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ON THE SOLVABILITY OF A DARBOUX TYPE
NON-CHARACTERISTIC SPATIAL PROBLEM FOR THE
WAVE EQUATION

S. KHARIBEGASHVILI

ABSTRACT. The question of the correct formulation of a Darboux
type non-characteristic spatial problem for the wave equation is in-
vestigated. The correct solvability of the problem is proved in the
Sobolev space for surfaces of the temporal type on which Darboux
type boundary conditions are given.

In the space of variables x1, x2, t let us consider the wave equation

=F 1
ot ozt Ox ’ )

where F' and u are known and desired real functions, respectively.

We denote by D : kit < xo < kot, 0 <t < tg, —1 < k; = const < 1,
1 =1,2, k1 < kg, a domain lying in the half-space ¢ > 0 and bounded by
the plane surfaces S; : kit —xo = 0, 0 < t < tg, i = 1,2, of the temporal
type and by the plane ¢t = ¢.

We shall consider a Darboux type problem formulated as follows: In
the domain D find a solution u(z1, z2,t) of equation (1) by the boundary
conditions

u

Si:fi’ i:172a (2)

where f;, i = 1,2, are the known real functions on S; and (f1 — f2)|s,ns, = 0.

It should be noted that in [1-5] Darboux type problems are studied for the
cases where at least one of the surfaces S7 and S is the characteristic surface
of equation (1) passing through the Oxi-axis. Other multi-dimensional
analogues of the Darboux problem are treated in [6-8].
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As distinct from the cases considered in [1-5], the fact that none of
the surfaces S; and S, is characteristic results in the nonavailability of
an integral representation for regular solutions of problem (1), (2). The
latter circumstance somehow complicates the investigation of this problem.
Below we shall prove the existence and uniqueness theorems for regular as
well as for strong solutions of problem (1), (2) belonging to the class Wi .

Let C2°(D) denote a space of functions belonging to the class C°°(D)
and having bounded supports, i.e.,

C*(D) = {u e C>(D) : diamsuppu < co}.

The spaces C2°(S;), i = 1,2, are defined similarly.

The well-known Sobolev spaces will be denoted by Wi (D), WZ(D),
W4(S;), i@ = 1,2. Note that the space C2°(D) is an everywhere dense
subspace of the spaces W4 (D) and WZ, while C2°(S;) is an everywhere
dense subspace of the space W4 (S;), i = 1,2.

Definition. Let f; € Wi(S;), i = 1,2, F € Ly(D). A function u €
W4 (D) is called a strong solution of problem (1), (2) belonging to the class
W4 if there exists a sequence u,, € C2°(D) such that u, — u in the space
W4 (D), Ou,, — F in the space La(D), and uy,|s, — fi in W(S;), i = 1,2,
i.e., for n — oo

Hun - u||W21(D) — 0, ||Dun - F||L2(D) — 0,

[unls;, = fillwisy — 0, i=1,2.

‘We have

Lemma 1. If -1 < k; <0, 0 < ky < 1, then for any u € W} (D) there
holds the a priori estimate

2
lullwy oy < (3 Iillwy s + 1Pl ) (3)

i=1

where f; = ulg,, i = 1,2, F = Ou, and the positive constant C' does not
depend on u.

Proof. Since the space C°(D) (C°(S;)) is an everywhere dense subspace
of the spaces W3 (D) and WZ(D) (W4(S;)), by virtue of the well-known
theorems on embedding the space W3 (D) into the space W3 (D), and the
space WZ(D) into W3 (S;) it is sufficient for us to prove that the a priori
estimate (3) holds for functions u of the class C>(D).
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‘We introduce the notation

D;={(z,t)eD:t<7}, Dor =0D.N{t =7}, 0<7<ty,
SiT:aDTmSiv 1=1,2, 872517US2T;

—~

ay = cos(n, 1), ag = cos(m,xs), az = cos(n,t).

