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WEIGHTED Ls INTEGRAL INEQUALITIES FOR
MAXIMAL OPERATORS

Y. RAKOTONDRATSIMBA

ABSTRACT. Sufficient (almost necessary) conditions are given on the
weight functions u(-), v(-) for

o7 / 22 (Co(M. @) Ju(we]| < 27t [0 / @1 (1f(@))o(a)de|
Rn R

to hold when ®;, ®2 are ¢-functions with subadditive ¢1<b;1, and
M, (0 < s < n), is the usual fractional maximal operator.

§ 1. INTRODUCTION

Let n € N*, 0 < s < n. The fractional maximal operator M, of order s
is defined as

(M. f)(x) = sup {|@|i—1 [ 17wldus @is a cnve with @ > x} 2,y € R™.
Q

Throughout this paper, @ will denote a cube with the sides parallel to the
coordinate planes.

As in [1], a real function ®(-) defined on [0, 0] is called a @-function
if it is a nondecreasing continuous function which satisfies ®(0) = 0 and
lims 0 ®(s) = oo. The g-function ®(-) is subadditive if ®(t; + t2) <
D(t1) + P(t2) for all t1,ta € [0,00[. Let u(-), v(-) be weight functions (i.e.,
nonnegative locally integrable functions). In this paper we study the integral
inequality

07| [eu(C0nn@)utais] < artfer [aushewa]

R™ R
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for all functions f(-). Here ®;(:), ®o(:) are p-functions with subadditive
(®1®51)(-), and C;, Cy are nonnegative constants which do not depend
on each function f(-). For convenience we also denote this inequality by
M, : L% — L22.

As mentioned in a recent monograph of Kokilashvili and Krbec [2], this
is an open problem to characterize a pair of weight functions u(-), v(-) for
which Mg : L®1 — L22 holds. Such an integral inequality can be useful
in studying the boundary value problems for quasilinear partial differential
equations (see [3]).

In the Lebesgue case, i.e., ®1(t) = 7, $o(t) =t with 1 < p < g < o0,
inequality (1) can be rewritten as

(/ <Msf>q<:c>u<ac>dsc)é <o / s @)

Rn R

Sawyer [4] characterized the weight functions wu(-), v(+) for which (2) held.
One of the crucial keys he used to solve this problem is to note the equiva-
lence of (2) to

(R[(Msag)q(x)u(x)dz> "< C(/Ig(x)|pa(x)dx> " 3)

R™

where o(-) = v~ 71 (). Indeed, Jeu [(fo ) (@) Po(z)de = [, |f(z)Pv(z)dz.
Thus in the Orlicz setting, inequality (3) leads naturally to the following
first generalization:

27| [ex(Caton@)uo] < oo [ oot o

where o(+) is some weight function. Such integral inequalities were studied
by L. Qinsheng [5], and, independently, by the author [6]. Roughly speaking,
inequality (4) is not technically too far from the Lebesgue setting, and so this
problem can be handled by Sawyer’s ideas [4]. The second generalization of
(2) is the two-weight modular inequality (1) or M, : L?* — L®2 introduced
above. This inequality is more difficult to study than (4). Indeed, from
the latter, we cannot easily derive (1), since contrary to the Lebesgue case,
there is no obvious connection between [,, ®1|(f(z)o~1)(z)|)o(x)dz and

wn @1(|f (@)])v(2z)da. The problem M : Ly — L3, where M = M is the
classical Hardy—Littlewood maximal operator, was studied by Kerman and
Torchinsky [7]. They considered an N-function ®(-) with ®(-), ®*(-) € As.
Recall that an N-function is a convex @-function satisfying lim;_¢ @
lims— oo % = 0, and the associated conjugate function ®*(-) is defined by
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O*(t) = sup,so{st — ®(s)}. The condition ®(-) € Ay means ®(2t) < CP(t)
for all ¢ > 0.

