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Let E be a smooth Banach space with anorm ||-||. Let V(x, y) = ||x||2+||y||2—2(x, Jy) forany x,y € E,
where (-, -) stands for the duality pair and ] is the normalized duality mapping. With respect to this
bifunction V(-,), a generalized nonexpansive mapping and a V-strongly nonexpansive mapping
are defined in E. In this paper, using the properties of generalized nonexpansive mappings, we
prove convergence theorems for common zero points of a maximal monotone operator and a V-
strongly nonexpansive mapping.

1. Introduction

Let E be a smooth Banach space with anorm || - || and let C be a nonempty, closed and convex
subset of E. We use the following bifunction V (-, -) studied by Alber [1], as well as Kamimura
and Takahashi [2]. Let V(-,:) : EXE — [0, oo) be defined by V(x, y) = llx||*=2(x, ]y)+||y||2 for
any x,y € E, where (-, -) stands for the duality pair and ] is the normalized duality mapping.
Note that the duality mapping is single valued in a smooth Banach space (see [3]). From the
definition of V (-, ) the following properties are trivial.

Lemma 1.1. (a) Forall a,b,c € E,
V(a,b) <V(a,b)+V(b,c)=V(a,c)-2(a-b,Jb-]Jc). (1.1)

(b) If a sequence {x,} C E satisfies lim,_, o,V (x,,p) < oo for some p € E, then {x,} is
bounded.



2 Abstract and Applied Analysis

Let F(T) be the fixed points set of T. Ibaraki and Takahashi defined a generalized
nonexpansive mapping in a Banach space (see [4]).

Definition 1.2. A mapping T : C — C is said to be generalized nonexpansive if F(T) # @ and
V(Tx,p) < V(x,p) forallx €e Cand p € F(T).

In this paper, we prove strong convergence theorem for finding common fixed points
of a family of generalized nonexpansive mappings. In addition, we prove strong convergence
theorem for finding zeroes of a generalized nonexpansive mapping and a maximal monotone
operator. Now, we define a V-strongly nonexpansive mapping as follows.

Definition 1.3. A mapping T : C — E is called V-strongly nonexpansive if there exists a
constant A > 0 such that

V(Tx,Ty) <V(x,y) - AV (I -T)x,(I-T)y), (1.2)

for all x, y € C, where I is the identity mapping on E. More explicitly, if (1.2) holds, then T is
said to be V-strongly nonexpansive with .

If T is V-strongly nonexpansive with A, then T is V-strongly nonexpansive with any
y € (0,A]. It is trivial that a V-strongly nonexpansive mapping is generalized nonexpansive
if F(T) # 0. In the following section, we show that in a Hilbert space H a firmly nonexpansive
mapping is V-strongly nonexpansive with A = 1 and a V-strongly nonexpansive mapping is
strongly nonexpansive if F(T) # (. Motivated by the results of Manaka and Takahashi [5], we
prove weak convergence theorem for common zero points of a maximal monotone operator
and a V-strongly nonexpansive mapping in a Banach space.

2. Preliminaries

Let D be a nonempty subset of a Banach space E. A mapping R: E — D is said to be sunny,
ifforallx e Eand t >0,

R(Rx + t(x — Rx)) = Rx. (2.1)

A mapping R : E — D is called a retraction if Rx = x for all x € D (see [6]). It is known
that a generalized nonexpansive and sunny retraction of E onto D is uniquely determined if
E is a smooth and strictly convex Banach space (cf., [7]). Ibaraki and Takahashi proved the
following results in [4].

Lemma 2.1 (cf., [4]). Let E be a reflexive, strictly convex, and smooth Banach space, and let T be
a generalized nonexpansive mapping from E into itself. Then there exists a sunny and generalized
nonexpansive retraction on F(T).
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Lemma 2.2 (cf., [4]). Let D be a nonempty subset of a reflexive, strictly convex, and smooth Banach
space E. Let R be a retraction from E onto D. Then R is sunny and generalized nonexpansive if and

only if

(x-Rx,JRx-Jy) >0, (2.2)

forallx € Eand y € D.