Here n = (a1, ae, ai3) denotes the external normal unit vector to dD,. One
can easily verify that

-1 kl 1 _k2
= 07 ) )7 = (07 ) )7
s, ( VIFE T+ s, VI+E 1+ k2

n|p, = (0,0,1).
Therefore for —1 < k1 <0, 0 < k3 < 1 we have

asly <0, i=1,2, a;'(ad-af-ad)l, >0, i=1.2 (4)

On multiplying both parts of equation (1) by 2u;, where u € C®(D),
F = Ou, and integrating the obtained expression with respect to D,, we
obtain due to (4)

a 2
2 / Fuidedt = / (% + 2Ugp, Upg, + 2u$2um2)dxdt -
D- D-
-2 /(umlutal + Uz, uraz)ds = / (utz + uil + uiz)dx +
Sr Do~

+/ [(uf + uil + uiz)ag — 2(ug, uray + ugCQutag)]ds =
3,

= /(uf—i—uil —|—ui2)dx+/a§1 [(3ue, —a1ug)® + (g, —aouy)*+
Dor Sr
+(a3 — of — a3)ui]ds > / (uf +ul +ul))dx +
Do,

+/a§1 [(aguzl — ozlut)Z + (g, — agut)Q]ds. (5)
3,
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Assuming

w(r) = / (u? + uil + uiz)dx, U = gy, — oyuy, @ =1,2,

Do~
2 2
o :max<\/1+k1 \/1+k2>’

kil 7 k2|

we find by (5) that

w(r) < 01/@% + u3)ds + /(F2 + u?)dz dt <
S-

<C1/u1+u2 ds + /df/udw+/F2dxdt§

<Cy /(ul +u3)ds + /w(ﬁ)d{ + /F2dx dt. (6)
S, 0 D,
Let (x,7,) be the point at which the surface S; U Sy intersects with the

straight line parallel to the ¢-axis and passing through the point (x,0). We

have
.

u(z,7) = ulx, 72) + /ut(x,t)dt,

T

which implies

/u (=, T)dx<2/ 2(z, Tx)dx—|—2|7'—7'w|/dx/ut (2, 1)d

Do~ Do~

:2/a§1u2d8+2|7—rw|/ufdxdtﬁ
3,

< 02(/u2d5 + /ufda: dt), (7)
s, D,
where Cy = 2max(Cy, to).

On introducing the notation

wo(T) = / (u® +uf +ul + ufm)dﬂc
Do~
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and combining inequalities (6) and (7), we obtain
wo(7) < Cy [/(u2 +uf +u3)ds +/wo(£)d£ + /Fde dt],
S, 0 D,

which by virtue of Gronwall’s lemma implies

wo(T) < Cg[/(u2+ﬂ%+ﬂg)ds+/derdt}, (8)
S, D,
where C3 = const > 0.
One can easily verify that the operator 043% -y % is the internal differ-

ential operator on the surface S;. Therefore the following inequality holds
by virtue of (2):

2
/(u2 + U3 4 us)ds < Cy Z; 1£ill%1 s,,)>  Ca = const > 0. (9)
S, =

From (8) and (9) we obtain

2
wo(r) < 05(2 il s,y + ||FH%2(DT))7 Cs = const > 0. (10)
=1

The integration of both parts of inequality (10) with respect to T gives
us estimate (3). O

In the sequel it will be assumed that —1 < k; < 0, 0 < ko < 1, i.e., that
inequalities (4) are fulfilled.

Lemma 2. The dependence domain for the point Py(x),29,t°) € D of
the solution u(z1,x2,t) of problem (1), (2) belonging to the class C*(D) or
WZ(D) is contained within the characteristic cone of the past 0Kp, : t =
9 — /(21 — 29)2 + (w2 — 29)2 with the vertex at the point Py.

