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ON A DARBOUX TYPE MULTIDIMENSIONAL PROBLEM
FOR SECOND-ORDER HYPERBOLIC SYSTEMS

S. KHARIBEGASHVILI

ABSTRACT. The correct formulation of a Darboux type multidimen-
sional problem for second-order hyperbolic systems is investigated.
The correct formulation of such a problem in the Sobolev space is
proved for temporal type surfaces on which the boundary conditions
of a Darboux type problem are given.

In the space of variables x1,...,x,,t we consider the system of linear
differential equations of second-order

Lu = uy — Z Ajjug,z; + ZBW’“ +Cu=F, n>2, (1)
i=1

1,j=1

where A;;, B;, C are given real m x m matrices, F' the given and u the
unknown m-dimensional vector, m > 1.

It will be assumed below that the matrices A;; are symmetrical and
constant, and the inequality

n n
Z Aijmnj > Co Z |771‘|2, Co = const > 07 (2)
i,j=1 i=1
holds for any m-dimensional real vectors 7;, 1 = 1,...,n.
Condition (2) readily implies that system (1) is hyperbolic.
Let G be a dihedral angle in the space R"*! of variables z1,...,2,,t

with a temporal type noncharacteristic boundary 0G, i.e.,

(Eaiﬂ -> Aijaiaj)m? <0, neR™, 3)

ij=1
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where the vector (aq, ..., @n, ayy1) is the unit normal vector to OG at points
differing from points of the edges of G, and E is the m x m unit matrix.

Let I be a hyperplane parallel to the edges v of the angle G and severing
from this angle a subdomain D C G whose sections by two-dimensional
planes perpendicular to the edge v are triangular.

It is further assumed that in system (1) elements of the matrices B;,
C are bounded measurable functions in the domain D, and the right-hand
part of this system F' € Lo(D).

Consider a Darboux type problem formulated as follows: In the domain
D find a solution u(x1,...,Zn,t) of system (1) by the boundary condition

U‘BDOBG =/ (4)

where f is the known real vector.

Note that for the case where at least one face of the angle G is charac-
teristic, problems of this type for a second-order hyberbolic equation are
studied in [1-4]. In [5] a Darboux type problem for a wave equation is
studied on the assumption that both faces of G are of temporal type. Some
multidimensional analogues of the Darboux problems are treated in [6-8].
Also note [9] where a Goursat type multidimensional problem for hyperbolic
systems (1) is considered in the conical domain. In this paper, problem (1),
(4) is investigated in the Sobolev space W3 (D).

For simplicity let D : kit < x, < kot, 0 < t < tg; k; = const, ¢ = 1,2,
k1 < ko, be the domain lying in the half-space ¢ > 0 and bounded by the
plane hypersurfaces S; : kit —x, = 0, 0 < t < tg, i = 1,2, of temporal
type and by the hyperplane ¢ = ty. It is obvious that for such a domain
D condition (3), along with the property of the surfaces S; and Sy being
noncharacteristic, is equivalent to the inequalities

k2 < min(py, ... fim), i=1,2, (5)

where p;, j =1,...,m, are the eigenvalues of the symmetrical matrix A,
which by virtue of (2) is positively definite. Then the boundary condition
(4) takes the form

u

Si:fi’ i:1a2a (6)

where f;, i = 1,2, are the known real vector-functions on S; and (f; —

f2)|51052 = 0 o o
Denote by C2°(D) the space of functions belonging to the class C*°(D)
and having bounded supports, i.e.,

CX(D) = {u e C>(D): diamsuppu < co}.

The spaces C2°(S;), i = 1,2, are defined in a similar manner.
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Denote by W3 (D), W3 (D), W3 (S;), i = 1,2, the known Sobolev spaces.
Note that the space C2°(D) is a dense everywhere subspace of the spaces
W3(D) and WZ(D), while C2(S;) is a dense everywhere subspace of the

space W4 (S;),i=1,2.