A generalized resolvent J, of a maximal monotone operator B C E* x E is defined by
J, = (I+rBJ)™" for any real number r > 0. It is well known that J, : E — E is single valued
if E is reflexive, smooth, and strictly convex (see [8]). It is also known that J, satisfies

<x_]rx_ (y_]ry)/]]rx_]]ry> >0, Vx,yGE- (23)
This implies that
(x=J,x,JJ;x—=]Jp)>0, Vx€E, peF(J,). (2.4)

Therefore, from Lemma 1.1(a), we obtain the following proposition.

Proposition 2.3. (a) If a sunny retraction R is generalized nonexpansive, then R satisfies

V(x,Rx) + V(Rx,y) = V(x,y) - 2(x = Rx, JRx - Jy)

(2.5)
<V(x,y), Vx,yeD.
(b) For each r > 0, a generalized resolvent J, satisfies
V(x, J;x)+V(Jrx,p) <V(x,p), Vx€E, peF(]). (2.6)

Remark 2.4. The property in Proposition 2.3(b) means that J, is generalized nonexpansive for
any r > 0.
We recall some nonlinear mappings in Banach spaces (see, e.g., [9-12]).

Definition 2.5. Let D be a nonempty, closed, and convex subset of E. A mapping T : D — E
is said to be firmly nonexpansive if

|Tx - Ty|* < (x - y,j(Tx - Ty)), 2.7)

forall x,y € D and some j(Tx - Ty) € ] (Tx - Ty).
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In [12], Reich introduced a class of strongly nonexpansive mappings which is defined
with respect to the Bregman distance D(:,-) corresponding to a convex continuous function
f in a reflexive Banach space E. Let S be a convex subset of E, and let T : S — S be a self-
mapping of S. A point p in the closure of S is said to be an asymptotically fixed point of T if S
contains a sequence {x,} which converges weakly to p and the sequence {x,-Tx,} converges
strongly to 0. F(T) denotes the asymptotically fixed points set of T.

Definition 2.6. The Bregman distance corresponding to a function f : E — R s defined by

D(xy) = f(x) - f(y) - f(¥)(x-v), (2.8)

where f is the Gateaux differentiable and f’(x) stands for the derivative of f at the point x.
We say that the mapping T is strongly nonexpansive if F(T) # and

D(p,Tx) <D(p,x), Vpe F(T), x€S, (2.9)

and if it holds that lim,_.,D(Tx,,x,) = 0 for a bounded sequence {x,} such that
lim, . o (D(p, x,) — D(p, Tx,)) =0 forany p € F(T).

We remark that the symbols x, — wu and x, — wu mean that {x,} converges
strongly and weakly to u, respectively. Taking the function || - ||* as the convex, continuous,
and Gateaux differentiable function f, we obtain the fact that the Bregman distance D(:, -)
coincides with V(:,-). Especially in a Hilbert space, D(x,y) = V(x,y) = ||x - y||2. Bruck and
Reich defined strongly nonexpansive mappings in a Hilbert space H as follows (cf., [10]).

Definition 2.7. A mapping T : D — H is said to be strongly nonexpansive if T is
nonexpansive with F(T) #@ and if it holds that

(xn—yn) — (Tx, —Ty,) — 0 (2.10)

when {x,} and {y,} are sequences in D such that {x, — y,} is bounded and lim,, _, , (||x, —
yn” I Tx, - Tyn”) =0.

The relation among firmly nonexpansive mappings, strongly nonexpansive mappings
and V-strongly nonexpansive mappings is shown in the following proposition.

Proposition 2.8. In a Hilbert space H, the following hold.

(a) A firmly nonexpansive mapping is V-strongly nonexpansive with A = 1.