Proof. We set
Qp, =DNKp,, Sip,=25:N00p,, i =12,

where Kp, : t < t9 — \/(z; — 29)2 + (z2 — 29)? is the interiority of the
characteristic cone 0K p,.
To prove the lemma it is sufficient to show that if

filg  =uly =0, i=12, F|QPOzDu}QPO:0, (11)

Py Sipy

then ulq, = 0.
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Let us first consider the case with u € C?(D). We denote by S3p, the re-
mainder part of the boundary of the domain Qp, i.e., Ssp, = 0Qp,\(S1p, U
Sap,). Since by our construction the surface Ssp, is part of the characteristic
cone 0K p, of equation (1), we have

_ 2 2 9 _
a3’S3PO =const >0, (a5 —aj ag)‘sgpo =0, (12)

where n = (o1, a2, a3) is the external normal unit vector to 9Qp,.
On multiplying both parts of equation (1) by 2u; and integrating the
obtained expression with respect to the domain Qp,, we obtain due to (4),
(11), (12) and the arguments used in deriving (5) the following inequality:

0=2 /Futdxdt: /[(ueruil+ui2)a372(uxlutozl+um2uta2)]dS:

r, o%2p,
= /agl[(a3uw1—alut)Q—i-(ozguIz—agut)z—i—(ag—a%—a%)uf]dsz
00 p,
> —1 _ 2 _ 2
> /oz3 [(azug, —arup)® + (azug, — asuy)?]ds. (13)
Sap,

To obtain (13) we used the fact that the operator as % —ai% is the internal
differential operator on the surface 9€2p, and, in particular, on S1p, USap,.
By virtue of (11) we have the equalities

0
(ag—“foﬁ%) —0, i=1,2
dx; Ot / 151p,US2p,
Since a3 > 0 on S3p,, (13) implies
(agty,; — aiut)’33p0 =0, =12 (14)

Taking into account that u € C?(D) and the internal differential opera-
tors 043% — ai%, i = 1,2, are linearly independent on the two-dimensional
connected surface Ssp,, we immediately find by (14) that

u‘sg_PO = const. (15)
But by (11)
u|53Poﬁ(S1PUU52PO) =0
which on account of (15) gives us
u|53P0 =0. (16)

From (16) it follows in particular that u(Pp) = 0.
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If now we take an arbitrary point @ € Qp,, then (11) implies that the
above equalities will hold if the point P is replaced by the point ). There-
fore, on repeating our previous reasoning for the domain Q¢, we find that
u(Q) = 0. Thus for the case with u € C*(D) we obtain ulg, = 0.

Let now u € W2(D) and equalities (11) be fulfilled. One can easily verify
that inequality (13), where the point Py is replaced by the point @, also
holds for any point @) € Qp,, i.e.,

/ ozt [(aguq, — arug)? 4 (a3, — agut)2]ds <0.

SgQ

Hence by virtue of the fact that as|s,, = const > 0 we obtain

/ [(3ue, — arug)® + (a3tz, — azuy)®]ds = 0. (17)

SgQ

Let I'g denote a piecewise-smooth curve which is the boundary of the two-
dimensional connected surface S3q. It is obvious that

I'g = SgQ N (SlQ @] SQQ). (18)

Recalling the fact that on the surface S3¢g the internal differential operators
oz;;% — O‘ia%v i = 1,2, are independent for any v € W3 (Ssq) it is not

difficult to obtain the estimate

/v2d5§0(/v2ds+

S3qQ Fq

+ / [(013%1 - alvt)z + (ogvp, — 042’Ut)2]d5)7 (19)
SgQ

where C' = const > 0 does not depend on v and the trace v|r, € La(I'q) is
correctly defined by virtue of the respective embedding theorem.

