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We give sufficient conditions under which a weighted composition operator on a Hilbert space
of analytic functions is not weakly supercyclic. Also, we give some necessary and sufficient
conditions for hypercyclicity and supercyclicity of weighted composition operators on the space
of analytic functions on the open unit disc.

1. Introduction

Let D denote the open unit disc in the complex plane. Let J# be a Hilbert space of analytic
functions defined on D such that 1,z € &, and for each A in D, the linear functional of point
evaluation at A given by f — f(1) is bounded. By a Hilbert space of analytic functions H# we
mean the one satisfying the above conditions.

For A € D, let e) denote the linear functional of point evaluation at A on <#; that is,
er(f) = f(A) forevery f in H. Since e, is a bounded linear functional, the Riesz representation
theorem states that

en(f) = (f k) (1.1

forsome k) € K.
A well-known example of a Hilbert space of analytic functions is the weighted Hardy
space. Let (f(n)), be a sequence of positive numbers with $(0) = 1. The weighted Hardy

space H?(p) is defined as the space of functions f = 3o f (n)z" analytic on D such that

1715 = S|l oo < o (12)
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Since the function 3%, (nf(n)) 'z" is in H2(f), we see that limsup(f(n) /") < 1.
These spaces are Hilbert spaces with the inner product

(.9) = S FmFm ] 13)
n=0

for every f and g in H?().

Let fi(z) = z* for every nonnegative integer k. Then { f }, is an orthogonal basis. As a
particular consequence of this fact, the polynomials are dense in H?(f). It is clear that || fi|| =
B(k). We call the set {z*/B(k), k = 0,1,2,...} the standard basis for H?(f). The sequence of
weights allows us to consider the generating function

0

k(z) = ;ﬂ(zn)2 (1.4)

which is analytic on . Take A € . It is easy to see that for any function f = 3%, f(n)z" in

H*(p),
f) =(f k), (1.5)

where k) (z) = k(Xz) ; moreover,

Ikl = 3, ()’ (16)
=BG

The classical Hardy space, the Bergman space, and the Dirichlet space are weighted
Hardy spaces with weights, respectively, given by p(j) = 1, f(j) = (j+1)™"/?, and p(j) =
(j +1)"2. Weighted Bergman and Dirichlet spaces are also weighted Hardy spaces.

Let ¢ be an automorphism of the disc. Recall that ¢ is elliptic if it has one fixed point
in the disc and the other in the complement of the closed disc, hyperbolic if both of its fixed
points are on the unit circle, and parabolic if it has one fixed point on the unit circle (of
multiplicity two).

Recall that a multiplier of &# is an analytic function w on D such that w# C H. The
set of all multipliers of <# is denoted by M (). If w is a multiplier, then the multiplication
operator M,,, defined by M, f = wf, is bounded on H#. Also, note that for each A € D,
M k) = w(A)ky. It is known that M(#) C H*. In fact, since the constant functions are in #,
every function in M (&) is analytic on D. Moreover, if A € D, then

[w(V)ky (V)] = Mk, k)| < [[Moll[Ikal, (1.7)

which implies that [w(1)| < ||My|| for every A € D, and so w € H*.
In what follows, suppose that w € M(#) and that ¢ is an analytic self-map of D such
that (f o)(z) = f(p(z)) isin H for every f € H. An application of the closed graph theorem
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shows that the weighted composition operator Cy,, defined by Cy,(f)(z) = MwCy(f)(2) =
w(z) f(p(z)) is bounded. The mapping ¢ is called the composition map and w is called the
weight. For a positive integer n, the nth iterate of ¢ is denoted by ¢,; also ¢y is the identity
function. We note that

n-1
Ciop(f) = ] Twow; - (fopn) (18)
j=0
for all f € H and n > 1. Moreover,

n-1
Cophr = Hw(‘l’]’ (D)) kg, (1.9)
j=0

for every A € D and n > 1. The weighted composition operators come up naturally. In
1964, Forelli [1] showed that every isometry on H” for 1 < p < oo and p#2 is a weighted
composition operator. Recently, there has been a great interest in studying composition and
weighted composition operators on the unit disc, polydisc, or the unit ball; see, for example,
monographs [2, 3], papers [4-18].