(b) A V-strongly nonexpansive mapping T with F(T) # @ is strongly nonexpansive.
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Proof. (a) Suppose that T is firmly nonexpansive. Since | = I in a Hilbert space, it holds that

2x -y, Tx-Ty) - |[Tx-Ty|* = |x - y||* - | -T)x - I - T)y|?, (2.11)

for all x, y € D. Therefore, it is obvious that T is firmly nonexpansive if and only if T satisfies
lle = ylI* = 1T = Dx = (T = Dy||* > | T - Ty, (2.12)

for all x, y € D. Hence we obtain (a).

(b) Suppose that T is V-strongly nonexpansive with A. Then, it is trivial that T
is nonexpansive and (2.9) holds. Suppose that the sequences {x,} and {y,} satisfy the
conditions in Definition 2.7. Then {Tx, — Ty,} is also bounded. Since T is V-strongly
nonexpansive with A, we have that

0 < Al = yu = (T = Ty) ||
=AWV (I -T)xn, (I-T)yn)
< V(xn/ yn) - V(Txn/ Tyn)
, X (2.13)
= [l = yall” = [T = Tyl

= (e =yl + 17200 = Tyull) Cllen = yull = 1T = Ty}

— 0.

Hence, (x,—yn) — (Tx,—Ty,) — 0for A > 0. This means that T is strongly nonexpansive. [
In a Banach space, V-strongly nonexpansive mappings have the following properties.

Proposition 2.9. [n a smooth Banach space E, the following hold.

(a) For ¢ € (-1,1], T = cl is V-strongly nonexpansive. For ¢ = 1, T = I is V-strongly
nonexpansive for any A > 0. For ¢ € (-1,1), T = cl is V-strongly nonexpansive for any
Ae(0,(1+c)/(1-0)].

(b) If T is V-strongly nonexpansive with A, then, for any a € [-1,1] with a #0, aT is also
V-strongly nonexpansive with a*\.

(c) If T is V-strongly nonexpansive with \ > 1, then A = I — T is V-strongly nonexpansive
with A1

(d) Suppose that T is V-strongly nonexpansive with A and that a € [-1,1] satisfies a®A > 1.
Then (I — aT) is V-strongly nonexpansive with (az)L)_l. Moreover, if T, = I — aT, then

V(Tax, Tay) < V(x,y) - AV (Tx, Ty). (2.14)
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Proof. (a) Let T = cI for any c € (-1,1], and denote I; = V(T'x,Ty) and I, = V(x,y) - AV ((I -
T)x,(I-T)y). Since J(cx) = cJx, we have

I = V(Tx,Ty) = {1l + |y|* - 2(x, Jy) } = 2V (x,y),
I = V(x,y) - \V((I-T)x,(I-T)y)
= [IxIl* = M1 = I + [ly* = A (1 - )y
=2(x, Jy) +2M(1 - o)x, J((1 - 0)y)) (2.15)
= {120 -0} (1P + lyl?) - 2{1- 20 - €2} (x, Jy)
= {12 - (Il + I - 2(x, ) )

= {1 -A1- C)Z}V(x,y).
For ¢ =1, it holds that I; < I, for all A > 0. For ¢ € (-1,1), we obtain

[<L,e=AP<1-AM1-¢)=0<A1-¢)?<1-¢

(I-c)(1+c) (1+c0) (2.16)

—0<A< (1_C)2 ~d-o

Therefore, T = cI is V-strongly nonexpansive for any A € (0, (1 +¢)/(1-¢)].
(b) If T is V-strongly nonexpansive with A > 0, then, for a € [-1,1] with a #0,

V(aTx,aTy) = |aTx|* + ||0{Ty||2 -2(aTx, J(aTy))
= {|ITxIP + | Ty||* - 2(Tx, ] (Ty)) ]
= a’V(Tx,Ty) 217)
<a(V(x,y) - AV ((I-T)x, (I - T)y)) |

=V(x,y) - (1 - a2>V(x,y) —a®AV (I -T)x,(I-T)y)

<V(x,y)-a®AV((I-T)x,(I-T)y).