Since u € W3(D), the traces uls,, € W3(Ssq), ulr, € L2(Tq) are
correctly defined by virtue of the embedding theorems. Therefore by (11)
and (18) we have

u|FQ =0. (20)
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From (17), (19) and (20) we obtain

/u2d5§0</u2d8+

S3q Lq

+ / [(aguq, — arug)? + (a3t — O[QUt)Q]dS) =0
SgQ

which immediately implies

/ u?ds = 0, u|53Q =0, VQ€Qp,. (21)

Since u € WZ(D), we conclude due to (21) and Fubini’s theorem that
U‘QPO =0. O

Remark 1. Lemma 2 implies that the wave process described by problem
(1), (2) propagates at finite velocity. Therefore if u € C°°(D) is a solution
of problem (1), (2) for f; € C(S;), i = 1,2, F € C>(D), then we have
u € C>(D).

For our further discussion we shall need

Lemma 3. Let G be a bounded subdomain a of D having a piecewise-
smooth boundary and bounded from above by the plane t =ty and from the
sides by the planes S1, So and the piecewise-smooth surfaces Ss, Sy4 of the
temporal type on which the following inequalities are fulfilled:

as|lg, <0, as|g <0, (22)

where n = (a1, a9, as3) is the unit normal vector to G and S3N Sy = &.
Let Kf ot >0+ \/(z1 — 29)? + (z2 — 23)? be the domain bounded by the
characteristic cone of the future with the vertex at the point Py(x9, x9,1%).
Let ug € C*(G) and g; = uolocrs,, i = 1,2, Fy = Dug, X = suppg; U

U F,, Y= U K.
supp g2 U supp Fp, P2 KR

We denote by S5, S5 e-neighborhoods of the surfaces Ss, Si, where € is
a fized sufficiently small positive number. Then if

uO|SgUS4 = 07 (23)
YN (S3uUSi) =g, (24)

then the function

fu(P), Peg,
uP) = {0, PeD\G
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is a solution of problem (1), (2) of the class C°(D) for

gi(P), Pe€dGnNS,,

fiP) = {o, Pes\@Gnsy), TP
F(P) {FO(P), Peq,
0, P e D\G.

Proof. To prove this lemma it is sufficient to show that the function ug €

C*°(@G) vanishes on the set G N (S5 U S3).

Let Py € GN (55U S5) be an arbitrary point of this set. We shall show
that uo(PQ) =0.

Let us use the notation of Lemma 2:

Qp, =GNKp,, Sip,=95,N00p,, 1=1,2,3,4, Ssp, = 0Kp, NOQp,.

5
It is obvious that 0Qp, = .UlSipo.
1=

By the assumptions of Lemma 3 we have

Qs <0, 1=1,2,3,4; ozgl(ag—a?—agﬂsp >0, i=1,2,3,4; (25)
0 0

Sip
—0 (26)

2 2 2
g, =0,

043’55130 >0, (az—aj—a;

where n = (o, a2, a3) is the unit normal vector to 9 p, .
Due to (23), (24) and Py € GN (S5US5) we have

Uo

sy =00 1=1,2,2,4; Du0|QPO = Fofnpo =0. (27)

On multiplying both sides of the equation ug = Fy by 2ug: and on
integrating the obtained expression by Qp,, we find by virtue of (25)—(27)
and the arguments used in deriving inequalities (5) and (13) that

. a’u,o - 1 8%0 8’&0 2
0—2/F0ﬁdxdt— / a3{(a3——a1 ) +

8:101 W
Qp, aQp,
8U0 8u0 2 8’([;0 2
+(a387x2_a2ﬁ) +(o¢§—a%—a§)(ﬁ) }dsz
_ 8U0 8u0 2 8’11,0 8UO 2
> ! — —a — — a2 )
- / @3 |:(063 (9131 a1 ot ) * (Oé3 81’2 a2 ot ) i|d8
S5 Py
Since asls;,, > 0, the latter formula gives us
8u0 8’11,0
— Qg T =Y, = 17 2
(a3 8177 @ (915 ) S5p0 !
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The rest of the reasoning repeats the proof of Lemma 2. Therefore

Remark 2. One can easily verify that Lemma 3 remains valid if conditions
(22) are not fulfilled on some set w C S5 U S4 of the zero two-dimensional

measure, i.e., agl, = 0. In particular, if w = U Vi is the union of the finite
number of smooth curves v; C S3U .Sy and a3|w =0, a3(s,us)\w < 0, then

Lemma 3 remains valid. We shall use this fact in the sequel when proving
Theorem 1.

