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We introduce a new hybrid iterative scheme for finding a common element in the solutions set of a
system of equilibrium problems and the common fixed points set of an infinitely countable family
of relatively quasi-nonexpansive mappings in the framework of Banach spaces. We prove the
strong convergence theorem by the shrinking projection method. In addition, the results obtained

in this paper can be applied to a system of variational inequality problems and to a system of
convex minimization problems in a Banach space.

1. Introduction

Let E be a real Banach space, and let E* be the dual of E. Let C be a closed and convex subset
of E. Let {fj}ex be bifunctions from C x C to R, where R is the set of real numbers and A is
an arbitrary index set. The system of equilibrium problems is to find x € C such that

fi(xy) 20, VyeC jeA. (1.1)
If A is a singleton, then problem (1.1) reduces to find X € C such that
f(x,y) >0, YyeC. (1.2)

The set of solutions of the equilibrium problem (1.2) is denoted by EP(f).
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Combettes and Hirstoaga [1] introduced an iterative scheme for finding a common
element in the solutions set of problem (1.1) in a Hilbert space and obtained a weak
convergence theorem.

In 2004, Matsushita and Takahashi [2] introduced the following algorithm for a
relatively nonexpansive mapping T in a Banach space E: for any initial point xy € C, define
the sequence {x,} by

Xn+1 = Iﬁlcji1 (anJxn+(1-a,)]Tx,), n2>0, (1.3)

where ] is the duality mapping on E, Ilc is the generalized projection from E onto C, and
{a} is a sequence in [0,1]. They proved that the sequence {x,} converges weakly to fixed
point of T under some suitable conditions on {a;,}.

In 2008, Takahashi and Zembayashi [3] introduced the following iterative scheme
which is called the shrinking projection method for a relatively nonexpansive mapping T
and an equilibrium problem in a Banach space E:

xo=x€C, Cy=C,
Yn = ]_1 (anJxn + (1 - an)JTxy),
u, € C such that f(u,,y) + %(y —Un, Jin — Jyn) >0 VyeC, (1.4)
n

Cus1 = {Z €Cy:P(z,un) < (P(Z/xn)}/

Xup1 =1lg,,, X0, n20.

n+l

They proved that the sequence {x,} converges strongly to Ilrr)nep(f)Xo under some
appropriate conditions.

2. Preliminaries and Lemmas

Let E be a real Banach space, and let U = {x € E : ||x|| = 1} be the unit sphere of E. A Banach
space E is said to be strictly convex if, for any x,y € U,

x #y implies

Yy “ <1. @2.1)

It is also said to be uniformly convex if, for each € € (0,2], there exists 6 > 0 such that, for any
x,yel,

X — > ¢ implies
[l - vl p

<1-6. (2.2)
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It is known that a uniformly convex Banach space is reflexive and strictly convex. The
function & : [0,2] — [0,1] which is called the modulus of convexity of E is defined as follows:

. X +
5(¢) :mf{l— ||Ty| rx,y €E x| =yl =1,

x-y 25}. (2.3)

The space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. A Banach space E is
said to be smooth if the limit

o e 1] =l

lim ; (2.4)

exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.4) is attained
uniformly for x,y € U. The duality mapping ] : E — 2F is defined by

Jx) = {x" € B : e, x") = Ilx|? = ')} (2.5)

forall x € E.If E is a Hilbert space, then | = I, where I is the identity operator. It is also known
that, if E is uniformly smooth, then ] is uniformly norm-to-norm continuous on bounded
subset of E (see [4] for more details).

Let E be a smooth Banach space. The function ¢ : E x E — R is defined by

d(x,y) = lIxI* - 2(x, Jy) + |y|* (2.6)

for all x,y € E. In a Hilbert space H, we have ¢(x,y) = ||x — y||* forall x,y € H.