This means that aT is V-strongly nonexpansive with a?\.
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(c) Suppose that T is V-strongly nonexpansive with A > 1 and let A = I — T. Then we
have that

V(U Ay (- Ay) = V(T Ty)
<V(x,y) - AV (I -T)x, (I-T)y) (2.18)
=V(x,y) - A\V(Ax, Ay).

This inequality implies that

V(Ax, Ay) <AHV (x,y) = V(I - A)x, (I - A)y) }
=1V (x,y) -1V (I - A)x, (I-A)y) (2.19)

<V(x,y) =AMV (I -Ax, (I-A)y).

Thus A is V-strongly nonexpansive with A1,
(d) From (b) and the assumption, aT is V-strongly nonexpansive with a?A > 1, and

from (c) we have that (I — aT) is V-strongly nonexpansive with (a2A)_1. Furthermore we
obtain that

V(Tax, Tay) < V(x,y) - <a2)t>_1v((1 ~T)x, (I-Ta)y)

=V(x,y) - <a2)t>71V(aTx, aTy) (220)

=V(x,y) - <a2)u>_1a2V(Tx, Ty)

=V(x,y) - AV (Tx, Ty).

This completes the proof. O

In Banach spaces, we have the following example of V-strongly nonexpansive
mappings.

Example 2.10. Let E = R x R be a Banach space with a norm || - || defined by

x|l = [x1] + [x2],  Vx = (x1,x2) € E. (2.21)

The normalized duality mapping ] is given by

1 1
x=|x||{ —x1,—x2), Vx€E. 2.22
= ol (e ) 22
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Hence, we have for x,y € E that

V(x,y) = lxl? + |yl - 2(x, Ty)

(2.23)
-l -2 2
il vl
We define a mapping T : E — E as follows:
x if [lx|| <1,
Tx={ 1 (2.24)
mx if ||x|| > 1.

We will show that this mapping is V-strongly nonexpansive for any A < 1.
(a) Suppose that x, y € E with ||x|| < 1 and ||y|| > 1. Then, we have

V(Tx,Ty) =V (x,Ty)

x1(Ty x(Ty
=“x”z+||Ty||z_z||Ty||{ Ty), , 2 ’2}

1Ty, 1Ty, (2.25)
— x|P+1- 2{xly1 +_x2y2}'
lyi| vl
Since
Iyl -1 lyll -1 >
y-Ty= < yi, (2.26)
vl Iyl

we have that

V(x-Tx,y-Ty) =V(0,y-Ty) = |ly - Tyllz

D,

= (llvll - 1)2.



Abstract and Applied Analysis 9

Hence, we obtain that

V(x,y) -V(Tx,Ty) - AV (x - Tx,y - Ty)

X1Y1 xzyz X1y1 xzyz 2
el + [l —z||y||{ —} -1+ z{ }—A(Ilyll 1)
la] v |1 I 2|

2 X1Y1 xzyz 2
P -1-2(] —1){ o, }—unyu _1)

> (-0 (st + ) -2 - L Bl gy
|

= (llyll =D {llwll + 1 =2lxll = M|y + 2
> (lyll -D{@ -yl +1-2+1}

= (lyll-{a-H(lyll -1}

= (1=-M(lyl-1)*z0,

(2.28)
for any A € [0, 1]. This means that T is V-strongly nonexpansive for any A € [0, 1].
(b) Suppose that x, y € E with ||x|| > 1 and ||y|| < 1. Then, we have
V(Tx,Ty) = V(Tx,y) =1+ |y|* -2 “i” { lell N szr }
a1 (2.29)

V(x-Tx,y-Ty) = V<%X,O> = (lxl - 1)

Hence, we have that

V(x,y) -V (Tx,Ty) - AV (x - Tx,y - Ty)

