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ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF A
SECOND ORDER NONLINEAR DIFFERENTIAL
EQUATION

V. M. EVTUKHOV AND N. G. DRIK

ABSTRACT. Asymptotic properties of proper solutions of a certain
class of essentially nonlinear binomial differential equations of the
second order are investigated.

INTRODUCTION

Let us consider a nonlinear differential equation of the second order

y" = aop(t) exp(oy)|y'|*, (0.1)

where ag € {—-1;1}; o, A € R, 0 #0, A # 1, A # 2; p : [a,w][—]0,+0o0]
(—00 < a < w < +00) is a continuously differentiable function. Opposite
to the well-studied Emden—Fowler equation of the type

y" = aop(t)|y|° |y’ signy, (0.2)

the above binomial equation has nonlinearity of another type. The main
results about the behavior of the solutions of (0.2) when A = 0 are given
in the monograph [1]. Asymptotic behavior of monotonic solutions of (0.2)
when X # 0 is investigated in [2]-[6].

Equation of type (0.1) as well as of (0.2) are derived while describ-

ing different physical processes. In particular, the equation %%(T%> =

Aexp(vy) + Bexp(—vyp) from electrodynamics and the equation u” =
uexp(axr — u)/2 from combustion theory reduce to the equation of type
(0.1) with the help of some transformations [7].

In this work asymptotic representations of all proper solutions of (0.1)
and their first derivatives are obtained when certain conditions on the func-
tion p are satisfied.
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§ 1. FORMULATION OF BAsic RESULTS

A real solution y of equation (0.1) is said to be proper if it is defined
in the left neighborhood of w, and for certain ty from this neighborhood
y'(t) # 0 for t € [to;wl.

Let us introduce the auxiliary notation

Yo

A—2
o

3

t
g _1
v = |25 /p2—*(s)ds
o

~Ja, if f:pﬁ(s)ds:—&—oo o= =1, if limy, V() =0
T w it [CpPR(s)ds < +oo 0\ 1, if limgg V(E) = oo

When the conditions

ltlTInF(t) =Ty, 0< |F0| < +o00 (11)

are fulfilled, the following statements hold.
Theorem 1.1. Let w < +o00. If Ty < 0, then each proper solution y of
equation (0.1) admits one of the representations
y(t) =c+o(l), tTw for w< +oo, (1.2)
y(t) = cat +o(l), t — 400 for w= o0, (1.29)
where ¢ € R, c10 < 0.

If Ty > 0 and ago > 0, then each proper solution y of (0.1) admits one
of the representations (1.2;) (i € {1;2}) or

y(t) = W[To| 7V ()] + o(1), 1] w. (1.3)

If Ty > 0 and ago < 0, then each proper solution y of (0.1) either admits
one of the representations (1.2;) (i € {1;2}), (1.3) or there exists a sequence
{tx} Tw, k — oo, such that y(tx) = L[V (tx)L(ty)], k=1,2,....

Theorem 1.2. Let w < co. The derivative of each proper solution y of
the type (1.21) of equation (0.1) satisfies one of the asymptotic representa-
tions

y'(t) =coto(l), t1w, (1.4)
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or

_1_

Tl+o(l)], t1w, (1.5)

y(6) = | (1= A) exp(o0) / p(s)ds

where p = w, v = —sign(l — A) if [“p(t)dt < iy, and p = a, v =
apsign(l — X) otherwise.

For a proper solution y of equation (0.1) admitting one of the representa-
tions (1.21), (1.4) ((1.21), (1.5)) to ewist, it is necessary and sufficient that

[p(t)dt < 0o (0fo(1—A) > 0).

Theorem 1.3. Let w = +o00. For a proper solution of equation (0.1), y
of the type (1.22), where ¢y = 0, to exist, it is necessary and sufficient that
cB0(1 —A) > 0. The derivative of each of such solutions satisfies (1.5).

Theorem 1.4. Let w = 4+o00. For arbitrary c1 satisfying the inequality
oc1 < 0 and ¢ € R, equation (0.1) possesses a proper solution y admitting
representation (1.25). The derivative of each of such solutions is represented
in the form

y'(t) =c1 +o(l), t— +oo.