As in the Lebesgue setting, the problem M : L® — L® for u # v is
completely different. Using the Lebesgue arguments [4], Chen [8] and Sun
[9] studied this problem independently. They obtained the following result:

Suppose ®(+) is an N-function with ®(-), ®*(-) € As and there is a weight
function o(+) satisfying the extra-assumption:

sup | @([TglNTya<Tyf>J<x>)v<x>dw<0R[ o(f(@)u()dz  (+)

yeRm
Rn

for all functions f(-); then M : L? — L® holds if and only if

/@((MEUHQ)(x))u(x)d:v < c/@((aoHQ)(x))v(x)dx (5)

R™ Rn
for all cubes @ and € > 0.

Here (1, f)(z) = f(z — y), N, f(z) = o(2)Ny(fo~1)(z), and N, is the
maximal function defined by

(N, g)(x) = sup {|ng1 [ lswlot)d: @is a cabe with @ > x}
Q

Unfortunately, this result has two main drawbacks. Firstly, for a general
N-function ®(-), no exact condition is known to be imposed on a weight
function v(-) for which there is another weight function o(-) satisfying the
extra-condition (x). Secondly, as in the Lebesgue setting, the Sawyer’s
condition (5) is not easy to check since it is expressed in terms of the max-
imal function M itself. Thus it was a challenging problem for specialists in
weighted inequalities to obtain a sufficient (almost necessary) condition on
weight functions u(-), v(-) which ensures M, : L®* — L®2. An attempt in
this direction was made by the author in [10]. For completeness, we recall
here the result he obtained.

Let 1 < r < oo, Wy(t) = ®1(¢+) be an N-function and (®,®;)(-) be
subadditive. Moreover, let us assume ®5(-), Ui(-) € Ay. Then M, : L+ —
L22 holds if and only if

o7 (el [uan)| < o[ (420 [omar)| e
Q Q

with constants A; and A, for all cubes @ and all € > 0, whenever the weight
function v(-) belongs to the Muckenhoupt class A, for 1 <p <.
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With the definition given below, w € A, if and only if (w, w) € A1 (0, p, p).
Although the test condition (#x) is more computable than the above Sawyer
one (5), the restriction on the weight function v(-) is an inconvenience.

Therefore our main purpose in this paper is to derive M, : L¥1 — L[®2
by a similar test condition without restrictions on the weight functions u(-),
v(-). This condition is denoted by (u,v) € A,(s, ®1,P2) (r > 1) and means

1 1 . A 1
= @) [1Ql ; Il
Q ! L(Are? B
o1 | 220" (Are11QD) 1 (ev(z))™
Q 2 e~ Q] Wl\fQ eu(y)dy
x(ev(z))7dr < 1 (6)

for all cubes @@ and all € > 0. The presence of ¢ > 0 can be explained
by the lack of homogeneities of the p-functions ®1(-) and ®3(-). Assuming

that <I>1%() is an N-function for some r > 1, we will prove that (u,v) €
A, (s, ®1,®,) is the sufficient condition in order that M, : LT — L2 (see
Proposition 3). This sufficient condition we introduce is almost necessary
in the sense that (u,v) € Aj(s,®1,Ps,) is a necessary condition for this
embedding (see Proposition 1). Our result includes one result due to Perez
[11]. We were really inspired by this author’s technique, which we will
develop in the Orlicz setting. In order to include the modular inequality
(4), we also deal with the general embedding M, : L (w;) — L&2(wy), i.e.,

25! [ / @ (Csz(x)(Msf)(x))U(w)dx] <

Rn

<1971 [ @@l @) o)) (7)

Rn

Let us consider again the inequality M, : L®* — L®2. The corresponding
weak version M : L¥1 — L®2: is defined by

vty [ ] e fo i@ ©
{(Ms f)(z)>A} R™

for all functions f(-) and all A > 0. Using the ideas from [12], we will
prove that if (®;®;')(-) is subadditive and ®;(-) is an N-function, then
M, : L® — L?2°° holds if and only if (u,v) € Ai(s,®1,Pa,). This weak
inequality was already solved and considered by many authors [2], [13] for
the case s = 0 and @4 (-) = P5(-). We emphasize that in this paper we never
use the Ay condition for the p-functions ®4(-) and ®a(-).
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We leave open the problem I, : L®* — L®2 where I, (0 < s < n) is the
fractional integral defined by I, f(z) = [5. |2 — y[* " f(y)dy. A character-
ization of the weight functions wu(-), v(-) for which the corresponding weak
inequality was proved was done by the author in [14].