Definition. Let f; € W3(S;), i = 1,2, F € La(D). A vector-functon
u € WH(D) will be called a strong solution of problem (1), (6) from the
class W3 if there exists a sequence u,, € C2°(D) such that u, — u in the
space W4 (D), Lu,, — F in the space Ly(D), and u,|s, — fi in W3(S;),
1=1,2, i.e., for n — o

||Un*uHW21(D) — 0, HLUTL*F”Lz(D) — 0,

unls; — fi”Wzl(Si) —0, 1=1,2.

‘We have

Lemma 1. If inequalities (5) are fulfilled, k1 < 0 and ko > 0, then for
any u € W3 (D) the a priori estimate

2
lllwy iy < e( D Wfillwacs, + 1F o)) (7)

=1

holds, where f; = u
not depend on u.

s,, t = 1,2, F = Lu, and the positive constant c does

Proof. Since the space C°(D) (C2°(S;)) is a dense everywhere subspace of
the spaces W4 (D) and W2(D) (W1(S;)), by virtue of the familiar theorems
of embedding the space WZ(D) into the space W3 (D) and the space W2 (D)
into W4 (S;) it is sufficient to show that the a priori estimate (7) holds for
functions u of the class C2°(D).

We introduce the notation

D;={(z,t)eD: t<7}, Dor=0D,N{t=1}, 0<7<ly,
Sir=0D.NnS;, i=1,2, S, =51,US55,

a; =cos(v,z;), i=1,...,n, auy1 = cos(v,t).
Here v = (a1, ..., Qn, Qpy1) is the unit normal vector to 9D, and, as one

can readily see,
V\ ( -1 k‘l )
Sir T 1~6—k‘%7 l—i-k‘% ’

ko
), V|DOT:(0,...,0,1).

1 —
= (0,...,0, :
s, ( VI+EE 1+ k2
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Therefore for k1 < 0, k2 > 0 we find by virtue of inequality (3)

a"+1|ST <0, O‘;Jlrl (EO‘ Z AZJ“Z%)W?‘ >0, ne R™. (8)

1,7=1

After performing a scalar multiplication of both sides of system (1) by the
vector 2u;, where u € C°(D), F = Lu, and integrating the resulting ex-
pression with respect to D, we obtain

n
2/D (F - ZBzuxl - CU) updxdt =
:/ ( Utut +2 Z A”u%um dmdt— / Z Ajjugy; oids =
D,

i,5=1 Sr =1

:/ (utut + Z A,-juziuz])dx—i—
DOT

ij=1

/ n+1[ E Aij (g1, — o) (Qng 1, — jug) +

3,7=1

+(Eai+1 — i Aijaiaj)utut}ds. (9)

4,5=1

Assuming that

n
w(T) = / (utut + E Aijuziuzj>dx, Up = Qpp1Ug, —Qlg, t=1,...,n,
Dor ij=1

and using (8), from (9) we have

/ Z A u]ds—i—/ w(t)dt +

Sr 3,j=1
—|—/ uudxdt —|—/ FFdxdt}, c1 = const > 0. (10)
D. D.

Let (z, ;) be the point at which the surface S7US5 intersects the straight
line parallel to the t-axis passing through the point (x,0). We have

T

u(z,7) = u(x, 72) —|—/ ug(x, t)dt,

Tx

which implies

/DOT u(z, Tu(z, 7)dr <
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< 2/ w(x, T )u(z, 7p)dx + 2|7 — 7 dx/ ug(x, t)ug(x, t)dt =
Do, Tx

Do,

:2/ \a§1|uuds—|—2|7'—7'$|/ upupdadt <
s D,

.