Theorem 1.5. Let w < 4o00. For a proper solution y of equation (0.1)
of the type (1.3) to exist, it is necessary and sufficient that I'o > 0. The
derivative of each of such solutions satisfies the relation

R0

y'(t) V)

1+o(1)], 1w

§ 2. SOME AUXILIARY STATEMENTS

Let us consider the system of differential equations

{ug = (1) + ar1 (T)ur + ar2(T)us + g1 (1) X1 (7, ur, us) 21

uy = fo(7) + ag1(T)ur + aga(T)uz + g2(7) Xa(7, u1, u2)
where the functions fi,¢g1 : [T, 4+oo[— R (i = 1,2), a;; : [T,+oo[— R

i
(i,j = 1,2) are continuous and the functions X; : @ — R (¢ = 1,2) are
continuous in r, u1, us in the domain

Q= [T, +oo[xD, D= {(ur,uz):|us] <6, |us| <6, 6§>0}. (2.2)
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Introduce the following notation: a;(7,t) = exp [, aii(s)ds (i = 1,2);

As(r) = | / jass (Dlas(r, )] Ax(7) = | / Jars (0] Ao(t)an (7 1

n=| / Fa(O)las(r, dt]; Ga(r) = | / 92(0)las(r 1)

= ‘/|fl )ax Ttdt"‘r‘/‘am )| Fa(t)aq Ttdt‘

= ’/|91 Nai (T dt‘+’/|a12 )|Ga(t)aq (1,t) dt‘

where each of the limits of integration «;, 8;,7v; (i = 1,2), B12,712 is equal
either to T or to +00 and is chosen in a special way: in every integral
defining the functions F;, A;, G; (i = 1,2) and having the form

) = / Ib(t)] exp / a(s) ds dt, (2.3)

we put u = +oo if the integral I(T,4+00) converges, and u = T otherwise.

Theorem 2.1. Let the functions X; (i = 1,2) have bounded partial
derivatives with respect to the variables ui,us in the domain Q and let
Xi(7,0,0) =0 (i =1,2) for 1 € [T;4o0[. If

hI_{l Fi(r) = liI_’I_l Gi(1) =0, hm Ai(r)=A7 <1 (i=1,2),
then (2.1) possesses at least one real solution (uy(7),ua(T)) tending to zero
as T — +00.

Theorem 2.2. Let X;(7,0,0) = 0 (: = 1,2) for 7 > T, and let the
functions %j‘;m (i,k =1,2) tend to zero as |ui| + |uza| — 0 uniformly

with respect to T € [T, 4o00|. If

lim Fi(r) =0, lim A;(7)= A7 <1, hm Gi(T) = const (i =1,2),

T—~+00 T—+400 T—+00

then (2.1) possesses at least one real solution (uy(7),us(7)) tending to zero
as T — +00.
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Theorems 2.1 and 2.2 immediately follow from the results of Kostin’s
work [8].

We will use also the following statements dealing with limit properties of
integrals of the type (2.3) ([2], [8]).

Lemma 2.1. Let a function a : [T,+o0o[— R be continuous and rep-
resented in the form a(t) = ao(t) + a(t), where ag : [T,4+oo[— R is a
continuous function of constant sign (in particular, it can be ag(t) = 0) in
a certain neighborhood of +o0o; « : [T, +oo[— R is such that f;oo a(t)dt

converges. If b : [T, 4+oo[— R is continuous and f;oo [b(t)|dt < oo, then
lim,; 400 I(t,7) = 0, where p is chosen as stated above.

Lemma 2.2. Let the function a satisfy the conditions of Lemma 2.1. If

% ag(t)dt

satisfies the asymptotic correlation |b(t)| = ao(t)[qg + o(1)], t — +oo with
q € R, then lim,_ 1o I(7,u) = 0, where p is chosen as stated above.

= oo and the function b : [T;+oo[— R is continuous and

§ 3. INVESTIGATION OF AN AUXILIARY EQUATION

Let us consider a second-order nonlinear differential equation

(5 ) + s (55 +) = 0| 5

where ag, 8o € {-1,1}; Ao € R, 0 # 0, A # 1, A # 2, and the function
S : [b, +0o[— R is continuous and satisfies

A

+ 5o

lim S(T) = SO, 0< ‘S()| < 0. (32)

T—+00

A real solution £ of equation (3.1) will be said to be proper if it is defined
in a certain neighborhood of +o0, and for some 7y from this neighborhood
it satisfies the inequalities £(7) > 0, £'(7) + Bo&(7) # 0 for 7 > 7.

Theorem 3.1. Each proper solution £ of equation (3.1) either has no
limit as T — +o00, and then there exists a sequence {T;}32, converging to

+oo with €9 (1i) = aoS(7k), k = 1,2,... or it possesses one of the properties
hlil (1) =¢&, 0< & < 4o (3.3)
lim &'(7)/€(7) = —Po; (3.4)

T—+00

T €(r)/€(r) = oo, (35)
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Proof. Assume that a proper solution £ of equation (3.1) has no limit as
T — +o00. Then there exists a sequence {s;}72, of extremum points of
this solution converging to +o0o. Taking into account that £'(sg) =0, k =
1,2,..., equation (3.1) implies

" (sk) = E(sk) [€7 (sk) — BoS(sk)], k=1,2,.... (3.6)

Owing to the continuity of the functions S(7) and £7(7), if their graphs
have no common points, then the right-hand side of equality (3.6) has the
same sign when £ = 1,2,.... But this is impossible because it means that
the solution £ has only maximums or only minimums.