Remark 3. Also note that Lemmas 2 and 3 actually provide us with the
technique for constructing the solution of problem (1), (2) to be described
below when proving Theorem 1. This technique consists in reducing the
initial problem (1), (2) to the mixed problem for a second-order hyperbolic
equation in the finite cylinder.

It will be assumed below that in the boundary conditions (2) the functions
f1 and fy vanish on the straight line I' = 57 N S, i.e.,

filp=0, i=1,2 (28)

Functions of the class W3 (S;) which satisfy equality (28) will be denoted
by W1(S;,T), i.e

W5(Si,T) = {f e W5(Si): f|p, =0}, i=1,2
‘We have

Theorem 1. For any f; € WQ(SZ,I‘) = 1,2, F € La(D) there exists
a unique strong solution u of problem (1), (2) of the class W3 for which
estimate (3) holds.

Proof. We denote by S? : kit — x5 = 0,0 < t < +o0, i = 1,2, the half-
plane containing the support S; from the boundary conditions (2), and by
Dy the dihedral angle between the half-planes Sy and S9. It is known that
the function f; € WQ(S“F) can be extended into the half-plane S? as a

function f; of the class Wl(SO) el (fi—fls, =0, fi € W2(SO) i=1,2.
We assume that
~ F(P), PeD
Py = {FP), PED.
0, Pe DQ\D

Obviously, F' € Ly(Dy).
If C§°(Dy), C§°(S?), i = 1,2, are the spaces of finite infinitely differ-
entiable functions, then, as we know, these spaces are everywhere dense
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in the spaces La(Dy), W1(S?), i = 1,2, respectively. Therefore there are
sequences F,, € C§°(Dy) and fi, € C§°(S?), i = 1,2, such that

im IF = Full La(po) = Jim Ifi - finllwpsoy =0, i=1,2. (29)

In the plane of the variables o, t we introduce the polar coordinates r, .
The t-axis is assumed to be the polar axis, while the polar angle ¢ is counted
from the t-axis and assumed to be positive in the clockwise direction. We
denote by ¢; the value of the dihedral angle between the half-planes S? and
29 =0,0<t< 400, i=1,2. Since the half-planes S? are of the temporal
type (=1 < k1 <0,0<ky <1),wehave 0 < ; < F,i=1,2.

In passing from the Cartesian cordinates 1, x3, t to the system of co-
ordinates x1, 7 = logr, ¢, the dihedral angle Dy transforms to an infinite
layer

H={-00<z1 <00, —00<T<00, 1 <<z} (30)

while in terms of the previous notations for the functions v and F' equation
(1) takes the form

e L(1,0,0)u =F, (31)
where 0 = (%, %, %), and L(7,p,d) is a second-order hyperbolic type
differential operator with respect to 7 with infinitely differentiable coeffi-
cients which depend on 7 and ¢.

In the half-plane x1, ¢ let us consider a convex domain €2 of the class C*°
bounded by the straight line segments ¢1 : ¢ = —1, f2 : ¢ = @9 and the
curves 71 : 1 = g(), =1 < © < 2, Y2 1 T2 = —g(p), —p1 < @ < .
Here g(¢) € C%(=p1,92) N Cl=p1,92], g(p) > 0 for —p1 < ¢ < ¢,
9'(p) > 0 for —p1 < <0, 4'(0) =0, g'(p) <0 for 0 < <, g"() <0
for —p1 < ¢ < 2, and

min (g(—¢1), 9(p2)) > 1+to +d, (32)
where
d = max(dy,ds,ds), d; = sup lz1]|, i=1,2,
(z1,z2,t)Esupp fi
d3 = sup |z1]-