We state our main results in §2, and we will give the basic lemma in the
next section. Weak inequalities are proved in §4, and §5 is devoted to prov-
ing strong inequalities. The last section deals with our test condition (6).

§ 2. THE RESULTS

Weak Inequalities
We first characterize the weight functions u(-), v(-) for which the weak
inequality (8) holds.

Proposition 1. Let 0 < s < n, ®a(-) be a p-function and ®1(-) be an
N-function with subadditive (®,05")(-).

Assume that the weak inequality M, : Lt — L2 s satisfied for some
constants C1,Co > 0. Then (u,v) € A1(s, Py, Do) with the constants A; =
C1 and A2 = 02.

Conversely, let (u,v) € Aq(s,®1,P2) for some constants Ay, Az > 0.
Then My : Lfl — L;{j?’oo s satisfied with the constants C1 = NAy, Cy =
CAs.

Here N = N(n), C = C(s,n) are nonnegative constants which depend
respectively on n and s, n.

In fact, this weak inequality can be considered as the particular case of
M, : L® (wy) — L2 (wy), i.e.,

{(M, f)(z)>A}

<o {01 / @ (wi () f(x)|)v(x)d4 )
R’!L
for all functions f(-) and all A > 0.
Here v(-), u(-), wi(-), wa(-) are weight functions. Recall (see [4]) that for

each N-function ®(-) and for each weight function w(-), the quantity |- || w
defined by

1) e = sup { [1swawleis [+ swhuwa < 1}
Rn R™

yields a norm in the Orlicz space LE (which is the set of all measurable
functions f(-) satisfying [5. ®(Alf(y)|)w(y)dy < oo for some A > 0). And
for each cube @ we also define || f(-)|le,0,w as ||f(')||<1>,|Q|—1]IQw(»)'
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Our characterization of the weight functions u(-), v(-), wi(+), we(:) for
the weak inequality (9) can be stated as

Theorem 2. Let 0 < s < n, ®2(-) be a p-function and ®1(-) be an
N -function with subadditive (&5 ")(-).

Suppose that the weak inequality Mg : L1 (wy) — LE2:°°(w,) is satisfied
for some constants C1,Cy > 0. Then (u,v) € Ai(s, P, Pa, wi,ws), ie.,

s 1
oyt [ (A || —— <o Ae?
? {/ 2(4ava(a)lQ wi(-)ev() | @;,Q,si)u(x)dx} - { a |Q|]
Q
for all cubes Q and all e > 0. Here Ay = Cy, and Ay = Cs.
Conversely, if (u,v) € Ay (s, Py, P, w1, ws), for some constants Ay, Ay >
0, then My : L® (w) — L®2°°(wq) holds with the constants C; = N Ay,

Cy = CA,.

For ws(-) = 1, the condition (u,v) € A(s, @1, P2, wy,ws) can be reduced
to the easy form

1 s Al 1
* = 2
o [ 91 ]IRQ 1
Q| -1 | 2200 (A= 1QD 1 w1 (2)ev(z)
Q 2 e~ Q| if eu(y)d
@l Jo eWway

xev(x)dr < 1.

X

Indeed, for each N-function ¥(-) and each weight function w(-) we have
I fllrwy, < 1 equivalent to [p, (| f(z)|)w(x)dz < 1. Observe that (u,v) €
Aq(s,®1,Py,1,1) is the same as the condition (u,v) € A1 (s, 1, Ps) intro-
duced above.

Strong Inequalities

Proposition 3. Let 0 < s < n, ®1(-), P2() be p-functions with subad-
ditive (D1®51)(-).