Let now & be a proper solution of (3.1), and let lim,_,; o &(7) (finite or
infinite) exist.To prove the theorem it suffices to show that if this limit is
equal to zero or +o00, then the solution £ has one of the properties (3.4) and
(3.5). Assume that

lirf &(r)=0 (3.7)
and consider the function U.(7) = —BpcS(T) + aplc|*¢7 (1) with ¢ # 0.

According to (3.2) and (3.7), the function U, retains the sign in a certain
interval [7., +00[C [70, +o0], i.e.,

Ue(t) >0 or Uc(r) <0 when 7> 7. (3.8)

If the function u(7) = By + &'(7)/&£(7) has no limit as 7 — 400, then there
exists a constant ¢ # 0 such that for any T" > 7. there is Ty > T such
that u(71) = ¢. In view of (3.1) this contradicts (3.8). It means that
lim,_, ;oo u(7) (finite or infinite) exists. Suppose now that
lirf u(T) = ug. (3.9)

Then taking into account (3.2) and (3.7), it follows from (3.1) that
lim, 4ot/ (7) = —50Sy # 0, but this contradicts (3.9). Hence each proper
solution ¢ of (3.1) satisfying (3.7) possesses one of the properties (3.4) and
(3.5).

In the case where the solution & instead of (3.7) satisfies the condition
lim, 4o, £7(7) = 00, the proof of the theorem is analogous. [

Corollary 3.1. If one of the inequalities cg.Sy < 0 or ago > 0 is fulfilled,
then each proper solution & of (3.1) possesses one of the properties (3.3)—
(3.5).

Proof. If apSy < 0, then the validity of the statement is obvious. Let
apo > 0, and let € be a proper solution of (3.1) for which the limit does
not exist as 7 — 4o0o. Then, according to Theorem 3.1, there exists a
sequence {73 }7°, tending to +o00 as k — 400 such that £7(7) = o S(mk),
k=1,2,.... Because of (3.2) it is easy to see that there will be at least one
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point of the local maximum m; or of the local minimum ms of the function
£79(7) at which the inequality £7(mq) > agS(my) or £7(mz) < apS(me) is
respectively fulfilled. From (3.1) we have

. = Oéodfa(mi) [f”(mi) — aOS’(mi)], 1 E {1,2}. (310)

Because ago > 0, it follows from (3.10) that [£7(7)]”|;=m; > 0 or
[£7(T)])"|7=ms < 0. The obtained contradiction completes the proof of the
Corollary. O

Thus, if a proper solution & of (3.1) is such that lim,_ . &(7) (finite
or infinite) exists, then it possesses one of properties (3.3)—(3.5), and vice
versa. Corollary 3.1 shows the conditions under which the limit exists for
each proper solution £ of (3.1). Using conditions (3.3)—(3.5), these solutions
can be divided into three groups. Therefore further investigation will be
performed for each group separately.

3.1. On Proper Solutions of Equation (3.1) Which Have Finite
Different from Zero Limit as 7 — +oc.

Theorem 3.2. For equation (3.1) to have a proper solution & with prop-
erty (3.3), it is necessary and sufficient that

apgSy >0 and fo = |So|% (3.11)
Moreover, each of such solutions admits the representation

£'(1) + Bo&(1) = Boo + o(1), T — o0. (3.12)

Proof. Let £ be a proper solution of (3.1) with property (3.3). Since for
every fixed value ¢ which is different from the solutions of the equation
aolc]Mg — BoeSy = 0, the function U.(T) = —BocS(7) + aplc|*¢7 (1) (c € R)
retains the sign in a certain interval [¢, +00[C [70, +00[, arguing as in proof
of Theorem 3.1, it is not difficult to show that lim,_ 4. &' (7)/&(7) (finite
or infinite) exists. Then, according to (3.3), lim,_ . &'(7) also exists and
equals zero. Passing to the limit as 7 — 400 in (3.1) in which £ is the
solution in question, we obtain Sy = ap&J which proves (3.11).

Finally, because lim,_, o &'(7)/€(7) = 0, the equality (3.12) is true due
to (3.3).

Assume now that (3.11) holds. We shall prove that the equation (3.1)
has at least one solution ¢ satisfying the conditions (3.3) and (3.12).

Applying to equation (3.1) the transformation

£(1) = Bo +ui(r), &(1)+ Bo&(T) = &obo + ur(T)h + ua(r), (3.13)
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where h is a constant which will be defined later on, we obtain the system

{u/l = (b= BoJus + w2 . (3.14)
uh = —&[S(7) — So] + a21(T)ur + aga(T)us + X (ug,us)
in which
a1 (1) = —h% + hBo[2 — S(7) + ASo] + So(o +1— ) — 1,
a2 (1) = o — h — Bo[S(7) — ASo],
X (u,ug) = (§0fo + huy +u2)?(§o +u1) ™" = [§o + (2B0h — Duy +
+2Bous] + ao (|€0Bo + hut + ua|M&o +uq |7 —
—&5[€0 + (0 + 1 = X+ BohN)uy + Bodus]).