Let C be a closed and convex subset of E, and let T be a mapping from C into itself.
A point p in C is said to be an asymptotic fixed point of T [5] if C contains a sequence {x,}
which converges weakly to p such that lim,, _, o [|x, — Tx,|| = 0. The set of asymptotic fixed
points of T will be denoted by F(T). A mapping T is said to be relatively nonexpansive [6-8]
if F(T) = F(T) and ¢(p,Tx) < ¢(p,x) forall p € F(T) and x € C. The asymptotic behavior
of a relatively nonexpansive mapping was studied in [6, 7]. T is said to be relatively quasi-
nonexpansive if F(T) #@ and ¢(p, Tx) < ¢(p, x) forallp € F(T) and x € C.Itis obvious that the
class of relatively quasi-nonexpansive mappings is more general than the class of relatively
nonexpansive mappings. The class of relatively quasi-nonexpansive mappings was studied
by many authors (see, for example, [9-12]). Recall that T is closed if

xp —x, Tx, — yimply Tx =y. (2.7)

The aim of this paper is to introduce a new hybrid projection algorithm for finding a
common element in the solutions set of a system of equilibrium problems and the common
fixed points set of an infinitely countable family of closed and relatively quasi-nonexpansive
mappings in the frameworks of Banach spaces.

We will need the following lemmas.
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Lemma 2.1 (Kamimura and Takahashi [8]). Let E be a uniformly convex and smooth Banach
space, and let {x,}, {1y }be two sequences of E. If ¢(xn, yn) — 0and either {x,} or {y,} is bounded,
then ||x, — yul| = Oasn — oo.

Let E be a reflexive, strictly convex, and smooth Banach space, and let C be a
nonempty, closed, and convex subset of E. The generalized projection mapping, introduced by
Alber [13], is a mapping Ilc : E — C that assigns to an arbitrary point x € E the minimum
point of the function ¢(y, x); that is, Ilcx = X, where x is the solution of the minimization
problem

$(x,x) =min{¢p(y,x) : y € C}. (2.8)

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢ and strict monotonicity of the duality mapping ] (see, for instance, [4, 8, 13-15]). In a
Hilbert space, I'lc is coincident with the metric projection.

Lemma 2.2 (Alber [13], Kamimura and Takahashi [8]). Let C be a nonempty, closed, and convex
subset of a smooth, strictly convex, and reflexive Banach space E, let x € E, and let z € C. Then
z = Iex if and only if

(y-zJx-Jz) <0, VYyeC (2.9)

Lemma 2.3 (Alber [13], Kamimura and Takahashi [8]). Let C be a nonempty, closed, and convex
subset of a smooth, strictly convex, and reflexive Banach space E. Then

¢(x,Tcy) +p(Tcy, y) <p(x,y) VxeC yeE. (2.10)

Lemma 2.4 (Qin et al. [16]). Let E be a uniformly convex, smooth Banach space, and let C be a
closed and convex subset of E. Let T be a closed and relatively quasi-nonexpansive mapping from C
into itself. Then F(T) is closed and convex.

For solving the equilibrium problem, let us assume that a bifunction f satisfies the
following conditions:

(Al) f(x,x) =0forall x € C;
(A2) f is monotone; thatis, f(x,y) + f(y,x) <0forallx,y € C;
(A3) forall x,y,z € C, limsup, f(tz+ (1 - t)x,y) < f(x,y);

(A4) for all x € C, f(x,-) is convex and lower semicontinuous.

Lemma 2.5 (Blum and Oettli [17]). Let C be a closed and convex subset of a smooth, strictly convex,
and reflexive Banach space E, let f be a bifunction from C x C to R which satisfies conditions (Al)-
(A4), and let r > 0 and x € E. Then there exists z € C such that

f(z/y)+%<y—z,lz—]x>zo, vy e C. (2.11)
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Lemma 2.6 (Takahashi and Zembayashi [18]). Let C be a closed and convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let f be a bifunction from C x C to R which

satisfies conditions (A1)—(A4). For all v > 0 and x € E, define the mapping T,f : E — Cas follows:
T/ (x) = {z €eC: f(zy)+ %(y -z, Jz-Jx)>0,Vy € C}. (212)

Then, the following statements hold:
1) T,f is single valued;
(2) T/ is of firmly nonexpansive type [19]; that is, for all x,y € E,

(T/x -]y, T x - Ty ) < (T/x-Tly, Jx- Jy ); (2.13)