Suppose that x € & and T is an operator on . The set {x,Tx, T?x, ...}, denoted by
Orb{T, x}, is called the orbit of x under T. If there is a vector x € H whose orbit is (weakly)
dense in H#, then T is called a (weakly) hypercyclic operator and x is called a (weakly)
hypercyclic vector for T. The operator T is called (weakly) supercyclic if the set of scalar
multiples of the elements of Orb{T, x} is (weakly) dense and is called cyclic if the linear span
of Orb{T, x} is dense. In each case, the vector x is called, respectively, (weakly) supercyclic
vector or cyclic vector for T.

Hypercyclicity of operators is studied a lot in literature. The classical hypercyclic
operator is 2B on the space ¢2(N), where B is the backward shift [19]. It is proved that many
famous operators are hypercyclic. For instance, certain operators in the classes of composition
operators [20], the adjoint of subnormal, hyponormal, and multiplication operators [21, 22]
and weighted shift operators [23] are hypercyclic. As a good source on hypercyclicity,
supercyclicity, weak hypercyclicity, and weak supercyclicity of operators, one can see [24].

Recently the hypercyclicity of the adjoint of a weighted composition operator on a
Hilbert space of analytic functions is discussed in [25]. Chan and Sanders [26] showed that
a weakly hypercyclic operator may fail to be norm hypercyclic. Furthermore, Sanders in [27]
proved that there exists a weakly supercyclic operator that fails to be norm supercyclic. In this
paper, we discuss weak supercyclicity and weak hypercyclicity of a weighted composition
operator.

2. Weighted Composition Operators on #

The following proposition limits the kinds of maps that can produce weakly supercyclic
weighted composition operators on .
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Proposition 2.1. Suppose that Cy,, is weakly supercyclic. Then

(i) w(L) #0 forall A € D;

(ii) ¢ is univalent.

Proof. Suppose that f is a weakly supercyclic vector for Cy.
(i) Let A € D, and let € be a positive number. Since the set

V={hed:|(h-ky,k)| <e (2.1)

is a weak neighborhood of k;, there exist n > 1 and a scalar a such that “CZW f €V, thatis,

n-1
a] Tewop; (1) fopu(V) - Ikl

| (aCl o er) = Nkl | =
j=0

<E. (2.2)

Now, if w(X) = 0, then ||k, || < +/€. Since € > 0 is arbitrary, we get a contradiction.
(ii) Suppose that ¢(a) = ¢(b) and put

() (&) o
w(a) w(b)

For any ¢ > 0, the set
V={hed:|(h-g )| <¢} (2.4)

is a weak neighborhood of g, and so there exist n > 1 and a scalar a such that aCy, ,f € V;
that is,

|[(aCipf - 2.8)| = |(af. Citpg) - lIgI?| = Il <. (2.5)

Thus, ¢ = 0, and so (1,k,/w(a)) = (1,kpy/w(b)); this implies that w(a) = w(b).
Consequently, (z, k,) = (z, ky), which, in turn, implies that a = b. O

Hereafter, we may assume that ¢ is univalent and w(z) #0 for all z € D. Take a € D,
and consider an automorphism of D defined by ¢,(z) = (a - z)/(1 - az), (z € D). A Hilbert
space K of analytic functions is called automorphism invariant if for every a €D, foy, € H
whenever f € H and w o ¢, € M(H) whenever w € M(H). Spaces such as the Hardy and
the Bergman spaces are automorphism invariant.

Theorem 2.2. Suppose that H is automorphism invariant. If Cy, , is weakly supercyclicand A € D is
a fixed point of ¢, then (]_[;‘:_Olwmpj(a)/(w(i))")n is an unbounded sequence for every a € D — {1}.
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Proof. First, suppose that 1 = 0. Let f be a weakly supercyclic vector for Cy, . Since the
constant function 1 is in J, the point evaluation e, is surjective. Therefore, the continuity
of e) implies that the set

{(“CZ;@f)(O) :n>0, a€ (C} = {aw(0)"f(0) : n>0, a € C} (2.6)

is dense in C; hence, f(0) should be nonzero.
Let g(z) = z,and € > 0. Put

{he](h-g k)| <e},

V=
2.7)
W={h:|(h-gka)| <e}.