Suppose ®1(-) is an N-function and the strong inequality My : L+ — L2
is satisfied for some constants C1, Cy > 0. Then (u,v) € Aq(s, ®1, o) with
the constants A1 = C1 and Ay = O,

1
Conversely, we assume that ®7 () is an N-function for some r > 1 and
(u,v) € A,(s,®1,®y) for some constants Ay, Ay > 0. Then My : LT —
L®2 s satisfied with the constants C; = N(n)A;, Co = c(s,n)As.
In the Lebesgue case ®4(t) =P (p > 1) we take r as r = ﬁ = ps—p+l

S

1 RY;
(s > 1). Here r > 1, and ®] (t) = t(?9)". Thus our proposition includes
a Perez’ result [5]. In fact, the strong inequality considered here is the
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particular case of My : L¥1(w;) — L&2(wq) or inequality (7). Thus the
main result of this paper is

Theorem 4. Let 0 < s <n, ®1(-), ®a(-) be p-functions with subadditive
(@:1951)().

Let ®1 be an N-function and suppose that the strong inequality M, :
L2 (wy) — L22(ws) is satisfied for some constants Cy,Cy > 0. Then

(u,v) € A1(s, D1, P, w, w2),

with the constants A1 = C1 and Ay = Cs.
1

Conversely, we assume that ®7 (-) is an N-function for some r > 1 and
(u,v) € Ap(s, D1, P, wy,wa) for some constants Ay, Ay > 0, i.e.,

v
wi () (ev())”

)u(x)dx} <

1 1
(®7)*,Q,(ev ()™

o {/@2 <A2w2(x)|Q\%
Q

<oy [AleHQ@

for all cubes Q and all e > 0. Then My : L® (wy) — L22(ws) is satisfied
with the constants C1 = N(n)A;, Cy = ¢(s,n)As.

For wy(+) = 1, the condition (u,v) € A,(s, Py, Po, w1, ws) can be reduced
to the easy form

s AQ 1

n X
o1 |22 (i 11QD) , wi (2) (ev(x)) 7
2 e el ﬁf@ eu(y)dy

x(ev(z))rde < 1.

1 1.
@'Q/(q»l) Q

Due to the Holder inequality, it is clear that for each r > 1
1 1
ool I rwervarss
wi()ev(-) ley,Q.eo() = Nl () [ev ()]
thus (u,v) € Aj(s, @1, Py, wy,ws) becomes a necessary and sufficient con-
dition for the strong inequality M : L2 (wy) — L&2(wy) if for some r > 1
1 1
Pyo=To] PEREL Prarerar
wy(-)ev(:) lley,Q.ev() w1 () [ev()]*
The latter inequality was studied by Perez [5] in the Lebesgue case.
As we have seen in the first part of Proposition 3, (u,v) € A;(s, @1, P2)

is a necessary condition in order that M, : L?1 — L®2. The argument we
will use to get Theorem 4 also involves

1y
=

@)@ [ev ()]

1-
r

1
(@7)*,Qs[ev ()]
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Proposition 5. Let 0 < s < n, ®1(-) be an N-function, ®2(-) a ¢-
function with subadditive (&1®51)(-). Suppose (u,v) € A (s, @1, ®3). Then

0| [os(ca0nn)uo] < artfor [ o]

for all functions f(-) satisfying the reverse Hélder inequality

<|Ql|w/ {<I>1(|f(x)|)v(x)w(1x)}w(x)dx>i )

Q

<c

[ [es05@e) 5] e, (10)

Q

1
Qe
where r > 1 and w(-) is an A weight function.

Of course, C, Cs will depend on ¢, n and on the constants of the condition
Al(S, (I)l, (I)Q)

Now we will discuss the means for checking the test condition (u,v) €
A, (s,P1, Py, wy,1). For simplicity we will consider only the case where
®1(-) = Po(-) = ®(+), since the general case can be treated likewise with
minor modifications. Let us denote by A[Q, €, A1, As] the quantity

As 1

é—l[Al 1 :|w1(x)(5v(z))i (ev(x)) ™ da.

s
n

1 1o
@Z@w Q

With this notation, (u,v) € A.(s,®, ®,wq,1) if and only if there are Ay,
Ag > 0 for which sup_.osupg A[Q, €, A1, Ao] < 1. Tt is clear that

cosup sup A[B(0, R), e, c1 A1, coAz] < supsup A[Q, €, Ay, As]
£>0 R>0 >0 Q

1

Rl Jg

where B(0, R) is the ball centered at the origin and with radius R > 0, and
co, €1, C2 are nonnegative constants which depend on s and n.