(z1,z2,t)Esupp F

We denote by Hy C H a cylindrical domain Q x (—o0, 00) of the class C*
where (—00, 00) is the 7-axis, and by 0H) its lateral surface 992 x (—o0, 00).
When the inverse transformation (z1,7,¢) — (x1,22,t) takes place, the
cylindrical domain Hg will transform into the infinite domain Go C Dy
bounded by the surfaces S; = S? N 9Go, i = 1,2, and also by the surfaces

S5 and Sy.
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We shall show below that the surfaces §3 and §4 are of the temporal type
and the following conditions are fulfilled on them:

ag‘(§3U§4)\w < 0’ a3|w = O’ (33)

where w is the union of two smooth curves w; an~d wo l}ﬂng on 53 U §4.

Indeed, one can easily verify that the surfaces S; and Sy are the images of
the cylindrical surfaces S; = £1 X (—o0, 00) C OHp and S = £o X (—00, 00) C
O0Hy, while the surfaces 53 and §4 are the images of the surfaces SY =
1 X (—00,00) C dHp and SY = 42 x (—o0,00) C dHy when the inverse
transformation (z1, 7, ) — (21, 2,t) takes place. We divide the surface S5
into two parts S§ = S9, U S§_, where

Sg+ =71+ X (—O0,00), Sg— =71- X (—OO, 00)7
Yt 11 =9g(p), 0<p <@, m-:z1=9(p), —p1 <p<0.

It is easy to see that when the inverse transformation (z1, 7, @) — (1, 22,1)
occurs, the image S3; C S3 of the surface S§+ admits the parametric rep-
resentation

Sap a1 =g(p), za=osing, t=ccosg; 0< @< 0<0<+o0.

Hence for the unit normal vector n = (a1, a9, as) to dG on the segment
Ss4 we obtain the expression

nl= :< o —g'(p)cosp _g'(p)sing ) (34)
S \Vor+g2(0) Vol +g%(e) Vo +g7(9)

Taking into account the structure of the domain €2, by (34) we find that Ssy
is a surface of the temporal type on which a3|§3+ < 0. Similar statements

are proved also for the other segments 53,, §4+ and 54_ of the surfaces §3
and S4. To prove finally that condition (33) is fulfilled, it remains for us
only to note that component ag of the unit normal vector n vanishes on the
curves

wp = 8§3+ N 8§3_, Wy = 8§4+ N 354_

which are the images of the straight lines @y : 21 = ¢(0), ¢ =0, —c0o < 7 <
00, and @y : 1 = —¢(0), ¢ = 7, —00 < 7 < 00, and the third component
a3 of the unit normal vector n is equal to zero.

On the boundary 0Gy of the domain Gy we define a function v, (z1, z2, t)
of the class C'*° as follows:

V7L|§i:fin7 i:172a V7L|§3:Vn|§4207 7’?,:1,2,....
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The fact that the function v, € C§°(0Gy) is implied by the structure of
Gy, by inequality (32), and also by the smoothness and positioning of the
carriers of the functions f;, € C§°(S5?), i =1,2.

In passing to the variables x1, 7, ¢, the functions v, and F;, will transform
into some functions for which we shall use the previous notation. It is

obvious that
v, € C(‘)’O(GHO), F, € CSO(H()) (35)
By virtue of (35) there are numbers h;,, = const, hi, < ha, such that

supp v, C 0HgN {hm <7< hgn},

(36)
supp F,, C Hp N {hln <7< hzn} =H,.

Note that when the inverse transformation J=! : (z1,7,¢) — (21, 29,t)

takes place, the upper base H,, N {7 = hg,} of the finite cylinder H,, will

transform into the surface lying higher than the plane ¢t = g, i.e., inft > g

for (z1,79,t) € O(J"Y(H,)) N {logr = hap}.

Assume that
hdy =hin—1, h3, =ho,+1, Hy=Hon{h}, <7 <hj,}.
Denote by Sy, the lateral surface of the finite cylinder H, and by € the
lower base of HC.