(3) F(T)) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.7 (Takahashi and Zembayashi [18]). Let C be a closed and convex subset of a smooth,
strictly, and reflexive Banach space E, let f be a bifunction from C x C to R which satisfies conditions

(A1)—(A4), and let r > 0. Then, for all x € E and q € F(Tf),

¢<q/ T/ X) + ‘;b(Trf x, x) <P(g,x). (2.14)

3. Strong Convergence Theorems

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty, closed, and convex subset of E. Let { f;} j\fl be bifunctions from C x C to R which satisfies
conditions (A1)-(A4), and let {T;}2; be an infinitely countable family of closed and relatively quasi-
nonexpansive mappings from C into itself. Assume that F = (N2 F(T;)) N (ﬂffl EP(f;)) #9. For
any initial point xy € E with x1 = ¢, xg and Cy = C, define the sequence {x,} as follows:

Yni = ]71 (“n]xn +(1- “n)]Tixn)r

i = T TIE T Y,
(3.1)
Chs1 = {z € Cyy 1 sup P(z, Un,i) < d)(z,xn)},
i>1
xn+1 = chqx()/ n 2 1

Assume that {a,} and {r;,} for j =1,2,..., M are sequences which satisfy the following conditions:
(B1) lim sup,,_, ja, <1;
(B2) lim inf,, _, o7}, > 0.

Then the sequence {x,} converges strongly to ITrxy.
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Proof. We divide our proof into six steps as follows.

Stepl. FCC,foralln>1.

From Lemma 2.4 we know that F(T;) is closed, and convex for all i > 1. From
Lemma 2.6(4), we also know that EP(f;) is closed and convex for each j = 1,2,..., M. Hence
F:=(NZ, F(Ti))n (ﬂ;\fl EP(f;)) is a nonempty, closed and convex subset of C. Clearly C; = C
is closed and convex. Suppose that Cy is closed and convex for some k € N. For each z € Ci
and i > 1, we see that ¢(z, ux;) < ¢(z, xx) is equivalent to

2(z, Jxr) = 2(z, Jur;) < ||1xel® = [l (3.2)

By the construction of the set C.1, we see that

i>1

Crs1 = {z € Ck :sup ¢(z, ui) < P(z, xk)}
(3.3)

Il
~)8

{z €Ck:p(zuri) <Pz, xx)}.

]
—_

Hence Ci.q is also closed and convex.
It is obvious that F ¢ C; = C. Now, suppose that F C Ci for some k € N, and let
p € F:= (NZ F(T) N (N EP(f;)). Then

¢ (pus) = d(p, THLTI, - Ty

S ¢ <p’ TVfAI:I{_ll,n TTfAI:I/{_Zz,n T le.l,n ]/k,i>

<o)
< ¢(p. Yki)
= ¢(p. ) @ xic+ (1- ) J Tixo)) 54)
= |lpII* - 2(p, awJxic + (1 - ) JTixi)
+ [leck Jxx + (1= ae) JTioxe ||
< lIpll* - 2a¢p, Jxe) = 2(1 = @) (p, JTici)
+ agefloek | + (1= ) [ Tioeie ||
= axd(p, xx) + (1 - ax)p(p, Tixx)
<p(p, xx)-

Hence F C Ci,1. By induction, we can conclude that F ¢ C,, for all n > 1.
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Step 2. limy, . o, (x, x0) exists.

From x,, = I'lc, xp and x,41 = I1c,,,x0 € Cpi1 C Cy,, we have

n+l

¢(xn, x0) < P(xns1,%0), n>1. (3.5)
From Lemma 2.3 we get that
$(xn, x0) = P(I1c, x0,x0) < P(p,x0) — P(p, x1) < P(p, x0). (3.6)

Combining (3.5) and (3.6), we get that lim,, _, . (x,, X0) exists.