Since V(W is a weak neighborhood of g, there exist n > 1 and a scalar a such that aC7, ,f €
V N W. Therefore,

|aCl, £(0) - g(0)] = |aw(0)"£(0) - g(0)| <,
(2.8)
|aCs, . f (@) - g(a)| =

zxrﬁ:w((pj(a)) (fown)(a) - g(a)| <e.
j=

On the other hand, since ¢(0) = 0, the Schwarz lemma yields that |¢x(a)| < |a| for every
positive integer k; so there is a constant ¢; such that |f(¢,(a))| < ¢ for all n. Put a, =
H’:&woq)j(a)/ (w(1))" and assume, on the contrary, that there is a constant ¢, such that

j
|an| < ¢, for all n. Thus, (2.8) imply that

|g(a)| < &+ | aw(0)"|an]l fop,)(a)| < &+ ——cics (2.9)

for every € > 0, which contradicts the fact that g(a) #0.
Now, suppose that A #0, and put

pi(2) = 1" =, pE@-mopom, W) = wopn. (2.10)

—AZ

The operators Cy, and Cy,4 are similar; indeed, Cy, = Cy, CW,¢C;,}. Thus, Cw,¢ is weakly
supercyclic. If b = ¢, (a), then

W (¢ (b)) = wopio(gro9,091) (b) = wop,(a) (2.11)

for every positive integer n. Moreover, b#0 and ¢(0) = O; thus, by the previous step the
sequence (W (¢, (b))/W(0)"), is unbounded, and so is the sequence (ay),. O
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The following corollaries are direct consequences of Theorem 2.2.

Corollary 2.3. Let H be automorphism invariant and ¢ have a fixed point A in D. If there is a point
a € D — {A} and a positive integer N such that |w(¢,(a))| < [w(A)| for all n > N, then Cy, is not
weakly supercyclic on H.

Example 2.4. Suppose that ¢(z) = az, where 0 < a < 1 and w(z) = 1 - z. Then |w(p,(a))| =
|1 - a™!| <|w(0)| =1 for all n > 1. Therefore, C,,, is not weakly supercyclic on <.

Corollary 2.5. Suppose that ¢ has a fixed point A € D. If lw(\)| > 1 and (H;?;()le(p]-(a))n is a
bounded sequence, for some a € D — {A}; then Cy,, is not weakly supercyclic on K.

Example 2.6. For a#0 in D, define ¢(z) = (a — z)/(1 — az) and w(z) = \/1 - lal>/ (1 - @z).
Since w € H* and ¢(D) C D, Cy, is bounded on the Hardy space H?(D) and the Bergman
space L%(D). An easy computation shows that ¢ is an elliptic automorphism with a fixed
point A = (1 —14/1- la*) /& and w(A) = 1. Also, for the even values of J, 9j(z) = z and
so w(yj(z)) = w(z); moreover, for the odd values of j, ;(z) = ¢(z) and w(¢p(z)) = 1/w(z).
Thus, w(yp;(a))w(pj.1(a)) = 1forall j > 0and a € D. Therefore, (H;’;&wmp]-(a))n is a bounded
sequence and so Cy, is not weakly supercyclic.

By taking w(z) = 1 in Corollary 2.3, the following result will be obtained.

Corollary 2.7. If K is automorphism invariant and ¢ has a fixed point in D, then C, is not weakly
supercyclic.

Proposition 2.8. Suppose that polynomials are dense in K. If Cy, , is weakly supercyclic, then w is a
cyclic vector for the operator M.

Proof. Since Cy,, is weakly supercyclic, its range is weakly dense. The convexity of the range
of Cy, implies that it is norm dense, and so is the range of My,. Suppose that ¢ € ¥ and
€ > 0. Then there is a vector f in  such that ||w f — g|| < €/2. Moreover, there is a polynomial
p such that ||p — f|| < €/2||Myl|. Thus,

€
lwop = gll < M (p = NIl + llewf - gll < IMullllp = £l + 5 < e (212)

This shows that w is a cyclic vector for M. O
Corollary 2.9. If Cy,, is weakly supercyclic on the Hardy space H*(D), then w is an outer function.

Proof. By Beurling’s theorem, the only cyclic vectors for M, on H?(DD) are the outer functions.
O

A necessary condition for the supercyclicity of an operator, called the angle criterion,
was introduced by A. Montes-Rodriguez and H. N. Salas. They used this criterion to construct
the non-supercyclic vectors for certain weighted shifts. We need the Hilbert space setting
version of this criterion which is presented here, for the sake of completeness.
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Theorem 2.10 (the angle criterion [24]). Let K be a Hilbert space, and suppose that T is bounded
operator on K. If a vector x € K is supercyclic for T, then

, T
limsup|<y x>| =

ot 01 (2.13)
n—oo [T]l]|y]|

for every nonzero vector y € K.