For the hyperbolic equation (31) with F' = F,, let us consider, in the
cylinder H?, the following mixed problem:

e 2 L(1,,0)v = F, (37)
ov

Yo, =0 5ol =0 ()

’U‘SOH =Up. (39)

By virtue of (35) and the results from [9], [10] the mixed problem (37)-
(39) has a unique solution v = v,, of the class C>°(H?). Note that if

Hnleoﬂ{hln—l<T<h1n}CH2,

then by virtue of (36) this solution is identically zero in the cylinder H,,,
i.e., vplg,, =0. We assume H, = HyN{—oco < 7 < hY,} and

va(0), 0 € HY,
n (60) = (0) 2.
0, 0 € H\HO.
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Since vy, |p,,, = 0, the function u,, belongs to the class C*°(H,, ), vanishes for
T < h1, and is a solution of the following mixed problem in the semi-infinite
cylinder H, with the Cauchy zero data for 7 = —oc:

6_2TL(T, ©, Nuyp, = Fy,

“n’aH;maHo = Vn.

Returning to the initial variables x1, x5, t when the inverse transformation
J=Y (w1, 7,0) — (21, 72,t) takes place and retaining the previous notation
for the functions u,, and F,, we find that:

(1) the function u,, in the domain G,, = J=1(H, )N{0 < t <t} belongs

to the class C*°(G,,) and satisfies the equation
Uu,, = Fy;

by the construction of the domains 2, Hy, and Gy, the domain G,, does not
depend on the number n and therefore will be denoted below by G;
4 ~
(2) the function w,, on the lateral part »913? of the boundary 0G satisfies

the conditions
Un ggugg =0, unlg? = fin, =12,

where, as one can easily verify, the surface §? is a part of the surface 5;
for i = 1,2, and is a part of the surface S;, figuring in conditions (33), for
1 =3,4.

Thus by virtue of (32), (33), Lemma 3, and Remark 2, the function

0(p)— {un(P), Peg,
" 0, PeD\G

belongs to the class C2°(D) and is the solution of problem (1), (2) for
fi = fina i=1,2, and F' = F,.
Due to inequality (3) we have

2
19—l oy < O( D2 in — fimllwgcs + 1 = Fulliacy ). (40)

i=1

From (29) and (40) we conclude that the sequence of functions ! is funda-
mental in the space W3 (D). Therefore by virtue of the fact that the space
W (D) is complete there is a function u € W3 (D) such that u? — w in
WH(D), Oul — F in the space La(D), and ul|s, — f; in W3 (S;), i = 1,2,
for n — oo. Therefore the function w is the strong solution of problem (1),
(2) of the class W4. The uniqueness of the strong solution of problem (1),
(2) belonging to the class Wy follows from inequality (3). [J
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Let us now consider the case where equation (1) contains the lowest terms
Lou = Ou + aug, + bug, + cup + du = F, (41)

where the coefficients a, b, ¢, and d are the known bounded measurable
functions in the domain D.

In the space W3 (D) we introduce the equivalent norm which depends on
the parameter

||u||2D’1,7 = /e_"yt(u2 +ul + uil + ui)dx dt, ~>0.
D

Arguments similar to those used in [4] allow us to prove

Lemma 4. For any u € W(D) the following a priori estimate holds:

b1y < I(Z 1fillsina + 1 F D0 ) (42)

where f; = ulg,, F = Ou, and the positive constant C' does not depend on
u and the parameter 7.

By virtue of estimate (42) the lowest terms in equation (41) for the
above-introduced equivalent norms of the spaces La(D), Ws (D), W3 (S;),
i = 1,2, give arbitrarily small perturbations for a sufficiently large value of
the parameter v, which fact enables one to prove by Theorem 1 and the
results from [4] that problem (41), (2) has a unique solution in the class

The following theorem is valid:

Theorem 2. For any f; € Wi(S;,T'), i = 1,2, F € Ly(D) there exists
a unique strong solution u of problem (41), (2) in the class W3, for which
estimate (3) holds.
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