Define D by [So(A — 1)/2]? and consider two cases: D > 0 and D < 0.
19. Let D > 0. In this case we choose a constant h so that h? — hf3 2+
So(A—=1)] = So(c +1 — A) + 1 = 0. Note that now

h—Bo[l+ So(A—1)] #0, h—fy #0. (3.15)

Consider the system (3.14) in the domain Q (see (2.2), where T = b,

0 < § < zig(|h|+1)). Partial derivatives W (i =1,2) tend to zero as
lu1| + |uz| — 0 and X (0,0) = 0. The functions A;, Fy,G; (i = 1,2) defined
for (3.14) in §2 are of the form

T

As(1) = ‘/Tagl(t) exp/agg(s)ds dt‘;

Q2 t

A(r) = ‘/TAz(t) eXp/T(h—ﬂo)dS dt‘;

t

/§0|S SO\GXP/&m(S)

T

A= / Fatesp [ (b~ i)
81 t
’/exp]agg() ; Gi(r —‘/GQ exp/h Bo)ds dt|.

t Y12
Using Lemma 2.2 and taking into account (3.2), (3.11), and (3.15), we
can easily verify that lim, . . A;(7) = lim, 400 Fi(7) = 0 (1 = 1,2),
lim, 4o G2(7) = |h — Bo| limr 100 G1(7) = 1/]h — Bo[1 + So(1 — N)]J.
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Thus system (3.14) satisfies the conditions of Theorem 2.2; hence it has
at least one real solution (uq(7), u2(7)) tending to zero as 7 — +oo. Because
of the transformation (3.13), this implies that there exists a solution & of
(3.1) satisfying conditions (3.3), (3.12).

200 Let D < 0. We use the following notation: ¢ = /=D,
p=BoSo(A—1)/2,

- cos(qT) sin(qT)
M(T>_((p+5o)cos(q7)qsin(qT) qCOS(qT)+(p+ﬁ0)Sin(q7‘)>’ (3.16)

S11(1)  d2(m)\ _ 4, - 0 0
(521(7) 522(7)) = M~(r) (o —Bo[S(r) SO]) . (317
Putting A = 0 in (3.14) and applying the transformation
ul(T) _ 21 (T)
(u2(7’)> - M(T) (22(7_)) > (3‘18)

we obtain a system

{4:ﬁm+m+mvmﬁwMﬂ@+%“m”” (3.19)

zy = f2(T) + 21(7) 21 + [p + 22(7)]22 + X (7, 21, 22)

in which fi(7) = £[S(r) — So]sin(gr), fa(r) = —L[S(r) — So] cos(qr),
X1(1,21,22) = —% sin(q7) X (ug,uz2), Xo(7, 21, 22) = %COS((]T)X(Ul,Ug).

Partial derivatives %ﬁl’z?) (i,k = 1,2) tend to zero as |z1| + 22| — 0
uniformly with respect to 7 € [b,4+o0[, and X;(7,0,0) = 0 (: = 1,2) on
b, +o0l.

Consider system (3.19) in the domain Q (see (2.2), where T = b,
0<éd< %‘)min{l, 1/(lp+ Bol + q)}). The functions a;, A;, F;, G; (i = 1,2)
defined for the system (3.19) in §2 are of the form

T

a;(7,t) = exp/[éii(s) +plds (i=1,2);

t

Ag(r) = ‘/|621(t)|a2(7-,t)dt‘; Ar(r) = ‘/|<512(t)|A2(t)a1(7',t)dt‘;

a2 (63}

Far) =| [ 10la(rndd; Gar) =] [ aa(rtja]
B2 V2

)

Fi(r) = ’/T|f1(t)a1(7-,t)dt‘+‘/T|612(t)|F2(t)a1(T,t)dt
B1 B12
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Gi(7) = ] / al(T,t)dt‘ +] / 1612(£)|Ga(B)an (7, t)dt,

Y12

It follows from (3.2), (3.16), and (3.17) that lim,_, o d;x(7) =0 (i, k =
1,2), hence f:oo[p—I— 0;i(T)]dr = 400 (i = 1,2). Then using Lemma
2.2 it is easy to make sure that lim, o 4;(7) = lim, 1o Fi(7) = 0;
lim, 400 Gi(T) = ﬁ (i=1,2).

Thus system (3.19) satisfies all the conditions of Theorem 2.2. Therefore
it has at least one real solution (u(7),u2(7)) tending to zero as 7 — oo.