X1, Xy 2 vl [y xoy >
R { —}—1— vl +2 + 22 (xl - 1)
S IR TS B ) TR v

1 X1Y1 X212
= ||X 2 - 1 - 2 (1 - _> *
B e [yl v

> (= 1)l + 1= A+ =2y (B Y
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(el = DA = Dl + 1+ 2= 2]y |[}
2> ([l = DA = D flxl[ +1+ 4 =2}
= (1-1)(lIxll -1)* >0,

(2.30)
for any A € [0, 1]. This means that T is V-strongly nonexpansive for any A € [0, 1].
(c) Suppose that x, y € E with ||x||, ||y|| > 1. Then, we have
2 | xayn X2
V(Tx,Ty)=1+1- —
(s =1e1- | T 1
_ 2_i{w+%},
Il | [ya] vl (2.31)
V(x=Tx,y~Ty) = (x| - D" + (y[ - 1)°
(lx[[ 1) [ xay1  xay2
-2 -1 + .
R T fra e
Hence, we have that
V(x,y) -V (Tx,Ty) - A\V(x - Tx,y - Ty)
X1Y1 Xzyz 2 | x1 Xzyz
= lxI”* + ||y —Zy{ } 24— { }
I =2 Ty ol 2 T\ Tl T
-1) | xaiy1 xuy2
Ml =12 + 12 ea(fy) - 1) U +
(el =17+ (=17} - 20l - D= T * T
= (el = D lxll + 1) + ([ly [l = D ([lyll +1) = el = 1 = A([|y[| - 1)* (2.32)
2 |xay xzyz}{
- [yl =1 = A([ly [l = 1) llxll - 1)}
U+ T Hslyl =1 ()

= (Il = Dl + 1= Al = D+ (lyll = DNyl + 1= Ayl - D}

2 |xan xzyz
I Twal * Twel

}{n Il =1 =200 = D (vl - 1)

Now, we note that

Ixlly]l = 1= Adlxl = D(|ly]l - 1) >0, (2.33)
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for any [|x||,|ly|| > 1 and for any A € [0, 1]. Therefore, we obtain that

V(x,y) -V (Tx,Ty) - AV (x-Tx,y - Ty)
> ([lxll = D) {llell + 1= AdIxl = D} + (lwll = D {llyll + 1= Ayl - 1)}

5 (2.34)
- MIIXII{IIXIlllyll =1=-Mxll =D ((lyll - 1)}

= (1= (IIxl - [lyl)* =0,

for any A € [0, 1]. This means that T is V-strongly nonexpansive for any A € [0,1].
It is clear that if ||x||,||y|| < 1 then T is V-strongly nonexpansive; therefore, from (a),
(b), and (c), we obtain the conclusion that T is V-strongly nonexpansive with A < 1.

Next, we present some lemmas which are used in the proofs of our theorems. Let N be
the set of natural numbers.

Lemma 2.11. Let {a,} and {t,} be sequences of nonnegative real numbers and satisfy the inequality
a1 < (1 —ty)an +t,M for any n € N and a constant M > 0. If 3, tn < 0o, then limy,_, o, a,
exists.

Kamimura and Takahashi showed the following useful lemmas (see [2]).

Lemma 2.12. Let E be a smooth and uniformly convex Banach space. Then, there exists a continuous,
strictly increasing, and convex function g : [0,00) — [0, 00) such that g(0) = 0, and for each real
number r > 0,

0<g(llx-wl) £ V(xy), (2.35)

forallx,y € B,={z€E:|z| <r}.
From this lemma, it is obvious that the following lemma holds.

Lemma 2.13. Let E be a smooth and uniformly convex Banach space and let {x,} and {y,}
be sequences in E such that either {x,} or {y,} is bounded. If lim,_ oV (xn,yn) = 0, then
limy, || — || = 0.

We present the following lemma which plays an important role in our theorems (cf.
Butnariu and Resmerita [13] ).