Step 3. {x,} is a Cauchy sequence in C.
Since x,, = Il¢, x9 € Cp, C C,, for m > n, we obtain from Lemma 2.3 that

P, xn) = P(xm, e, x0) < P(xm, x0) — Pp(I1c,x0, X0)
= ()b(xmr xO) - d)(xnr xO)'

(3.7)

We see that ¢(x,,, x,) — 0asm,n — oo, which implies with Lemma 2.1 that ||x,, — x,|| — 0
as m,n — oo. Therefore {x,} is a Cauchy sequence. By the completeness of the space E and
the closedness of the set C, we can assume that x, — g€ Casn — oo. Moreover, we get that

nlgrc}o ¢(xus1,x4) = 0. (3.8)

Since x,,.1 =I¢, ., xp € C,41, we have for all i > 1 that

¢(xn+1/ un,i) < ¢(xn+1r xn) — 0. (39)
Applying Lemma 2.1 to (3.8) and (3.9), we derive

r}gr;o||un,i -x,|| =0, Vi>1 (3.10)

continuous on bounded subsets of E, we obtain that

This shows that u,; — gasn — oo for alli > 1. Since J is uniformly norm-to-norm

Hm [[Jun; = Jxal| =0, Vi1 (3.11)

Step4. g e N5 F,(Ti)'
Denote @), = TrfjfnTéilrn . --Tr{; forany j € {1,2,...,M} and ©Y = I for all n > 1. We note

that u,; = @Q’I Yni for alli > 1. From (3.4) we observe that

(P O M yni) < (P OV PYni) <+ < PP yus) <P(pxr), Viz 1. (3.12)
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Since p € EP(fum) = F(T[Aﬁ’;) for all n > 1, it follows from (3.12) and Lemma 2.7 that

¢ (001X i) < B (P, O i) = $(p, uni)

< ¢(p, xn) = P(p, tn)-

(3.13)

From (3.10) and (3.11), we get that lim,, _, oo} (1,5, ©M 1y, ;) = 0 for all i > 1. From Lemma 2.1,
we have

. M-1
lim ([t —©, " Yn,i

n— oo

=0, Vi>1L (3.14)

From (3.10) and (3.14), we have

lim ||x, -©M1y,:ll=0, Vi>1, (3.15)

n— oo

and hence,

lim ”]xn— joM-1y M=o, vi>1 (3.16)

Again, since p € EP(fp-1) = I—“(TfM'1 ) for all n > 1, it follows from (3.12) and Lemma 2.7 that

T™M-1,n

B (O i O1 i) < $(p, ON i) - ¢ (P, ON T yni)

(3.17)
<P(p,x) = (P OY Tyns)-

From (3.15) and (3.16), we also have
lim ”@nM‘lyn,i —oM2y, =0, vix1. (3.18)

Hence, from (3.15) and (3.18), we get
Tim ||, — oM2y, =0, Vi>1, (3.19)
lim || Jxu—JOM 2y, =0, vi>1. (3.20)

In a similar way, we can verify that

Tim 10,2y = 0y Y| =+ = lim O,y = yusi|| =0 (3.21)
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foralli>1,

= .. = hm ||Xn_ynri” :O

n—oo

lim |[x, - @24_3 Yni

n— oo

foralli>1,

Tim [|7x, - JOM Py,

Tim |7~ Jynl] = 0
for all i > 1. Hence, we can conclude that

=0

lim @{lyn,i - 911_1 Yn,i

n—oo

foreachj=1,2,...,Mand i > 1. Observe that

”]yn,i - ]xn” = llan]xn + (1 = an) JTixy — Jxul|
= (1 - an)|JTixn = Jxull,

then we obtain from (B1) and (3.23) that

lim |[JTixn = Jxul =0, Vi>1.
n—oo

Since J™! is also uniformly norm-to-norm continuous on bounded subsets, we get that

lim ||Tix, — x,|| =0, Vi>1.
n— oo

Since T; is closed for all i > 1 and x,, — g, we conclude that g € N2 F(T}).

Step 5. q € ;% EP(f)).

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

From (3.24) and (B2), we have that || ]@{lym- - ]@51%’1‘”/ rin — 0asn — oo. Then,

foreachj=1,2,..., M, we obtain that

fi <@flyn,i,y> + T]Ln <y — Ol Y, JOYn,i ]@iflyn,i> 20, VyeC

From (A2) we have that

” ]@Zlyn,i - ]@Lflyn,i

Tjn jin

|| Y~ Ohyn,

>~fi(@yniy) > fi(y, Ohyns), VyeC.