< 02(/ uuds —|—/ ututdxdt), co = const > 0. (11)
s D

T T

By introducing the notation

wo(T) = /D (uu + upuy + Z Aijumuz_j)dx
or

i,5=1

and combining inequalities (10) and (11) we obtain

’ZUO(T) < 63|:‘/S (UU+ En: Azyalaj>ds+/07— wo(t)dt—f—‘/D FFdiL'dt},
- ij=1 -

which by the Gronwall lemma leads us to

wo(1) < 04[/5 (uu—|— z”: Aijﬁiﬂj)d8+/[) Fdedt}, (12)
. g1 .

where ¢; = const > 0, © = 3,4.
One can readily see that the operator an+1% — ai% is the internal
differential operator on the surface S.. Therefore the inequality

n 2
/ (uu + Z Al-jﬂlﬂj>ds < s Z ”fi”%/vzl(si,)’ ¢ = const > 0, (13)
Sr i=1

4,j=1

is fulfilled by virtue of (6).
Using condition (2) we have

n n
ce(uu + wpug + Z umiuml) < wu + upuy + Z Ajjuz U s (14)
i=1 ij=1
cg = const > 0.

By virtue of (13) and (14) inequality (12) implies
/ (uu + upty + Z umuz)dx <
Do~ i=1

2
< 67(2 ||fi||%/[/21(5”) + HF”%Z(DT))’ ¢y = const > 0. (15)
i=1

The integration of both sides of (15) with respect to 7 gives estimate (7).
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For simplicity, when considering below the dependence domain and the
existence theorem for a solution of problem (1), (6), we shall limit our
consideration to the case where system (1) does not contain the lowest
terms, namely,

Lou = uy — Z Aijuz,z; = F. (16)

ij=1
Let K : —00 < t < |x|g(|;ﬁ—|) be the conical domain lying in the half-
space t < 0 and bounded by the surface 0K : t = \x|g(|%) with vertex

at the origin O(0,...,0), where g is a completely defined negative smooth
function given on the unit sphere in R™. If Py(z?,...,2%,t%) € R"*1 then
we denote by Kp, the conical domain K drawn from the point Py towards

the decreasing values of time, i.e., Kp, : —0o <t < t¥ + |z — 29|g( é:ig‘ ).
It will be assumed below that the characteristic matrix of system (1) is

nonnegative on the cone 9K, i.e.,

n
(Eai+1 - Z Aijaiaj)m? >0, neR™, (17)
ij=1
where (aq,...,Q,, apt1) is the external unit normal vector to the cone 0K

at points different from the vertex.

We shall clarify the geometrical meaning of condition (17).

By condition (2) the symmetrical matrix szzl A6, (&, 6n) €
R™ is positively definite. Therefore there is an orthogonal matrix T =
T(&1,- -+, &n) such that the matrix T—1 (307, ) Ai;&:&;)T is diagonal and its
elements o1, . ..,0,, on the diagonal are positive, i.e., o; = \2(&1,...,&,) >
0, A\; >0,%=1,...,m. Therefore the real numbers &,11 = £X;(&1,...,&n),
i1 =1,...,m, are the roots of the characteristic polynomial pg(&) :det(Effﬂ_1
— szzl A;;&&;) of system (1). As one can easily verify, Ao(&1,...,8&) =
maxi<i<m Ai(€1,...,&) is a continuous positive homogeneous function of
first order with respect to the variables &;,...,&,. For system (1), the
internal cavity of the cone of normals [10] lying in the half-space &,+1 > 0
is the convex cone [11]

I'= {(517"'7£n+1) S Rn+1 : gn—&-l = A0(517' "agn)}-

Since

(Eai+1 — Z Aijaiaj)nn =

ij=1

= (Eai_,_l — T_l( Z Aijaiaj)T)T_lnT_ln,

ij=1
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where (Eaj =T~ (307 _; Aijaia;)T) is a diagonal matrix with elements

(021 — A?) on the diagonal, condition (17) is equivalent to the condition
|| = Aolaa, ..., o). (18)
By virtue of the assumptions for the cone K we have
Olnt1 ‘K >0 (19)
and therefore (18) can be rewritten as
apt1 > Ao, ..., an). (20)
Denote by I' = ngp{ﬁ € R""1: ¢&n <0} a conical domain dual to I'. As

is known, OT'* is a convex shell of the cone of rays of system (1) lying in the
direction of decreasing values of the time ¢ = &,44 [10, 11].