In applications it is easier to compute A[B(0, R), e, c1 A1, caAs] than the
expression A[Q, e, Ay, As], especialy when u(-), v(-) are radial weight func-
tions. Thus it is interesting to know when the reverse of the last inequality
is satisfied. In order to answer this question, we say that a weight function
w(-) satisfies the growth condition (C), when there are constants ¢, C' > 0
such that

C
wp w(@)< g [ wldy

R<|z|<2R
ly|<cR
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for all R > 0. Many of the usual weight functions w(-) satisfy this growth
condition, since both nonincreasing and nondecreasing radial functions are
admissible. This is also the case when the weight w(-) is essentially constant
on annuli, i.e., w(y) < cw(z) for |y| < |z < 2[yl.

Now we can state

Proposition 6. Let 1 < r < oo, and (®7)(-) be an N-function. As-
sume that u(-) is a weight satisfying (C). Also suppose that the weights

(®+)* (Aﬁ)[v()]l satisfy the growth condition (C) uniformly in
wi () [v()]r
A > 0. Then there are nonnegative constants cg, c1, co such that

supsup A[Q, ¢, A1, As] < ¢ sup sup A[B(0, R), e, c1 A1, coAs].
>0 Q e>0 R>0
Indeed, cg, c1, co depend on the constants in the growth conditions in-
volving u(-), v(+), w1 (-) but not on these individual weights.
We only have to prove Theorems 2, 4, and Propositions 5, 6. We first
begin by the basic result underlying the proof of these results.

§ 3. A Basic LEMMA

Lemma 7. Let r > 1, <I>1%() be an N -function.

Suppose (u,v) € A.(s, Py, Do, wy,wy) for some constants Ay, Ay > 0.
Then

0| Q/ 2 (Caua(o)|QlF [ Z ] Jutoyts| <

<o |alal(ig; [ (Bt
Q

Jo(a)] idgc” (11)

for all cubes Q and all locally integrable functions f(-) with supports con-
tained in Q. Here C1 = Ay, Cy = As.

Conversely, inequality (11) implies (u,v) € Ap(s, Py, Po, w1, wa) with the
constants A1 = Cq, Ay = Cs.

Let ®(-) be an N-function and w(:) a weight function. The Holder in-
equality asserts that

/ F@e@)w@)dy < £l

R
where || f[jg),. = inf{s > 0; [p. @A f(y)Dw(y)dy < 1}.

Proof of Lemma 7. Suppose the condition (u,v) € A,(s, 1, P2, w1, ws) is
satisfied for some constants A, A> > 0.

gl

D w)
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Let @ be a cube and f(+) a locally integrable function whose support is
contained in Q). Without loss of generality we can assume

0< /[@1(w1(z)|f(x)\)v(x)]%dx < 0.
Q

Note that wq(-)v(-) is not identically zero on (. Then by the Holder in-
equality we have

1 1 1 A

1Ql Q/ f@)ldz = 15 Q/ (w1($)|f(33)\)(W)(Ev(m))rdmg
1

S le(')f(')’|[¢1%]1Q1(Ev)% ‘m (@1%)*7Q7(€U)%

for all € > 0. Choosing € > 0 such that

Q

ore! = (g fQ[‘I’l(w1($)|f($)|)”(x)]%d$)ra we have

[ () SO <1

[®7],Q,(ev)"

Next, using the condition (u,v) € A, (s, ®1, P2, w1, w2) and the above two
inequalities, we get

M=t Q/ s (Axua (o101 [ Q/ ] Jutoyts| <

v
wi () (ev())”

s
n

<07 | [oa(Aruall

Q
<ot Q) = a7 el

1 L u(z)dx| <
<¢>5>*,Q,<ev>?> (=) }
1

o | @) ).