We say that a sequence (a,-)]. of complex numbers is not a Blaschke sequence if there
exists jo such that a; € D forall j > jo, and 37, (1 — |a;]) diverges.

Theorem 2.11. Suppose that ¢ is not an elliptic automorphism and has a fixed point A € D. If there
exist a € D~ {1} and a positive integer N so that |w())| < [wog;(a)| for all j > N, then Cy, is not
supercyclic.

Proof. 1f ¢ is the identity map, then Cy = M. The point spectrum of My, contains more
than one point; in fact, M} k. = Mkz for all z € D. Thus, M,, is not supercyclic [24, page
13]. So, we may assume that ¢ is not the identity map.

Assume that Cy,, is a supercyclic operator on # and U = {f € # : f(1)#0}.
Since U¢ = ker e), the set U is open in H#. We know that the set of supercyclic vectors
for Cy,, is dense in H [24, page 9]. So, there exists a supercyclic vector f for Cy,, in U. If
(w()c)/w((p]-(a)))]. is not a Blaschke sequence, then ]_[]?‘Zo|w()n)/w((pj(a))| = 0. On the other
hand, we have

n—-1
[ Twoy;(@)|| fogu(a)| = ea<CZWf>| < lleall|cz o £,
=0 (2.14)
|(cpf) ] = "ﬁwoeojm‘lf(wnu))l = ")
i
Therefore,
(o) wrrolled 3= w@ @l
ICoefll |H?;&w0(pj(a)||f0(pn(a)| -0 |wowj(a) | | fopu(a)

However since ¢,(a) — A and f(A) #0, the left side of the above inequality tends to zero,
but by the angle criterion,

lim supM =1 (2.16)

n— oo ”CZMPf””k/\“ -

which is a contradiction.



8 Abstract and Applied Analysis

Now, suppose that (w(A) /w(¢; (a)))]. is a Blaschke sequence. If g(z) = z—\, then there
exists a sequence (axCyy,), such that ayCyy, f — gask — o0.So

ni-1
] Twop; () fopn, (1) = a(@(D)™ F(1) — g(1) =
70 (2.17)
ne—1
ak l'g woy;(a) fopy, (a) — g(a)#0
j=
as k — oo. Thus,
T w) f)
— 0, 2.18
109, (@) F(gn (@) (219
which is a contradiction. O

The following theorem is a kind of the angle criterion for the weak supercyclicity
which is called the weak angle criterion.

Theorem 2.12 (the weak angle criterion [24]). Let K be a Hilbert space, and let T be a bounded
linear operator on K. Also, let x € K. Assume that one can find some nonzero y € K such that

< (7))

2.19
T (2.19)

Then, x is not a weakly supercyclic vector for T.

An operator T is bounded below if there exists ¢ > 0 such that ||T f|| > ¢| f|| for all f.
It is well known that T is bounded below if and only if it has a closed range and ker(T') = (0).
It can be easily seen that ker(Cy,) = (0); so a weighted composition operator is bounded
below if and only if its range is closed.

Proposition 2.13. Suppose that ¢ has a fixed point A € D. If
¢ =inf{|[Cupf]l : £ =1} > (W), (2.20)
then Cy,, is not weakly supercyclic.

Proof. If f € K, then ||CY, , || = ¢"||f]l and

[(Chpfrk)| _ ol f )]
o/l = elfll

W (2.21)
£

Consequently, 377, ({C5, . f, k)I/IICL, , fl) < oo, and theorem follows by the weak angle
criterion. O
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Corollary 2.14. Let ¢ be an inner function of the disc with a fixed point A € D. Suppose that
w is nonconstant and there exists m > 0 such that |w| > m almost everywhere on 0OD. If

lw(L)[\/1 + |p(0)] < m7/1—|p(0)], then Cy,, is not weakly supercyclic on the Hardy space H*(D).

Proof. Since ¢ is an inner function, ||Cy f|| > ((1 - [¢(0)]) /(1 + |(p(0)|))1/2||f|| forall f € H? [2,
page 123]. So

1-[(0)
ICup 1) = mll foupl] 2 my| 12O ¢

(2.22)
1+ ]p(0)]

7

and the result follows by applying Proposition 2.13. O

In the last part of this section, we give some necessary conditions for the weak
hypercyclicity of a weighted composition operator.

Proposition 2.15. If one of the following conditions holds, then Cy,, is not weakly hypercyclic.