Using inequality (20), one can prove, as in [9], that for a convex smooth
cone K condition (17) is equivalent to the condition K D I'*.

It will always be assumed below that k; < 0, k2 > 0 and (3) is fulfilled.
Hence, as we have seen, it follows that inequalities (8) are valid. O

Lemma 2. For a point PU(EO,tO) € D of the solution u(zx,t) of prob-
lem (16), (6) of the class C*(D) or W3(D) the domain of dependence is
contained in the conical domain Kp, with vertex at the point Fy.

Proof. We set
Qp,=DNKp,, Sip,=5N00p, i=12.
To prove the lemma it is sufficient to show that if
fi

then ulo, = 0.

Sirg = Usin, = 0, i=1,2, F’QPO = L0u|QPO =0, (21)

First we shall consider the case u € C?(D). Let S3p, denote the remain-
ing boundary of the domain Qp,, i.e., Ssp, = 0Qp,\(S1p, US2p,). By virtue
of (17) and (19) we have

>0, (22)

Sspy

n
—1 2
0‘n+1’ssp0 >0, an+1(Ean+1 - Z Aijaiaj)nn
irj=1

After multiplying scalarly both sides of equations (16) by the vector 2u;
and integrating the obtained expression with respect to the domain Qp,, by
virtue of (2), (8), (21), (22) and the reasoning used in proving (9) we obtain
the inequality
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/ [(utut + Z Aijuxiuzj)anH -2 Z Aijutuxjai} ds =
09p,

i,j=1 i,j=1

n
~1
- /39 anﬂ{ g Ajj(ang1te, — o) (apgiua, — ajut)}ds +
Po

ij=1

n
-1
—|—/ (oY (Eozi+1 - E Aijaiaj)ututds >
0p, i,j=1
n
-1 2

> co/ o E [lon+1tg; — aiug]|*ds. (23)

3P

0 i=1
In deriving (23) we used the fact that the operator an+1% - ai% is the
internal differential operator on the boundary 0€2p, and, in particular, the
equalities

hold due to (21).
Since inf|q=1 Ao(a1,...,a@n) > 0, by (20) we have infs,, ani1 > 0,
which by (23) implies

S1pyUS2p,

(an_Hum — aiut) ’Sgpo =0, i=1,...,n. (24)
Taking into account that u € C?(D) and the internal differential ope-
rators anH% — ai%, i = 1,...,n, are linearly independent on the n-

dimensional connected surface Ssp,, we immediately find from (24) that

u|S3PO = const . (25)

But on account of (21) uls,p, (s, p,USsr,) = 0, and hence by (25) we obtain

=0. (26)

ulsapo

From (26), in particular, it follows that u(Py) = 0.

Taking now an arbitrary point @ € Qp,, by (21) we conclude that the
above equalities hold provided that the point F, is replaced by the point
Q. Thus by repeating the above reasoning for the domain §)g we obtain
u(Q) = 0. Therefore for the case u € C*(D) we have u|g, = 0.

By a similar slightly modified reasoning and embedding theorem for the
Sobolev spaces one can prove this lemma for the case u € W(D) [5]. O

Let KT : |:E|g+(|§—|) <t < 400 denote a conical domain lying in the half-
space t > 0 and bounded by the surface 0K, : t = |$|g+(ﬁ) with vertex
at the origin O(0, ..., 0), where g, is a completely defined smooth function
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given on the unit sphere R". For Py(2°,t°) € R"* we denote by K;o a
conical domain KT drawn from the point P, in the direction of increasing
values of time, i.e.,

x— 29
Kf ot 4|z — x0|g+(m>

As in the case of the conical domain K, it will be assumed that the
characteristic matrix of system (1) is non-negative on dK ™, i.e., that (17)
holds. It is obvious that conical domains K+ are obtained from conical
domains K by the central symmetry with respect to the origin. If I'% is a
conical domain centrally symmetrical to I'* with respect to the origin, then,
as in the case of the domain K, one can prove that for the convex smooth
cone Kt condition (17) is equivalent to the condition K+ O T% .