Q

Therefore inequality (11) is satisfied with the constants C; = Ay, Cy = As.

Conversely, suppose that inequality (11) is satisfied for some constants
C1, Co > 0. Let @ be a cube and € > 0. By the definition of the Orlicz’s
norm, there is a nonnegative function g(-) such that

1 1
|C?Q/[(I)l(wl(x)g(l'))sv(x)}rdx <1
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and therefore
1

(s :
wi(-)(ev(-))7

T 100 dy.
((b%)*yQ,(sv)% |Q|Z9(y) Y

Now using inequality (11) with such a function g(-) we obtain

M= ;! /cI>2 (CQwQ(x)|Q
Q

: Q/ s (Cal0lF [ ! sy ua)u(oite| <

<ot |0l [ [atm@sene) )| < ook,
) Q

v
wi(-)(ev(-))7

=R
n

)u(z)dx} <

1 1
(@7)*:Q,(ev) ™

<!

Thus (u,v) € A.(s,®1, P2, w1, ws) with the constants Ay = Cq, Ay = Cs.
O

§ 4. PROOF OF THEOREM 2

Assume that ®q(-) is an N-function, and the weak inequality M, :
L& (wy) — L%2°°(wy) is satisfied with the constants Cp,Cy > 0. Let
Q@ be a cube, and f(-) be a locally integrable function whose support is
in Q. Since (Msf)(z) > |Q|%(ﬁ fQ |f(y)|dy)Ig(x), by taking the real
A=1Q ﬁ(ﬁ fQ |/ (y)|dy) in the above weak inequality we get inequality
(11) with the constants C; and Cy. Therefore by the first part of Lemma
7, (u,v) € Ay(s, @1, Do, wy,wy) with the constants Ay = Cy, Ay = Cs.

To prove the converse, we follow the same lines we used in [12]. Thus,
suppose (u,v) € Aj(s, @1, Po, wr,w2) with some constants A;, As > 0.
Let N be a nonnegative integer and M}V the truncated maximal operator
defined by

(M f)(a) =sup{c2|2-1 [ 1l
Q

Q is a cube with @Q > z and |Q| <N}.

Let A > 0, f(-) be alocally integrable function and Qy v = {(MY £)(-) > A}
Since f{(qu)(;c)>)\} u(z)de =limy_co o u(z)dz, it is sufficient to prove

/ By (Cows () u(z)da < Dy®7" {cl / @1(w1(x)\ f(:c)|)v(:c)d:c],

R™

QN
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where C1, Cs, do not depend on the integer N.
For every x € Qy n, there is a cube Q(x) centered at x such that

Q@) (@(1% é} F)ldy) > ex,

where ¢ = ¢(s,n) > 0 depends only on s and n. Since sup{|Q(z)|; = €
Qi N} < o0, by the classical Besicovitch covering theorem we can choose
from the set {Q(z); x € Qi n} a sequence of cubes (Qx)y satisfying

Oy © Qi Y llg, < K(llvas 1Qul* (11 [ 1£la) > ex
k * k|Qk

By the second part of Lemma 7, the condition (u,v) € A (s, Py, Pa, w1, ws)
implies inequality (11). Using the latter and the fact that (®;®5')(-) is
subadditive, we obtain

/ Dy (cAoAws (7)) u(x)dr < Z/% (cAsdws (z))u(z)dr <

[ f

< Z/‘% <A2w2
S 4 [ @) ] <

Qr
< @0 |:AIZ/¢’1U}1 )If (@))v(@)d ]
k Qr
< @,y [cm)Al / q>1(w1<x>|f<x>|)v<x>dx],

and therefore M, : L®1(wy) — L22°°(wy) holds with the constants C; =
C(n)Ay, Co =c(s,n)As. O

§ 5. PROOFS OF THEOREM 4 AND PROPOSITION 5

Proof of the necessity part of Theorem 4. Assume that &, is an N-function
and suppose the strong inequality M, : L®1(w;) — L®2(wy) is satisfied
for some constants C7,Cy > 0. This implies the weak inequality M,
L2 (wy) — L¥2°°(wy) with the same constants C1,Cy > 0. Thus, as in
the proof of Theorem 2, (u,v) € A(s, @1, P2, wi,wz) with the constants
A =Cq, Ay = Cs. [l
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To prove the converse, to get M : L2 (w1) — L2 (wy), we first do some
preliminaries so as to discretize the operator M.