1 . . .
> T_ <y - eilyn,i/ ]eilyn,i - ]eZ’l 1yn,i>

(3.28)

(3.29)
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From (A4) and the fact that @iym — gfori>1,weget fi(y,q) <0forall y € C. For each
0<t<landy € C, denote y; = ty + (1 - t)g. Then y; € C, which implies that f;(y;, q) < 0.

From (Al) and (A4), we obtain that 0 = f;(y:, y:) < tfj(ye,y) + (1 = t)fi(y1,q) < tfi(ye, y).
Thus, f;(y:,y) > 0. From (A3), we have fi(q,y) >0forally € Cand j = 1,2,..., M. Hence

q € N% EP(f)).
Step 6. q= HF.X'O.
From x, = I'lc, xo, we have
(Jxo— Jxpn,xn—2z) >0 Vze(C,. (3.30)
Since F C C,,, we also have
(Jxo = Jxu,x,—p) 20 VpeF. (3.31)
Letting n — oo in (3.31), we obtain that

(Jxo—Jg,9-p)>0 VpeF. (3.32)

From Lemma 2.2 we conclude that g = I'lrxp. This completes the proof. 0

Remark 3.2. Theorem 3.1 improves and extends Theorem 3.1 of Takahashi and Zembayashi in
[3] in the following senses:

(i) from the case of an equilibrium problem to a finite family of equilibrium problems;

(ii) from a single relatively nonexpansive mapping to an infinitely countable family of
relatively quasi-nonexpansive mappings;

(iii) if M =1and T; = T for all i > 1, then our restriction on {a,} is weaker than that of
Theorem 3.1 of [3].

Remark 3.3. The iteration (3.1) is a modification of (1.4) in the following ways.

n

(i) We use the composition of mappings { Tr{j } ?fl in the second step.

(ii) We construct the set C,.1 by using the concept of supremum concerning an
infinitely countable family of closed and relatively quasi-nonexpansive mappings
{Ti}25. M =1and T; =T for all i > 1, then the iteration (3.1) reduces to that of
(1.4).

If we take a, = 0 for all n € N in Theorem 3.1, then we have the following corollary.

Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty, closed, and convex subset of E. Let { fj}?fl be bifunctions from C x C to R which satisfies
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conditions (A1)—(A4), and let {T;}, be an infinitely countable family of closed and relatively quasi-
nonexpansive mappings from C into itself. Assume that F = (2 F(T;)) N (ﬂ?fl EP(f;)) #0. For
any initial point xy € E with x1 = ¢, xo and Cy = C, define the sequence {x,} as follows:

Yni= Tixn/
_ fM pfMa f1
Uni = TT'M,nTerl,n e Trl,nynri’

(3.33)
Cu1 = {Z €Cy: sup ¢(Z/un,i) < d)(z,xn)},

i>1

Xps1 =Ilc,,, 00, n>1

n+l

If lim inf,, , . 7j, > 0 foreach j =1,2,..., M, then {x,} converges strongly to ITrxo.

4. Applications

In this section, we give several applications of Theorem 3.1 in the framework of Banach spaces
and Hilbert spaces.

Let A: C — E* be a nonlinear mapping. The classical variational inequality problem
is to find that X € C such that

(Ax,y-x)>0 VyeC (4.1)

The solutions set of (4.1) is denoted by VI(C, A). For each r > 0 and x € E, define the mapping
TA:E — C as follows:

TA(x) = {z €C:(Az,y—-z)+ %(y—z,]z—]x} >0,Vy € C}. (4.2)

Theorem 4.1. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty, closed, and convex subset of E. Let {A;} f\fl be continuous and monotone operators from
C to E*, and let {T;}2; be an infinitely countable family of closed and relatively quasi-nonexpansive
mappings from C into itself such that F := (N2, F(T:)) N (ﬂ?fl VI(C, A;j)) #0. For any initial point
xo € E with x1 = Ilc,xg and C1 = C, define the sequence {x,} as follows:

Yni= ]_1 (“n]xn + (1 -ay)JTixy),

Uni = TAMTAM - TRy,
(4.3)
Cp1 = {z € Cp 1sup @(z,uni) < P(z, xn)},
i>1
Xnp1 =1lg,,, X0, n21
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Assume that {a,} and {r;,} for j =1,2,..., M are sequences which satisfy conditions (B1) and (B2)
of Theorem 3.1.
Then the sequence {x,} converges strongly to ITrxy.