(0) [ICyll <1, Jlwl| < Tand [[kol| < 1.
(ii) If a is the Denjoy-Wolff point of ¢, then w is continuous at a with ||w(a)C,|| < 1.

(iii) H C H; moreover, if a is the Denjoy-Wolff point of ¢, then w is continuous at a and
|lw(a)| < 1.

(iv) The function ¢ has a fixed point in .

Proof. Assume, on the contrary, that C,, has a weakly hypercyclic vector f. If A € D and
n >0, then

(Clhpfki) = (f.Clhr) = ﬁw(w))f(sw)). (2.23)
L

Suppose that (i) holds. Put A = 0 in (2.23). Since ||k, || < 1, we have

cZL,wf()«)| - |<c;,(,,f,ki>| - |<C%f,kk>|n|':| <Cq,iw,kk>
]:
(2.24)

<

Cy

n-1 .
IIfIIl:JIIIGPIIJIIwII S
]:

However, the mapping e, is weakly continuous [28, page 167], and so the sequence
((CZW f )(A))n is dense in C, which is impossible.
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If (ii) holds and A € D, then by the Denjoy-Wolff theorem ¢, (1) — aasn — oo. Since
lo(a)Cyll < 1, there is jo such that |w(¢;(1))[[|Cyll < 1 forall j > jo. Hence, by (2.23), we have

n-1
Cl o f ()| = ) CCI][CHA
L
n-1
< AR T Teo (oo G {IC I (2.25)
j=0

jo
< I lal lfO[w<<pf<A>) 1Cy -
L

Thus, the sequence ((C7, , f) (J\))n is bounded; now, similar to part (i), we get a contradiction.
Suppose that (iii) holds. If A € D, then ¢,(1) — a and so w(¢,(1)) — w(a) as
n — . Since [w(a)] < 1, 32(1 - [w(p; ()] ) = oo; equivalently, lim, _ o [T aw(g; (1)) = 0.
Now, by (2.23), the sequence ((C,’}W f) ()L))n is bounded and similar to part (i); again we get a
contradiction. L
At last, suppose that (iv) holds. Let p € D be a fixed point of ¢. Since C3, ,k, = w(p)ky,
the point spectrum of Cy, , is nonempty, which is a contradiction [24, page 11]. O

We remark that if # =H?(f), then ||ko| = 1; moreover, if lim inf]-_mﬂ(j)z/j > 1, then
H C H*.Indeed, for every f € H# and A € D, we have

1
B’

LFOP = [k < L FIP Il < ||f||2§é <. (2.26)
-

3. Weighted Composition Operators on H (D)

In this section, we give some necessary and sufficient conditions for hypercyclicity and
supercyclicity of weighted composition operators on the space of analytic functions H (D).
If K is a compact subset of D, for f € H(D), define Px(f) = sup,..|f(z)|- Then {Px : K C
D, K is compact} is a family of seminorms that makes H (D) into a locally convex space. In
fact, this topology is the topology of uniform convergence on compact subsets of the open
unit disc, the usual topology for H (D), which is an F-space.

Definition 3.1. A sequence of self-maps (f,), of D is said to be a run-away sequence if for
every compact set K C I, there exists a positive integer n such that f,(K) N K = 0.

For example, if ¢ is an automorphism, then (¢,),, is a run-away sequence if and only
if ¢ has no fixed point in D; see [10].
To prove the next theorem, we apply Birkhoff’s transitivity theorem.

Theorem 3.2 (Birkhoff’s transitivity Theorem [24]). Let X be a separable F-space, and let T be a
bounded linear operator in X. The following statements are equivalent.

(i) T is hypercyclic;
(ii) T is topologically transitive; that is, for each pair of nonempty open subsets (U, V') of X,
there exists a positive integer n such that T"(U) NV #0.
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Theorem 3.3. If (¢,),, is a run-away sequence and w is in H* such that w(z) #0 for all z € D, then
Cuw,p is a hypercyclic operator on H(ID).