Because of transformations (3.13) and (3.18) this implies that there exists
a solution £ of (3.1) satisfying (3.3) and (3.12). O

3.2. On the Proper Solutions of Equation (3.1) with the Property
(3.4.). We use the following notation:

Hir) = / S(t)dt: 0(r) exp(—68yr + (1— NVH ().
b

Theorem 3.3. Each proper solution £ of equation (3.1) with property
(3.4) admits the asymptotic representation

&(1) = cexp(—po7)[1 + 0(1)], T — o0, (3.20)
where ¢ > 0, and its derivative satisfies one of the equalities

¢'(r)

) + Bo = coexp(—H(7))[1 +o(1)], T — +o0, (3.21)
é;((:)) + By = vexp(—H(1))|c (1 = ) x
x /G(t)dt 4 o(1)], T — oo, (3.22)

Y

+oo
where v=—aqsign(l —\), y=+o0 if [ 0(t)dt<oo and v=—agsign(1-N\),
b

v = b otherwise, ¢y # 0.
Equation (3.1) has a proper solution & with property (3.4) which satisfies
both asymptotic equalities (3.20), (3.21) if and only if
+o0o
BoSo > 0, / Q(T)dT < 400, (323)
b
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and equalities (3.20), (3.22) if and only if
aBo(1—XA) > 0. (3.24)
Proof. Let £ be a proper solution of (3.1) with property (3.4). Set

¢'(7)

U=

+ o, plr) = / u(t)dt, B(r) = / 0(t) exp (1),

T0 T

where r = +o0 if f::)o 0(t) exp (t)dt converges, and r = 7y otherwise. Then

TEEIMU(T) =0 (3.25)
&(7) = o exp(—foT + (7)), (3.26)

where £ is a certain constant. Substituting (3.26) into the right-hand side
of (3.1), we find

u(r)|'* = exp(—(1 = N H(7))[ex + ao&g (1 = Nro®(7)],  (3.27)
where vy = signu(7), ¢; € R. It is clear from (3.27) that either
u(t) = copexp(—H(7))[1 +0o(1)], T — +o0, (3.28)
where ¢y # 0 or
u(r) ~ vexp(—H(T)IE (1 = N@(7)| ™%, 7 — +oo.  (3.29)

Moreover, (3.28) happens to be the case only if r = 7.

Assume that the solution of (3.1) in question satisfies (3.28). This does
not contradict (3.25) only if 39Sy > 0. It is easy to see that if this inequal-
ity holds, then f;oo O(T)dr < oo, and the solution £ satisfies asymptotic
equalities (3.20), (3.21) by (3.26), (3.28).

Suppose now that the solution in question satisfies (3.29). According to
(3.25), since for any p € [0, p*[, where p* = min{‘ﬁ‘, |S’0|}, o(1) = o(7),
T — +00, we have

. (3:30)

lim D(7) _JO0 if 0By >0
r—+oo exp((1 — N)[H(T) — p7]) | xoo if 08y <0

which (for p = 0) implies that (3.29) does not contradict (3.25) only if
o08o(1 — A) > 0. Moreover, if this inequality holds, then

1

[@(T)]7=> = o(exp(H(7) — p7)), T — +00,
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and therefore
+oo
/ exp(—H (7))|®(r)| Px dr < 0. (3.31)
70

Next, (3.26), (3.29), and (3.31) imply that the solution ¢ admits repre-
sentation (3.20), where ¢ > 0 is a certain constant. Substituting (3.20) into
the right-hand side of (3.1) and integrating the obtained equation, it is not
difficult to make sure that ¢ satisfies (3.22).

Let conditions (3.23) be fulfilled, and let ¢ > 0, ¢y # 0 be arbitrary fixed
numbers. We shall prove that there exists at least one solution & of equation
(3.1) satisfying representations (3.20), (3.21).

Using

&(1) = cexp(—Lom)[1 + u1(7)],
()
§(7)

equation (3.1) is transformed into the differential system

(3.32)

+ Bo = coexp(—H (7))[1 + uz(7)],

{u’l = cexp(—H(7))[1 + w1 +uz + X (u1, uz)] (3.33)

ub = mO(T)[1 + ouy + Aug + Xo(uq, us)]

where m = agcolco| 27, X1 (ui,uz) = uiug, Xo(ug,us) = (1 +uy)? x
|1+ ug|* — 1 — ouy — Aug. Consider system (3.33) in the domain Q (see
(2.2), where T'=b, 0 < § < 1). The functions A;, F;,G; (i = 1,2) defined
in §2 for system (3.33) are of the form

T

As(1) = ’ma/&(t) exp()\m/TH(s)ds dt’;

A1) = CO]AQ(t) exp (— H(t) + co /Texp(H(s))ds)dt‘;
Fi(r) = ‘co /Texp (—H(t)+ Co/TeXp(—H(S))dS)dt‘ + |71|Al(7);
By t
1

Fy(r) = Ga(r) = HAQ(T); G1(1) = Fi(7).

