -
=0},
2(r,C(#:), (1), 0) + Z(r, ()] dr | +

+EHZ/ [Z(T,C(ti),C(ti),O)_7(7-7 (ti))}dTHJr
=0 i
- [ 126, c, 01+ Zr. e <

t1+1

<3 [ 1120 0001.0) = 200000, 0000 +

lOt’

HZ o) -2 cellar+e Y | [ (26 06,60 -
=0 0

WTH“SH/[Z(r,«ti),a)> Z(r, C(t; dTH+
=19

s— lt“rl s—1
rE <3 Y [ 160 - i+ Y tnalti) +
1= Ot 1=0
146 L
+€Zta +—<32)\ + MZ/T—t )dr +
1= Ot

+2€Zta +—<32)\1+0MZ< )
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_|_

2sL /L ML  (3\s(1+0)L +20¢)ML 2s*L /L
O (L) ML - O LOLLWONL | 20L (1)
q £q q 20q q £q

We pass to the estimation of o(t). Using the conditions of Theorem 1
and inequality (6) for ¢ € T,, we obtain

oty =c| 3 [ - Tucr)]| <
0<T<t

< eta(t) < sup Ta(z> =0d1(e), 01(e) =0, ¢ —0.
0<r<L €

From (9) and the estimates obtained for the functions 5(¢), v(t), 6(¢),
and o(t) it follows that for ¢t € T, the inequality

[2() = C@O) < blg) + (g, ) + 25)\/ [2(7) = ¢(7)lldr +
0

+eA Z 12(7x) — C(7%) | (11)

0<Tp <t
holds, where

bq) = (BA(1 + 0;§q+ 20)ML

1 L
c(q,e) =cA+el(L —eh) %9 hM+/n + 2qLa(%) + d1(e).

Choose a sufficiently large go € N so that the inequality

bao) < % exp { = AL(2+ %)}min(n,p)

holds.
Consider inequality (11) for ¢ = qo, € € (0,¢*], t € T. and apply to it
Lemma 1. Thus we obtain

12(8) = C(D] < (b(go0) + (g0, €)) exp{2eAt}(1 + 1)@V <

2 (1 +en)} <

< (b(qo) + c(qo,€)) exp {AL(2 + %) }.

< (b(qo) + c(qo,€)) exp {2eAt +

Choose a sufficiently small g € (0,*] so that for € € (0,&0] we have

c(qo,€) < %exp{ —AL(2+ %)}min(n,p).
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Then for any ¢ € (0,e0] (e0 = €0(n, L)) and t € T, the inequality

12(£) = C(A)I < min(n, p)

holds.
Hence, for € € (0,¢0] and t € T¢, 2(t) belongs to the domain G, and the
estimate ||z(t) — ((¢)|| < nis valid. O

Consider the initial-value problem (1), where
0= (i) 20 Z@,Z@),g@)_( 0 203)
0= (7). 0= (85 0= (43). v

x(t) and y(t) are ¢- and m-dimensional vector-functions, and £ +m = n.

For problem (1), (12) various schemes for partial averaging are possi-
ble, which lead to averaged systems of differential equations not containing
supremum.

(12)

First scheme for partial averaging. Let the following limits exist:

! -
Th—{%of/X(t’Z’z’O) dt = X (2) (13)
0
and
o1 =
Jim > I(z) =1(2). (14)
0<7i<T

Then with the initial problem (1), (12) we associate the partially averaged
impulsive system of differential equations (4) with

Z(t,2) = (Y(fifgyo)) : (15)
Li(z) = <ij((zz))) , keN. (16)

Theorem 2. Let the following conditions hold:

1. The functions X (t,z,u,v), Y(t, z,u,v), Ix(2), Ju(z), k € N, are con-
tinuous in the respective projections of the domain {t > 0, z,u € G, v € H},
where G and H are open domains in R™. The functions p(t), o(t), ¥(t),
U(t) are continuous in the interval [—h,0], h = const > 0, ¢;(t), ¢i(t)
(t=1,...,0),¢;(), 1/}j(t) (j =1,...,m) have a finite number of extremums
in the interval [—h, 0], and s(t) = (p(t),(t)) € G, 5(t) = ((t),¢(t)) € H
fort € [—h,0].
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2. There exist positive constants A and M such that for all t > 0,
z,u, 2 u' € G, v,v' € H, k €N, the following inequalities are valid:

X

X

1Y

([ 2

t oz, u, )| + Y (2w 0) | + [T ()] + [[Jk(2)]] < M,

t,zu,0) = X(t, 200 < Al = 2+ flu = o/[| + [lo = o'])),
t,z,u,0) = Y(t, 2w 0 < Al = 2+ flu =o' + [lo = o']]),
2) = Ie(2) + 17e(2) = Je ()] < Allz = 2|

o~ T~~~

and for t € [=h,0] the estimate [\p(&)]| + (@]l + (O] + 19 < M is
valid.