<t < oo

Lemma 3. Let Dy be a bounded subdomain of D with a piecewise smooth
boundary bounded from above by a hyperplane t = tg, and from the sides by
hyperplanes S1, Sa and by piecewise smooth hypersurfaces Ss, Sy of temporal
type on which the inequalities

On41 ’SS < 07 An+1 |S4 <0 (27)

hold, where v = (aa, ..., an41) 15 the external unit vector to 9Dy and S5 N
54 = @. Let Uy € COO(E()) and g; = u0|aD0ﬁSi, T = 1,2, FO = Lo’uo,
X = suppg; Usuppge Usupp Fp, ¥V = UPOGXK;EO. Denote by S5, S the
e-neighborhoods of hypersurfaces Ss, S4, where € is a fived sufficiently small
number. Then if u0’33u34 =0, Y N(S5US5) =, the function

U(P) _ UO(P)7 Pe DO7
0, P e D\Dy

is a solution of problem (16), (6) of the class C°(D) for

(P P D ;
fz(P): gl( )a ea OﬂS“ , :172’
0, P e Sz\(aDo N SZ),
ppy = [FoP) PEDs
0, P € D\D,.

The proof of Lemma 3 repeats in the main the proof of the corresponding
lemma from [5].

Remark 1. Note that Lemma 3 remains valid in the case where conditions
(27) are not fulfilled on some set w C S3U Sy of zero n-dimensional measure,
ie, antile = 0. In particular, Lemma 3 remains true if w = Uf:ﬂi is
the union of a finite number of smooth (n — 1)-dimensional submanifolds
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v C S3U Sy and apyile = 0, any1l(s,usy\w < 0. This fact will be used
below in proving the existence theorem for problem (16), (6).

Remark 2. Also note that Lemmas 2 and 3 actually suggest a method for
constructing a solution of problem (16), (6) which will be described below
in proving Theorem 1. The method consists in reducing the initial problem
(16), (6) to a mixed-type problem for a second-order hyperbolic system in
a cylinder.

Let &,01 = £XNi(&1,.-4,8&n), Ai > 0, ¢ = 1,...,m, be the roots of the
characteristic polynomial det(E&2,, — szzl A;;&&;) of system (1) with

respect to &,41. The functions Ag(&1,...,&n) = maxi<i<m Xi(&1,-.-,6n),
Ag (€1, .., &) = minj<j<m Ai(&1, - .., &) are obviously continuous positive
homogeneous functions of first order with respect to the variables &1, ..., &,.

Consider the cones

I'= {(gla-“vfn-‘rl) € Rn+1 : §n+1 = /\0(517---a§n)}7
Io={(,....&+1) ER™™ : Loy = X5 (&, -, &) )

As is known, the interior of the convex cone I' is a set of all spatial type
normals lying in the half-plane &,1; > 0, while OT'* is the interior of the
cone of rays of system (1) lying in the direction of increasing values of the

time t = &,41, where I'* = n {¢ € R*1: &y < 0} [10]. Let I' denote
nel’ -

the domain bounded by the cone T, i.e., the interior of I". Below it will be
assumed without loss of generality that

r* T, (28)

since otherwise this can be achieved by a subsequent change of the indepen-
dent variables x} = ex;, i = 1,...,n, t' = ¢ in system (1) for a sufficiently
small € = const.