Preliminaries for the proof of sufficiency part of Theorem 4. Recall that
the dyadic version M¢ of the maximal operator My is defined as

(M2 f)(z) = sup {Q|fb1 / |f(y)|dy; @ is a dyadic cube with @ > x}
Q

We need
Lemma 8. Let f(-) be a function with a compact support and X\>0. If

{(Msf)(:) > A} is a nonempty set then we can find a family of nonoverlap-
ping mazimal dyadic cubes (Q;); for which

{0LN() > A} cUBR), 27"A< Q)

<|$ / f<y>|dy) <o,
Qj
(200 > 2720 = U,

This lemma is the standard one and was proved in [5]. As a consequence
we obtain

Lemma 9. Let f(-) be a function with a compact support. For each
integer k let

O = {(Msf)() > ak}, I'y = {(Mff)() > 2*2”ak}, where a = 273",

There is a family of mazimal nonoverlapping dyadic cubes (Qxj); for
which

Q C LJ,J(3ij)7 I'y= LjJij,

» L n—s_k (12)

Let Ey, j = Qrj\(Qxj NTki1). Then (Ex )k, ts a disjoint family of sets
for which

ak < |Qk]

922(n+s)

1@ PeT 1

< c|Egj| with ¢=c(s,n)= (13)

The first part of this result is an immediate consequence of Lemma 8, for
A = 22775g* while the second one follows from the estimate

Qi NThya| < 2720049 |Qy
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The latter one can be obtained from (1) as follows,

|Qrj NThpi| = Z |Qk,j N Qrt1,i] < Z |Qr1,i] <
7

15Qk+1,iCQrk,j

1 s
< o > 1Qkgaal® / |f(y)ldy <

13Qr+1,i CQk,j Qiir.i

2 s
=D DU I VIO

13Qk+1,iCQk,j

IN

Qk+1,i

s 2
W\Qk,j\" / [f(y)ldy <
Qk,j

J

n—2s

IA

a |Quj| = 272T9|Qy 4.

Now we can proceed to

1
Proof of the sufficiency part of Theorem 4. We assume that ®7(-) is
an N-function for some r > 1 and (u,v) € A,(s, P1, P2, wy,ws) for some
constants Ay, Az > 0. We have to prove My : L2 (w;) — LE2(wy), i.e.,

/‘1)2(Czwz(fﬂ)(Msf)(ﬂﬁ))u(x)dx < @ 0rt [Cl/‘l’l(wl(xﬂf(iﬁﬂ) v(z)dx

Rn R

for all locally integrable functions f(-).

We assume that f(-) is bounded and it has a compact support. We do not
lose generality, since the estimates we obtain do not depend on the bound
of f(-), and the monotone convergence theorem yields the conclusion. With
the notations of Lemma 9, we have

S= /<I>2 (37273 Apwo (2) (M, f) (z)) u(z)d =
B

= Z / D5 (37273 Aywy () (M, f) (z) )u(z)dz <
k Qp—Qp 41

< Z Dy (37273 Apa™ s (z) ) u(z)dz <
k.j 3Qk,;

S| %(3—"Azwz<x>|czk,j|i[@:J_'Qk/ Fwldy] Juta)as <

k,j 3Qk,j
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(see estimate (12) in Lemma 9)

<Z / <I>2(A2w2 )13Qk,;

1
kg |3Qk’j\ / If(y)ldyDu(x)de
) 3Qk, v

<Z<I)2 [AlSQ’“’J|(|3Qlk,j| / [‘I)l(wl(x)|f(a:)|)v(x)}idx)r}

3 k,j

IN

(by the first part of Lemma 7)