Proof. Let U and V be two nonempty open subsets of H (D). There exist € > 0, two compact
subsets, K; and K3, of D and two functions f, g € H(D) such that

{h € H(D) : sup i, |h(2) - f(2)] < e} cu,

(3.1)
{h € H(D) : sup, ;. |h(z) - g(2)] < e} cv.
Put K = K7 U K,. Therefore,
{he HD) :sup, |h(z) - f(z)| <€} CU, "
{he HD) : sup_, |h(z) - g(z)| <€} C V. 52

Since K is compact, we can choose two closed discs, By, B, in D such that K € B; C Bj.
Since (¢,),, is a run-away sequence, there exists a positive integer n such that ¢, (B;) N B, = (.
Now, consider the map R, defined by f(z), if z € By, and by H7=1(1 /woy_i(z))gop_n(z) if
z € p,(B1). The sets By and ¢,(B1) are two disjoint closed subsets of ID; moreover, since by
convention, ¢ and so ¢, are injective, the complement of By U ¢, (B1) is connected. Then by
Runge’s theorem, there exists a polynomial p such that

|R(z) - p(z)| < min{e, m} (3.3)

forall z € B; U g, (B1). So

|f(z)-p(z)| <e VzeB, (3.4)

which implies that p € U. Also,

n 1 ¢
(2)809-n(z) —p(2)| < 7=, Yz € gu(B1), (3.5)
[ ogs @002 =) < .
which implies that
Chp(2)-g(2)| <e, VzeB,. (3.6)

Therefore, C7, ,p € V. Then p € U N C, (V) which, in turn, implies that C7, UV is
nonempty. Thus, Birkhoff’s transitivity theorem implies that Cy,, is hypercyclic. O
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Proposition 3.4. Suppose that Cy,, is hypercyclic on H(D) and (¢,),, is not a run-away sequence.
Then ranw N oD # ().

Proof. Assume that for all z € D, |w(z)| <1 or for all z € D, |w(z)| > 1. Let f be a hypercyclic
vector for Cy,4, and choose a subsequence (), so that H?ﬁalwoq)j - (fopy,) — lask —
0. Since (¢,), is not a run-away sequence there exists a compact subset K of D such that
¢ (K) N K #0 for every positive integer n; so one can find a sequence (¢,,), € K satisfying
¢, (&) € K. Since K is a compact set, there exists a € K such that ¢, (é,,) — a (passing,
if necessary, to a subsequence of (n1x)), and so f (¢, (¢n.)) — f(a). Now, if |w(z)| < 1 for all

z € D, then limy, o (1 — |[w (s, (én,))]) # 0 which implies that Z]?’io(l —|w(p;(én))]) = oo or,

equivalently, H;.Zia 1wogo,- (&n,) — Oask — oo.In the case that |w(z)| > 1 forall z € D, using a

nkfl
=0

contradictions, due to the fact that H;’ﬁa 1wo(p]- “(fop,,) — 1. O

similar argument, we obtain [T:* " ((wog;) (gnk))*1 — 0as k — oo; so in both cases we have

It is worthy of attention to note that by a similar argument as in the proof of
Theorem 2.2, one can show that it can also be applied on the space H(ID) with a further
assumption that w(\) #0. Since the space H(D) is automorphism invariant, we have the
following result.

Corollary 3.5. Suppose that ¢ is a univalent self-map of the disc. Then the following statements are
equivalent:

(a) ¢ has no fixed point in D.

(b) AC,, is weakly hypercyclic on H (D) for every complex number X with |A| = 1.

(c) C, is weakly supercyclic on H(D).

Proof. 1If (a) holds, then by Proposition 2.3 of [25], AC,, is hypercyclic on H(D) for every
complex number A with |[A\| = 1. Clearly (b) implies (c) and by the preceding discussion
(c) implies (a). O
Proposition 3.6. Suppose that ¢ is a self-map of the disc with the Denjoy-Wollf point a in D
satisfying w(a) #0. Then Cy, is weakly supercyclic if and only if C,, is weakly supercyclic on H (D).

Proof. By Proposition 2.6. of [25], w(a) is an eigenvalue for C,, , with an eigenvector ¢ which
has no zero in D; so the operator M, is invertible. On the other hand,

CuvpMg = M (w(a)C,), (3.7)

thus, Cy, 4, is similar to w(a)C,. Now, the result follows from the comparison principle [24,
Page 10]. O

Corollary 3.7. Suppose that ¢ is a univalent self~map of the disc with the Denjoy-Wollf point a in
D such that |w(a)| = 1. Then Cy, is weakly hypercyclic if and only if C,, is weakly hypercyclic on
H(D).

Proof. Corollary 3.5 shows that w(a)C, is weakly hypercyclic if and only if C, is weakly
hypercyclic. Now, the proof is the same as the preceding proposition. O
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