3. For each z € G there exist the limits (13) and (14).

4. There exists a positive constant 6 such that for k € N the inequality
Tk — Tk—1 > 0 holds, where 19 = 0.

5. For any € € (0,e*], e* = const > 0 the initial-value problem (1),
(12) has a unique solution z(t) which is defined for t > 0; z;(t) and Z;(t)
(i =1,...,n) have a finite number of extremums in each interval of length
h; z(t) and 2(t) satisfy respectively the conditions z(0 + 0) = (0) and
£(0 +0) = 5(0).

6. For any € € (0,e*] the initial-value problem (4), (15), (16) has a unique
solution ((t) which is defined for t > 0 and for t > 0 belongs to the compact
Q C G together with some p-neighborhood of it (p = const > 0).

Then for any n > 0 and L > 0 there exists g € (0,e*] (g9 = eo(n, L))
such that for e € (0,e0] and t € [0, Le™!] the inequality ||2(t) — C(t)| < n
holds.

Proof. From (13), (14) and the conditions of Theorem 2 it follows that in the
domain G the functions X (z) and I(z) are bounded, continuous, and satisfy
the Lipschitz condition. Hence for the functions Z(t, z,u,v), Z(t, z), Lx(z),
and Li(z), k € N, of problem (1), (12), conditions 1 and 2 of Theorem 1
are met. Further on, the proof of Theorem 2 is analogous to the proof of
Theorem 1. O

Second scheme for partial averaging. Let there exist the limit (13)
Then with the initial-value problem (1), (12) we associate the partially aver-
aged impulsive system of differential equations (4) with Z(t, z) determined
by (15) and

fk.(z) = Lk(z), k e N. (17)

Theorem 3. Let the following conditions hold:
1. Conditions 1, 2, 4, and 5 of Theorem 2 are met.
2. For each z € G there exists the limit (13).
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3. For any € € (0,£*] the initial-value problem (4), (15), (17) has a unique
solution ((t) which is defined for t > 0 and for t > 0 belongs to the compact
Q C G together with some p-neighborhood of it (p = const > 0).

Then for any n > 0 and L > 0 there exists g9 € (0,e*] (g = eo(n, L))
such that for e € (0,e0] and t € [0, Le™1] the inequality ||2(t) — ((t)|| < n
holds.

The proof of Theorem 3 is analogous to the proof of Theorem 1.

Third scheme for partial averaging. Let there exist (13), (14) and

im & S Ji(e) = T(2). (18)

T—oo T

Then with the initial-value problem (1), (12) we associate the averaged
system of ordinary differential equations

X(t) = e[Z(t, x(t)) + L(x(t))] (19)

with the initial condition

x(0) = 5(0), (20)
where Z(t, z) is determined by (15) and
I(z) = <§(é))) . (21)

Theorem 4. Let the following conditions hold:

1. Conditions 1, 2, 4, and 5 of Theorem 2 are met.

2. For each z € G there exist the limits (13), (14), (16).

3. For any € € (0,e*] the initial-value problem (4), (15), (17) and the
initial-value problem (19), (20), (15), (21) have unique solutions ((t) and
x(t), respectively, which are defined for t > 0 and lie in the compact Q C G,
together with some of its p-neighborhood (p = const > 0).

Then for any n > 0 and L > 0 there exists g9 € (0,&*] (g9 = €9
such that for e € (0,e0] and t € [0, Le~'] the inequality ||z(t) — x(t)| < n
holds.

Proof. From (13), (14), (16) and the conditions of Theorem 4 it follows
that in the domain G the functions X(z), I(z), and J(z) are bounded,
continuous, and satisfy the Lipschitz condition, namely for all z, 2’ € G the

inequalities

K@l <M, JTEI< S, 176
X () = X < 2= = 2]

IN

M
9 )
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- - A - A
() =1 < G llz =21, [1T() = T < G llz = 2]
are valid.
By Theorem 3 for each 7 > 0 and L > 0 there exists a number &y € (0,£*]
(€=20(n, L)) such that for e € (0,&p] and ¢ € [0, Le~'] the inequality

2(t) ~ <O < 5 min, ) (22

holds, where z(t) is a solution of the initial-value problem (1), (12), and ()
is a solution of the initial-value problem (4), (15), (17).