3Qk,j
(recall that ®7'®, is subadditive)

= 0P [3nAlek’j|(|3Q |/[<I>1(w1(z)|f(x))y(x)]}dz)r}S

k,j

—1[aqn X
< J
< Py®; [3 c(s,n)A; g |Ex ;| x
k,j

X (|3Q1]w / [q>1<w1($)|f(x)|)v(x)]idx)r] .

k,j

(see estimate (13) in Lemma 9)

< &y [3 csnAlz / Oy (w| fl)v ]i)r(x)dx] <

k,j Ey. g

(M = My is the Hardy—Littlewood maximal operator)

< Oyd |:3 C(S n)Al/(M[‘I)l(wlf|)1j]r>r(1‘)d$:| <

R’Vl

(B ;’s are disjoint sets)

< Pyt [S”C(S,n)Al / <I>1(w1(x)|f(m)|)v(x)dm}

R™

(by the well known maximal theorem (r > 1)). Thus the inequality is

fulfilled with the constants C = 3"%1417 Cy=273"3""4,. 0O
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Proof of proposition 5. Since this result can be obtained by using a few
changes in the above estimates, we will outline the essential arguments.
With the above notation, the condition w(-) € Ay implies the existence of
a constant ¢ = ¢(w) > 0 such that

|Ekjlw < clQrjlo-

Now, as above, by Lemma 7 (recall that (u,v) € A;(s, ®1,P2)) we obtain

S= /<I>2 (c2Ag (M, f)(z))u(z)de <

in
< @07 [clA%]Ew(le / [t Jetoar) | <
< By d {clAlszmw('w T /{<I>1(|f(a:)|)v(x)w1x)}iw(gg)dx)r] .
N
< Py [cclAl kzj:Ek/] 1(1fD 1};] ) (x)w(m)dx} <
§<I>2<I>1_1[001A1/([Mw [(I)l(|f|)vir)r(:c)w(x)dx} <
P
< 0,00 [cclAl/<I>1(|f(x)|)v(x)dx} O

Rn

8§ 6. PROOF OF PROPOSITION 6

Let € > 0 and @ be a cube centered at zy and having a side with length
R > 0.

First we suppose |zg| < 2R. Then for a constant ¢; > 1 which depends
only on the dimension n we obtain @ C B(0, ¢; R), which results in

AQ.e AL A S (D g [ (@) x

B(0,c1R)

(Cl ) _SAQ 1

@1 (o) Ay ()d}m(w)(sv(x))w
(e1R)™ B(O,clR)Euy Y

X (ClR)S
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Next we consider the case 2R < |zg|. Then |x| = |z¢| whenever z € Q,
and @ C B(0,c3|zg|) with a constant ¢g > 1 which depends only on n.
Thus, the growth condition on u(-) yields

cq(n,u) /
u(y)dy.
IQI/ = Tesla)" W)y
B(O,Cglxol)

Since the family of weights (®7)* (/\W)[U()]% satisfies uniformly
wi(-)|vi-)|r
(in A) the growth condition (C), we obtain

A[Q. e, Ay, As] < @Z(@l

. A 1
X (03‘350')5 ekl T (EU(,CE))%dJ;S
oy — e
WfB(ch?,lmo\)EU(y)dy
< sup(q)%)* X
TEQ
C/A 1 .
X (03|-T0|)S 272 I (gv(x))FS

1
(ealzoD™ f;<oﬁg\z0\>5“(y)dy

1 1
= (ealrol)” / (7)7

B(0,c3]zo])

—m 1 Jn@ev)?

chAs 1
@—1[c'1,41 L }wl( z)(ev(x)) ™

1
(ezlzoD™ fB(o,C3\zo\) cu(y)dy

(ev(z))*dx.

x [(es|zo)®

<=

Finally, by these estimates we get

supsup A[Q, &, A1, As] < cosup sup A[B(0, R), e,/ A1, ch As]. O
e>0 Q e>0 R>0
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