For k1 < k < ko we denote by [ a ray coming out of the origin with the
direction vector (0,...,0,k,1), i.e., Iy : 7(0,...,0,k,1), 0 < 7 < +00. By
virtue of the assumptions made for the supports of the data of problem (1),
(6) we have

Denote by Hj an arbitrary noncharacteristic hyperplane of temporal type
containing the ray [. Take an arbitrary point P € [;, and choose a Carte-
sian system 2¥,..., 29 ¢° which is connected with this point and has the
vertex at the point P so that the t%-axis could be directed along the ray
I, and the 2¥-axis along the normal to Hy at this point towards increasing
values of time. Denote by H ,;" that part of the half-space R"t! with the

boundary Hj, which contains the positive z9-semiaxis. Denote by Q°(&)
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and po(¢) = det Q°(&) respectively the characteristic matrix and the poly-
nomial of system (1) written in terms of the coordinate system 9, ..., 22,0
connected with an arbitrarily chosen point P € [j.

By (29) there is a convex cone I'y which is tangential to the hyper-

plane Hj, along the ray [, lies in the half-space H ,;" , and is contained

in the set I'* U O, where O = 0O(0,...,0) is the vertex of I'_. Hence
by (28) and the arguments from [12] it follows that when system (1) is
strictly hyperbolic, exactly m characteristic hyperplanes of system (1) pass
inwards the angle t° > 0, 22 > 0 through the (n — 1)-dimensional plane
t® = 2% = 0 connected with an arbitrary point P € l;. Hence in turn it
follows that for Res > 0 the number of roots A;(&1,...,&n—1,5) is equal
to m, i = +/—1, provided that we take into account the multiplicity of
the polynomial po(i&,...,i€n—1, A, s) with ReA\; < 0 [12]. The polynomial
Do(i&1, ..., i€n—1, A, s) can be written in the form of product A_(s)A,(s),
where for Re s > 0 the roots of the polynomials A_(\) and A, () lie respec-
tively to the left and to the right of the imaginary axis, while the coeflicients
are continuous for s, Res > 0, (&1,...,&n—1) € R* L, &+ +&2_ [ +1s]2 =
1 [13]. Denote by Qo(ifl, coyi€n-1, A, 8) an m x m matrix whose element
~0q(i£1, .oy 8€n-1, A, 8) is equal to an algebraic complement to the element
Qy,(i€1, ... i€n—1, A, s) in the characteristic matrix Q°(iy, ..., i1, A, s)
of system (1).
Let us consider

Condition 1. System (1) is strictly hyperbolic. For an arbitrary non-
characteristic hyperplane of temporal type Hy, passing through the ray
lg : 7(0,...,0,k, 1), 0 < 7 < 400 when k1 < k < ko, and for an arbitrary
point P € I;, and any s, Res > 0, and (&1,...,&,-1) € R"! such that
€442 | +|s|2 = 1, the rows of the matrix Q°(i&y, . .., i€n_1, A, 5) are
linearly independent as polynomials of A modulo the polynomial A_ ().

It will be assumed below that the functions f; and fy in the boundary
conditions (6) vanish on v9 = S; N Se, i.e.,

fil,, =0, i=1.2. (30)
Denote by W3(.S;, 7o) functions of the class W3 (.S;) which satisfy equality

(30)7 i'e'a W%(SH’YO) = {f € W21(S’L) : f|’YU = 0}7 1= 172
We have

Theorem 1. Let condition 1 be fulfilled. Then for any f; € W(S:,v0),
i=1,2, F € Lao(D) there exists a unique strong solution u of problem (16),
(6) of the class Wy, for which estimate (7) is valid.
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Proof. Here only a short scheme of the proof is given. The detailed proof
of Theorem 1 for one equation of hyperbolic type is given in [5].