It follows from Lemma 2.1 and (3.23) that lim,_ . Ai(7) =
lm, oo Fi(7) = lim; 400 Gi(7) = 0 (¢ = 1,2). Furthermore, partial
derivatives of X; (i = 1,2) with respect to uj,us are bounded in the do-

main Q, and X;(0,0) = 0 (¢ = 1,2). Thus the system (3.33) satisfies the
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conditions of Theorem 2.1 and has at least one real solution (u1(7),u2(7))
tending to zero as 7 — 400 to which, due to the transformation (3.32),
there corresponds a proper solution & of (3.1) satisfying asymptotic equali-
ties (3.20), (3.21).

Let now inequality (3.24) hold, and let ¢ > 0 be an arbitrary fixed num-
ber. We shall prove that equation (3.1) has at least one solution ¢ satisfying
representations (3.20), (3.22).

Applying the transformation

§(7) = cexp(=Fo7)[1 + ua (7)),

§0) 4 gy = N+ hua(7) + us(7)], (334

where N (7) = vexp(—H(r)) T h=0/(1-\), we get

the system

?(1=X) [ O(t)dt

7.1/1 = N(T)[]. + (h + 1)u1 + U2 +X1(7.L1,’LL2)
wh = —hN () = h(h + )N (r)us — [hN(7)+ (3.35)
+(1 - )‘)Q(T)]u2 + Q(T)XQ(Tv u, u2)7
where Q(7) = 0(7) [(1 - ) f,yT 9(t)dt}7 (v,7 are the same as in (3.22))
Xl(uhug) = hu% + Uirug, XQ(T,’LLl,UQ) = |]. + hu1 + U,Q|>‘(]. + ul)“ —1-
(hA + o)up — Aug — AN(T)Q 1 (1) X1 (u1, uz).
Consider system (3.35) in the domain €2 (see (2.2), where T =50 < § <

1/(Jh| +1)). The functions a;, A;, F;, G; (i = 1,2) defined in §2 for system
(3.35) are of the form

T

a2(7,t) = exp / BN (s) — (1 - \)Q(s)]ds;

ay(7,t) = exp ((h + 1)/N(s)ds);

1

A(r) = [+ 1) [ NOas(r s Fa(r) = oA

a2

Go(7) = ‘ / Q)as(r, )dt|: Ay(r) = ‘ /T N(t)As(t)as (, ¢)dt|;
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Fi(r) = ‘ ] N1+ Fa(t)]ar(, t)dt‘;
B1

() =| / N[+ Ca(t)an . 1t

ga!
Since (3.30) is fulfilled for any function ¢(7) = o(7), T — +00, we have

N(7) = o(exp(poT)), T — 400 (3.36)

for arbitrary pg €]0, p*[. Using L’Hospital’s rule it is easy to make sure that

lim be 0(t)dt

Jim g emton = 0. Therefore, taking into consideration (3.36), we have

lim N(T)Q () =0. (3.37)

It follows from Lemmas 2.1, 2.2 and (3.36), (3.37) that lim, .o A;(7) =
limn,— oo Fy(7) = limy 400 G1(7) = 0 (i = 1,2),

0 o

. . < +00
lim Ga(1) = { if / O(r)ydr ~ .
=400 |1ix| / =400

Partial derivatives gfk‘ (i,k = 1,2) tend to zero as |u1 |+ |uz| — 0 uniformly

with respect to 7 € [T,+oo[. Furthermore, X5(7,0,0) = 0 for 7 > T,
X41(0,0) = 0.

Thus by Theorem 2.2 system (3.35) has at least one real solution
(u1(7), u2(7)) tending to zero as 7 — +oo to which, due to transforma-
tion (3.34), there corresponds a proper solution £ of (3.1) satisfying (3.20),
(3.22). O

3.3. On the Proper Solutions of Equation (3.1) with the Property
(3.5). Below we shall use the following simple statement whose validity can
be easily verified.

Lemma 3.1. Let f : [T, +oo[— R be a continuously differentiable func-
tion such that lim;, ;o0 |f(t)] = +oo. If for some € > 0 there exists
limy oo f/(t)/]f(#)|1T, then this limit equals zero.

Consider first the solutions of (3.1) for which

lim & (7)/&(r) = +o0. (3.38)

T—+00
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Lemma 3.2. Let £ be a proper solution of (3.1) with the property (3.33).
Then

11111 € (r)u2(1) = +oo when o > 0. (3.39)
and
lim €°(r)u* (1) =0 when o < 0. (3.40)
T—+00

Proof. Let £ be a proper solution of (3.1) with property (3.38). Obviously,

hT &(1) = +o0. (3.41)
First we shall show that for any ¢ > 0 the function z(7) = u(7){~¢(7) has
the limit as 7 — 400, and this limit equals zero.