Proof. Define f;(x,y) = (Ajx,y —x) forall x,y € Cand j = 1,2,..., M. First, we see that
F(Tﬂ;j) =EP(fj) = VI(C, Aj) = F(T:j) foreachj=1,2,..., M.
Next, we show that { f; }j-\fl satisfy conditions (A1)—(A4).
(A1) Consider f;(x,x) = (Ajx,x—x) =0forallx € Cand j=1,2,..., M.
(A2) Foreachx,y€ Cand j=1,2,..., M, we observe that

fiGey) + fi(y,x) = (A, y —x) + (Ajy, x - y) @)
= (Ajx - Ajy,y - x).

By the monotonicity of A;, we obtain that f; is monotone. Thus { f;} ?fl satisfy condition (A2).

(A3) Foreach x,y,z€ Cand j =1,2,..., M, we have by the continuity of A; that

lim supfj(tz + (1 - t)x,y) = lim sup(A;(tz+ (1 - t)x),y - (tz+ (1 - t)x))
£l0 t10

= (Ajx,y - x) (4.5)

= fi(xy).

This shows that { fj}?fl satisfy condition (A3).
(A4) Letu,v € Cand s € (0,1). Then, foreachx € Cand j =1,2,..., M, we have

fi(x,su+(1-s)v) = (Ajx,su+(1-s)v-x)
=s(Ajx,u—x)+(1-5s)(Ajx,v-x) (4.6)
=sfi(x,u) +(1-3s)fi(x,v).

Thus f; is convex in the second variable. Let u,, € C and lim,, -, x4, = u. Then

filx,u) = (Ajx,u—x)

= lim (Ajx, u, — x) (4.7)

n—oo

= lim fi(x, uy).

This shows that f; is lower semicontinuous in the second variable. Hence { fj}j»\fl satisfy
condition (A4). From Theorem 3.1 we obtain the desired result. O

If we take a, = 0 for all n € N in Theorem 4.1, then we have the following corollary.
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Corollary 4.2. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty, closed, and convex subset of E. Let {A;} j\fl be continuous and monotone operators from
C to E*, and let {T;}2, be an infinitely countable family of closed and relatively quasi-nonexpansive
mappings from C into itself such that F := (2 F(T;)) N (ﬂ?fl VI(C, Aj)) #0. For any initial point
xo € E with x1 = Ilc,xg and C1 = C, define the sequence {x,} as follows:

Yni= Tixn/

_ TAMTAMA Ay
Uni = TTM/n TTMfl,n e Trl,n Yni,

(4.8)
Cpi = {z € Cy 1 sup P(z, uy,i) < ¢(ern)}/

i>1

Xup1 =1lg,,, X0, n21

n+l

If lim inf,, _, 7j, > 0 foreach j =1,2,..., M, then {x,} converges strongly to ITrxo.
Let ¢ : C — R be a real-valued function. The convex minimization problem is to find that
x € C such that

p(x)<¢(y) VyeC (4.9)

The solutions set of (4.9) is denoted by CMP(yp). For each r > 0 and x € E, define the mapping
T, : E — C as follows:

TY (x) = {z €eC:9(y) + %(y—z,]z—]x) >p(z),Vy € C}. (4.10)

Theorem 4.3. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty, closed, and convex subset of E. Let {(p]-}?f1 be lower semicontinuous and convex
functions from C to R, and let {T;}2, be an infinitely countable family of closed and relatively quasi-
nonexpansive mappings from C into itself such that F := (N2, F(T;)) N (ﬂ;\fl CMP(yp;)) #@. For
any initial point xy € E with x1 = ¢, xg and Cy = C, define the sequence {x,} as follows:

Yn,i = ]71 (an]Jxn + (1 - a,)JTixy),
Ui = Thn TN - T} Y,
(4.11)
Cpi = {z € Cp, :sup ¢(z,up;) < qb(z,xn)},
i>1

Xnp1 =1lg,,, X0, n21

n+l
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Assume that {a,} and {r;,} for j =1,2,..., M are sequences which satisfy conditions (B1) and (B2)
of Theorem 3.1.