Denote by S? : kit — 2, = 0, 0 < t < 400, i = 1,2, a half-plane
containing the support .S; of the boundary conditions (6), and by Dy the
dihedral angle between the half-planes S and S5. As is known, the function
fi € W4(S;,T) can be extended in the half-plane S? as a function ﬁ of the

class V%@(S?), e, (fi— fi)ls, =0, fi € V%@(S?), i=1,2. We set
~ FP), PeD
F(P) — ( )’ E Y
0, P € Dy\D.
It is obvious that F' € Ly(Dy). If C§°(Dy), C°(SY), i = 1,2, are the spaces

K3
of finite infinitely differentiable functions, then, as we know, these spaces will
be dense everywhere in the spaces La(Dg), W3(S?), i = 1,2, respectively.
Therefore there are sequences F,, € C5°(Dy) and f, € C5(S?), i = 1,2,
such that

Jim IF = Fullzo(p) = Jim ([ fi = finllwyso) =0, i=1,2. (31)

In the domain of the variables x,,, ¢ we introduce the polar coordinates
r, @, taking the t-axis as a polar axis, and counting the polar angle ¢ from
the polar axis and assuming it positive in the clockwise direction. Let ¢; be
the dihedral angle formed by the half-planes SY and z,, = 0, 0 < t < +o0,
i=1,2.

In passing from the Cartesian system x1, za, ..., T,,t to the system 1, ...,
Tp_1, T = logr, ¢ the dihedral angle Dy becomes an infinite layer

H={-oco<zi<o0,i=1,...,n—1, —c0o <7 <00, —p1 <<},

and equation (16) in the previous terms for the functions u and F' takes the
form

e "Ly (1, ,0)u = F, (32)
where 0 = (6%1,...,%, 8%, %), Li(1,¢,0) is a second-order matrix

differential operator of hyperbolic type with respect to 7 with infinitely
differentiable coefficients depending on 7 and .

Denote by Hg, C H, ), = const > 0, a cylindrical domain 2, x (—o0, 00)
of the class C*°, where (—o00,00) is the 7-axis, and by 0Hg, its lateral
surface 0€; x (—00,00). It is assumed that the cylinder Hp = {|z;| <
Br,i=1,...,n—1, —00 < T < 00, —p1 < ¢ < 2} is contained in Hg, .
Under the inverse transformation (z1,...,Tn—1,7,9) — (Z1,...,Zn,t) the
cylindrical domain Hg, will transform to the infinite domain Gg, C Dy

bounded by the surfaces S; = SYNOGs,, i =1,2, and also by the surfaces
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53, §4. It can be shown that the surfaces §3 and §4 are of temporal type
and the following conditions are fulfilled on them:

1| Guge <0 aniil, =0, (33)
where w C §3 U §4 is some set of zero n-dimensional measure and v =
(o1, ..., Qn, apy1) is the external unit normal vector to 0Gg, .

Choose a number [y so large that

Suppf’ik C §’L'a 1= 1a2a Supka‘ - Gﬁk

Hence the function gy (z,t) defined on the boundary dGg, of the domain
Gg, as

gk|§ = fur, 1=1,2, 9k’§3 =gk’§4 =0 (34)

will belong to the class C§°(0Gg, ).

In passing to the variables x1,...,%,_1,7,, the functions gy and Fj
will transform to some functions which will be denoted as previously. It is
obvious that

gk € Cgo(aHﬁk)7 VS Cgo(Hﬁk) (35)

For the hyperbolic equation (32) with F' = F}, we consider, in the cylinder
Hpg, , the following mixed-type problem with the ”Cauchy zero conditions”
for 7 = —o0:

e ¥ Li(1,,0)v = Fy, (36)
U|8H5k = k- (37)

Using condition 1 and the results from [13], [14], the mixed-type problem
(36), (37) has, by virtue of (35), a unique solution v = vy of the class
C>(Hpg,) which identically vanishes for 7 < —M, where M = const is a
sufficiently large positive number.