Assume on the contrary that lim,_, ;. z(7) does not exist. Then there
exists a constant ¢ different from zero and aﬁ, such that the graph of the
function z = z(7) intersects the straight line z =cat 7 =t, k =1,2,...,
and the sequence {t}7° ; tends to infinity. Since by (3.1), 2/(7) = 2(7)fole—
S(7)] for T > tg, this implies that due to (3.2) and (3.41) the values 2’(tx),
k= N,N+1,... for some N are of the same sign, which is impossible. Hence
lim, 4o 2(7) exists, and because of the fact that z(7) ~ &'(7)/£11¢(7) as
T — 400, (3.41), and Lemma 3.1, we have

lim z(7) =0. (3.42)
T—+00
By virtue of (3.38) and (3.41) the validity of (3.39) and (3.40) is obvious if
A > 2 and A < 1, respectively.

Let 0 > 0 and A < 2. Choosing ¢ such that o 4+ (A — 2)e > 0 and taking

into account (3.38), (4.42), we obtain
liIJIrl () 3(r) = 115{1 g7t (1) 2A2(1) = o0,
i.e., (3.39) holds when A < 2.

If o < 0and A > 1 we choose € so that o + (A — 1)e < 0. Then because

of (3.38), (3.42) we have

lirf () (r) = lirf goTO=DE(1) A1 () = 0,

i.e., (3.40) holds when A > 1. Thus Lemma 3.2 is proved. [

Theorem 3.4. Equation (3.1) has solutions with the property (3.38) if
and only if

o <0, ﬂoSo < 0. (343)



116 V. M. EVTUKHOV AND N. G. DRIK

Furthermore, each of such solutions admits asymptotic representations
&(1) = cexp ( — BoT + co/exp(fH(t))dt> [14+0(1)], 7 — 400, (3.44)
b
¢'(7)
£(7)

where ¢ > 0, ¢cg > 0, k > 0.

+ G0 = coexp(—H(r))[1 + ofexp(—kr))], T — +o0, (3.45)

Proof. Let £ be a proper solution of (3.1) with property (3.38) and u(7) =
Bo+E& (7)/&(T). When o > 0, it follows from (3.1), (3.2), (3.38), and Lemma
3.2 that
agu'(7) . -1 A—2 o
Jim = aey = lm [ aoBeS(rumi (r) + () ()] = oo,
which contradicts Lemma 3.1.
When o < 0 and (pSy > 0, it follows from (3.1), (3.2) and Lemma 3.2

that lim,_ 1 o % = —0pSo < 0, which contradicts (3.38).

Thus equation (3.1) can have a proper solution with property (3.38)
provided only that (3.43) holds. Let inequalities (3.43) be fulfilled, and let
¢ be such a solution. Put (1) = 5o S(7) + o' (7)/u(T), ¥(1) = f:a e(t)dt.
Then u(7) = ¢y exp(—H(7) + ¥(7)),

T

ér) = oexp (~ for + 1 [ exp(—H() + vO)at).  (3.0)

70

where €9 > 0, ¢; > 0. It follows from (3.1), (3.2), (3.43), and Lemma 3.2
that

hI_{l e(r) = 0. (3.47)
Substituting (3.46) into the right-hand side of (3.1) and taking into account
(3.38), (3.43), and (3.47), we find that

u(r) = exp(—H (7)) [61 4 (1= Nag€S x

t
1

I—X

X/G(t) exp (UC1/eXp(—H(S)—|—¢(S))d8)dt} -, (3.48)

70

where ¢; > 0. Because of (3.42), (3.46)—(3.48) by using L’Hospital’s rule, it
is not difficult to verify that if ¢ = 0, then lim, o u(7) =0 when A < 1,
and

lim &7 (7)u?"1(r) = 400 when A\ > 1,

T—+00
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which contradicts (3.38) and (3.39), respectively. Consequently, ¢; > 0.
Note that owing to (3.43) and (3.47),

t

+o0
/¢9(75)exp(acl/exp(—H(s)—1—1/1(5))(13)dtzo(exp(—lm'))7 T— 400, (3.49)

70

for any k > 0. Therefore, representation (3.48) can be expressed in the form
(3.45) which implies that & satisfies (3.44) with certain constants ¢ > 0,
co >0, k>0.

Next we shall prove that conditions (3.43) are sufficient for (3.1) to have
a proper solution ¢ satisfying (3.44), (3.45).