Then the sequence {x,} converges strongly to ITrxy.

Proof. Define fi(x,y) = ¢j(y) — ¢j(x) for all x,y € Cand j = 1,2,..., M. Then F(Tﬁ?) =
EP(f;) = CMP(y;) = F(T;f.f) foreach j =1,2,..., M, and therefore {f]-}?f1 satisfy conditions
(A1) and (A2).

Next, we show that {f;} ffl satisfy conditions (A3) and (A4). For each x,y,z € C, we
have by the lower semicontinuity of ¢; that

lim supf;(tz + (1 -t)x,y) = lim sup(y;(y) - ¢;(tz + (1 - t)x))
£0 €0

<i(y) - () (412)
= fi(x,y).
This implies that { f; };‘fl satisfy condition (A3).
Letu,v € Cand s € (0,1). For each x € C, we have by the convexity of ®; that
fi(x,su+ (1-s)v) =gj(su+(1-s)v)-¢;j(x)
< sepj(u) + (1= 5)p;(v) — g;(x)
(4.13)

= s(pj () = j(x)) + (1 = 5) (9j (V) — (%))
=sfi(x,u) + (1-s)fi(x,v).

On the other hand, let u, € C and lim,, _, .4, = u. By the lower semicontinuity of ¢; we have

filx,u) = @j(u) —p;(x)
< lim inf(g; (1) - j(x)) (4.14)

= lim inff;(x, uy,).

Thus { f; }?fl satisfy condition (A4). From Theorem 3.1 we also obtain the desired result. [
If we take a, = 0 for all n € N in Theorem 4.3, then we have the following corollary.

Corollary 4.4. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty, closed, and convex subset of E. Let {(pj}ffl be lower semicontinuous and convex
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functions from C to R, and let {T;}2; be an infinitely countable family of closed and relatively quasi-
nonexpansive mappings from C into itself such that F := (N2, F(T;)) N (ﬂffl CMP(¢p;)) #@. For
any initial point xy € E with x1 = Ilc,xg and Cy = C, define the sequence {x,} as follows:

Yni= Tixn/

_ TPYM PM-1 P1
Un,i = TTM,n TTMA,n e Trl,n Yni,

(4.15)
Cui1 = {z € Cp, 1 sup ¢(z, upy;) < (i)(z,xn)},

i>1

Xni1 = I, 60, n2>1

n+l

If im inf,, , 7j, > 0 foreach j =1,2,..., M, then {x,} converges strongly to ITrxo.

As a direct consequence of Theorem 3.1, we obtain the following application in a
Hilbert space.

Theorem 4.5. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
{f }j}fl be bifunctions from C x C to R which satisfies conditions (A1)-(A4), and let {T;}2; be an
infinitely countable family of closed and quasi-nonexpansive mappings from C into itself such that
F = (NZ F(T))n (ﬂ?fl EP(f;)) #0. For any initial point xo € H with x; = Pc,xo and C; = C,
define the sequence {x,} as follows:

Yni = AnXpy + (1 - an)Tixn/

TfM Tfol .

_ fi
Uni = Lrppd rvim ”Trl,nyn/i’

i>1

} (4.16)

Cpi1 = {z € Cp :supl|z — unill < ||z — x4l

Xn41 = Pc,, %0, n2>1,

n+l

where P is the metric projection. Assume that {a,} and {r;,} for j =1,2,..., M are sequences which
satisfy conditions (B1) and (B2) of Theorem 3.1.
Then the sequence {x,} converges strongly to Prxq.

Proof. Taking E = H in Theorem 3.1, the result is obtained immediately. O

Remark 4.6. Theorem 4.5 improves and extends the main results of [20-22] in the following
senses:

(i) from the case of an equilibrium problem to a finite family of equilibrium problems;

(ii) from the class of nonexpansive mappings to the class of an infinitely countable
family of quasi-nonexpansive mappings.
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