Returning to the initial variables xi,...,x,,t and using the previous
notations for the functions vy and Fy, we obtain the following facts:

(1) the function uf = U’“|G2§k’ where G5, = Gg, N D, belongs to the class
Cm(égk) and satisfies the equation Loul = F;

(2) on the lateral part U, S9 of the boundary G, the function uj
satisfies the conditions u2|§ouf§0 =0, u2|§q = fir, © = 1,2, where, as one
3 4 k3
can easily verify, the surface 520 is a part of the surface S; for i« = 1,2, and
a part of the surface S; for i = 3,4 figuring in conditions (33).
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Therefore, choosing a value of §i sufficiently large and applying (33),
(34), Lemma 3, and Remark 1 we conclude that the function

uQ(P), PeGy,
0, P e D\G3,,

belongs to the class C>°(D) and is a solution of problem (16), (6) for f; =
fik7 1= 1,27 and F' = Fk.
By virtue of inequality (7) we obtain

[k = upllwy(py <

2
< (3o Wi = Fanllwicsy + 1B = Fyllryo) )- (38)
i=1
It follows from (31) and (38) that the sequence of functions uy is funda-
mental in the space W} (D). The completeness of the space W3 (D) implies
that there exists a function u € W4 (D) such that uy — wu in the space
W4 (D), Lour, — F in the space Lo(D), and uy|s, — f; in W3 (S;), i = 1,2,
for k — oo. Therefore the function w is a strong solution of problem (16),
(6) of the class WJ. The uniqueness of this strong solution follows from
inequality (7). O

Let us now turn to problem (1), (6). In the space W3 (D) we introduce
a norm depending on the parameter A

Hu”%’l’)\ = /D e~ (uu + upuy + Zumuwi)dacdt7 A>0.
i=1

In a similar manner we introduce norms || F||p,o.x and || f;]
spaces Lao(D) and W (S;), i = 1,2.
Arguments similar to those in [4] enable us to prove

Si,1,\ in the

Lemma 4. For any u € W3 (D) the a priori estimate

2
c1
lullpan < <= (3 Iillsian+ 1Fllbon) (39)
VANT

holds, where f; = u|s,, F' = Lou, and the positive constant c1 does not
depend on u and the parameter .

By virtue of estimate (39), for a sufficiently large value of A the lowest
terms in equation (1) give arbitrarily small perturbations in the sense of the
above-introduced equivalent norms of the spaces Lo(D), W3 (D), W4 (S;),
i = 1,2, which due to Theorem 1 and the resuls of [4] enables us to prove
the unique solvability of problem (1), (6) in the class Wi
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Theorem 2. Let condition 1 be fulfilled. Then for any f; € Wi(S;,T),
i =1,2, F € La(D) there exists a unique strong solution u of problem (1),
(6) of the class Wy, for which estimate (7) is true.

Remark 3. In Theorems 1 and 2 it is required that system (1) or (16) be
strictly hyperbolic, and also that the other part of condition 1 be fulfilled.
These requirements can be left out for one class of hyperbolic systems of
form (1). These are systems of form (1) for which inequality (1) holds
and the symmetrical constant matrices A;; are pairwise permutable, i.e.,
AijAgs = ApsAij. Then there exists an orthogonal matrix 7 with constant
elements such that T}, 1AijT0 is diagonal for any ¢,j5 = 1,...,n. Therefore
for the new unknown function v = Toflu we shall have, instead of system
(1), a second-order hyperbolic system with the split principal part. But
a problem of the Darboux type with boundary conditions of form (6) on
temporal hyperplanes is uniquely solvable for one hyperbolic equation of
second-order with constant coefficients at higher derivatives and estimate
(39) holds for its solution [5]. Therefore the same arguments that enabled
us to prove Theorem 2 on the basis of Lemma 4 and Theorem 1 make it
possible to prove

Theorem 3. Let the matrices A;; in system (1) be pairwise permutable.

Then for any f; € Wi(S;,T), i = 1,2, F € Ly(D) there exists a unique
strong solution u of problem (1), (6) of the class Wy , for which estimate (7)
holds.
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