Let ¢, cg, k be arbitrary fixed numbers satisfying inequalities ¢ >0, ¢y >0,

k> —BoSo. (3.50)

Applying to (3.1) the transformation

§(r) = cexp (= o + o / exp(—H()dt)[1 + ur (7))
b (3.51)
¢'(r)
£(7)

we obtain the system

+ Bo = coexp(—H (7))[1 + exp(—kT)ua(7)],

u) = coexp(—H (1) — k1) [uz + X1 (u1,us)]
ulhy = kuy + apcy 1 e?0(1) x (3.52)
X exp (001 be exp(—H (t))dt + kT) [14+ Xo(7,u1,us)],

where X (uy,uz) = ugus, Xo(7,u1,u2) = (14 u1)?|1 + exp(—k7)us|* — 1.

Consider system (3.52) in the domain  (see (2.2), where T' =10, 0 < § <
min{1, exp(kT')}). Partial derivatives of X; (i = 1,2) with respect to u;, us
are bounded in the domain €, and X;(0,0) = 0, X3(7,0,0) =0 for 7 > T.
The functions A;, F;, G; (i = 1,2) defined in §2 for system (3.52) are of the
form

As(1) = A1(1) =0; Fy(r) = 03‘710" exp(kT)' /9(7) X
B2

t

X eXp (aco /exp(—H(s))ds)dt

b

b
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Fi(7) :co‘ /exp(—H(t) —kt)Fg(t)dt‘; Ga(r) = F(7);
B12

Gi(r) = co‘ ]exp(—H(t) - kt)dt’ +Fy (7).

It is easily seen that asymptotic equality (3.49) under the conditions
(3.43) remains true if we set p(7) = 0. It follows that lim,_, o, Fo(7) =
lim; 400 G2(7) = 0. This implies lim, o F1(7) = lim, 400 G1(7) = 0
due to (3.51). Thus, by Theorem 2.1 system (3.52) has at least one real
solution (u1(7),u2(7)) tending to zero as 7 — 4oo. Taking into account
transformation (3.51), we complete the proof of the theorem. [

Consider now the solutions of (3.1) satisfying

lim &(r)/&(r) = —oc. (3.53)

T—+00

We make the substitution 1/£(7) = u(7) to obtain the equation

(12 = ) + s (0 = o) = = (|50 = [ 350

Clearly, a proper solution & of (3.1) with property (3.53) corresponds to
the solution p of (3.54) with the property lim,_, oo p/(7)/p(7) = 400, and
vice versa. Since equations (3.1) and (3.54) are of the same form, using
the above arguments it is not difficult to see that the following statement is
true.

Theorem 3.5. Fquation (3.10) has solutions with the property (3.53) if
and only if o > 0, oSy < 0. Furthermore, each of such solutions & admits
asymptotic representations

T

&(1) = cexp ( — BoT — g /exp(—H(t))dt) [140(1)], T — 400,
b

+ 0o = —coexp(—H(7))[1 + (exp(=k7))], T — +oo,

where ¢ > 0, ¢cg >0, k > 0.
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§ 4. PROOFS OF THEOREMS 1.1-1.5

Applying to (0.1) the transformation

y(t) =I[V($)E(r)], 7= BonV(t), (4.1)

we get 7/(¢) > 0 for ¢ € [a1,w[ (a1 is a certain number in the interval ]a, w]),
and limyq, 7(t) = +o00. The transformation (4.1) yields equation (3.1) in
which S(1) = S(7(t)) = aol'(t), b = By lnV (a). Moreover, proper solution
¢ of (3.1) corresponds to each proper solution y of (0.1), and vice versa.
Taking into account transformation (4.1) and the notation introduced in
8681 and 3, it is easy to see that

t
B V’(a) 1-X
/ 0(s)ds = ’ V(o) ‘ /p(s)ds,
¥ p
where p = w if f:’ p(t)dt < 400, and p = a otherwise,

+o00

/ exp (— o b/ S(t)dt)dr = “1//((5))‘ ] dt. (4.2)

b

Because of (1.1), the function S satisfies the condition (3.2), and Sy =
aolg. Therefore it follows from (4.2) that if either agBoTo > 0 or apBly <
0, then w < 400 or w = 400, respectively.

Taking into consideration the above arguments, it is easily seen that
Theorems 3.1-3.6 result in Theorems 1.1-1.5.

Remark 1. The results dealing with the asymptotic behavior of proper
solutions of (0.1) in the case A = 1 may be found in [9].
In the case A = 2, Theorems 1.1-1.5 in which

t)p" (¢
'y = —apo lim M,
tiw [p/(t)]
are valid under an additional assumption that p is twice continuously

differentiable function satisfying one of the conditions limy, p(t) = 0 or
limyt,, p(t) = +o00.

V(t)=p~ = (1)

Remark 2. Paper [10] contains results on the asymptotic properties of
proper solutions of (0.1) in the case where I'y = to0.
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