From the conditions of Theorem 4 it follows that for the compact Q C G
there exists a continuous function «(7T) which monotonically tends to zero
as T'— oo and is such that for z € @) the inequality

| ¥ m -1 1 < e )

o< <T

holds.
For t € T. = [0, Le '], from (4) and (19), (20) we have

C(t) = (0) + / Zcodr+e S LG, (24)
0 0<T<t
X() = 5(0) +< / (Z(rx(r)) +

0

L(x(r))]dr. (25)

Subtracting (25) from (24) for ¢ > 0 we obtain

1€(#) = x(®)]| < 6/ 1Z(,¢(7)) = Z (7, x(7))lldr +

+e Z | Le(C(Th)) — L (x(Tr)]| +

0< T <t
+€H Z Lk(X(Tk))—/f(x(T))dTH. (26)
o< <t 0

Denote by w(t) the third summand in the right-hand side of (26).

In order to estimate w(t) for t € T. = [0, Le '], we partition the interval
T, into g equal parts by means of the points t; = %, 1=0,1,...,q.
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Let t be an arbitrary chosen and fixed number of the interval 7. and let
t € (ts,ts+1], where s € N and 0 < s < g — 1. Then, using the conditions of
Theorem 4 and inequality (23), we obtain

wit) <e 3 ILalu(m) — Le(x(0)) [ +¢ / IE((r) ~Z(x(0)) ldr +

0<7<t1

+sZ( > IEGm) = L)) +

i=1 ;<7 <tit1

tig1

+ [ 1T - Todeplar) +

+ef X L) / L(x(0))dr | +

| T mten - [ Tl +

i=1 ;<7 <tit1

ti
+e Z 1L (x (tr) |—|—5/||L N|ldr <

ts<Ti<t

t1

<o Y I - x Ol 427 [l - x©ldr +

0<71<t1 0
1 tiy1
— 2
+aX (X I -x@l+ g [ I - xldr) +
i=1 ;<7 <tiy1 ti

+ etralty) + s§ H Z Li(x(t:)) — ti+lz(X(ti))H +

i=1  0<TRp<tit1

> | > et - L)) | +

i=1  0<7p<t;

+€ZZHLk |\+¥g

1=1 T =t;

s—1 tign

§2€2>‘M1+9 Z( Z (Tk—ti)+% /(Tfti)d7)+

=1 ;<7 <tit1 t;
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s—1 s—1 3LM
tetia(t)+e Y tinaltivg)+e Y tio(t +25(s—1)M+W<

=1 =1

2 2)\M 1+6) 2sAL2M (146
<= . Z > (Tk—ti))+892—(2+)+
i=0 t1<7'k<t1+1 q
232L L 3LM

From (26), the conditions of Theorem 4, and the estimate obtained for
w(t) it follows that for ¢ € T, the inequality

1C(@) = x(®)I < blg,€) + c(g,€) + 48)\/ 1€(7) = x(7)lldT +
0

+ed > ICm) = x(m)l (27)

0<Tp <t
holds, where

bg,c) = (3+ 2)\L(;+9)>L9](\]4

+2€2AM€M”§( (m— 1)),

=0 ;<7 <tit1

c(g,e) = 2qLa(L) + 2eqM.

Choose successively a sufficiently large gy € N and a sufficiently small
e1 € (0,2p] so that the inequalities

S5AL(1+ 0) 1
<3+T) b0 < Zexp{ /\L(4—|- )}mln 7, 0), o8)
L
€190 < &

0

holds.
For ¢ = qp and € € (0,e1] we apply Lemma 2 to the summand on the
right-hand side of b(q, ¢) and obtain

1

252)\M 262 AM (1 + 6) . SNZL2M(1+6
E E (T —ti)) < % (29)
=0 ti <7 <tit1 @
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From (27), (28), and (29) for ¢ = qo, € € (0,¢1], and ¢ € T, there follows
the inequality

1€(E) = x(®)I < blqo, ) + c(qo, &) +4€A/ [¢(7) = x(7)lldr +
0

+ed Y m) = x(mwlls (30)

O<tp<t

where b(qo, ) < T exp{—AL(4 + é)}min(n,p)-

Applying Lemma 1 to (30), we get

€@t — x@)] < (b(go.€) + c(go. €)) (1 +eX) @8 exp{det} <

< (b(qo, €) + cqo, €)) exp {4eAt + g In(1+eX)} <

< (b(QO,E) + C(CIo,a)) exp {)\L(4 + é)}

Choose a sufficiently small &, € (0,&1] so that for € € (0, &g] we have

c(qo, ) < %exp{ —AL(4+ %)}min(n,p).

Then for € € (0,&0] (€0 = €0(n, L)) and t € T, the inequality
1 .
16(t) = x(®)]| < 5 min(n, p) (31)

holds.
From (22) and (31) it follows that for € € (0,&¢], €0 = min(gy, &), and
t € T, the inequality

12(8) = x (I < [[2() = CON + 1<) = x(®)]| < min(n, p)

holds.
Hence for € € (0,g0] and ¢t € T, z(t) lies in the domain G, and the
estimate ||z(t) — x(¢)|| < n is valid. O
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