Lemma 2.14. Let E be a smooth and uniformly convex Banach space and C a nonempty, convex, and
closed subset of E. Suppose that T : C — E satisfies

V(Tx,Ty) <V(x,y), Vx,yeC. (2.36)

If a weakly convergent sequence {z,},en C C satisfies that limy, _, .V (Tzy, z,) = 0, then z, — z €
F(T).
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3. Main Results

In this section, we prove three strong convergence theorems. In the first result, we prove
strong convergence theorem for finding common fixed points of a family of generalized
nonexpansive mappings. In the next result, we prove strong convergence theorem for finding
zeroes of a generalized nonexpansive mapping and a maximal monotone operator. In the
last result, we prove weak convergence theorem for finding zeroes of a maximal monotone
operator and a V-strongly nonexpansive mapping. As consequence, we prove convergence
theorem for common zeroes of a maximal monotone operator and a firmly nonexpansive
mapping in a Hilbert space.

Theorem 3.1. Let E be a reflexive, smooth, and strictly convex Banach space, and let {T,} . be a
family of generalized nonexpansive mappings. Suppose that (\,en F(Tn) = F # @ and that R is a sunny
and generalized nonexpansive retraction from E to F. Let a sequence {x,} be defined as follows. For
any x1 = x € E,

Xn+1 = RTyx,, for any n € N. (3.1)

Then, {x,} converges strongly to a point x* in F.

Proof. Since Rx,, is a point in F for all n € N, from Proposition 2.3(a), we have for all n € N
that

0 < V(xps1, Rxpi1) < V(xpa, Rxpir) + V(RXp41, Rxy,)

(3.2)
< V(xus1, Rxn) = V(RT X, Rxy).
Since R and T, are generalized nonexpansive, we get that
V(RT,x,, Rx,) < V(Tyxy, Rx,) < V(x,, Rxy). (3.3)
Hence, we have that
0 < V(xp41, Rxpy1) < V(xy, Rxy), VYneN, (3.4)
and therefore, lim,, _, ., V (x5, Rx,) < oo. Furthermore, Proposition 2.3(a) implies that
V(xpik, Rxpir) + V(Rxpik, Rxy) <V (xpk, Rxy). (3.5)

This is equivalent to

V(Rxpik, Rxp) <V (xpik, Rxp) = V(Xpak, RXpak). (3.6)
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Setting m = n + k for all n, k € N, then we have that

V(Rxy, Rx,) <V (xm, Rxy) = V(xm, Rxy,)
< V(RT 1 xm-1, Rxy) = V (2, Rxy,)
< V(Tmflxmfll Rxn) - V(xm/ Rxm)
(3.7)
< V(xp-1, Rxy) = V(xm, Rxy,)
< V(x,, Rx,) - V(xy, Rx,,) — 0, asn,m— oo.
Since V (xy41,p) = V(RTuxn,p) < V(x,p) for any p € F, Lemma 1.1(b) implies that {x,} is

bounded. Thus, from Lemma 2.12, we can take the continuous and strictly increasing function
g:[0,00) — [0, 00) with g(0) = 0 such that

gUIRx — Rxy||) < V(Rxm, Rxy)
(3.8)
< V(.’X’n, Rxn) - V(xm/ Rxm) — 0, asmn,m-— co.

Since Rx, = x, for alln > 1, we have g(||x,, —x,||) = g(||Rx;, — Rx,||) — 0. Therefore, {x,} isa
Cauchy sequence. Since E is complete and F is closed, this sequence {x,} converges strongly
to point x* € F. O

Noting that the generalized resolvent J, = (I +rBJ)™" of a maximal monotone operator
B for r > 0 is a generalized nonexpansive mapping (see Remark 2.4), we obtain the following
result.

Theorem 3.2. Let E be a reflexive, smooth, and strictly convex Banach space. Let T : E — E
be generalized nonexpansive and let B C E* x E be a maximal monotone operator. Suppose that
F(T) N (B])™(0) #0 and that R is a sunny and generalized nonexpansive retraction from E to F =
F(T) N (B])™1(0). Let an iterative sequence {x,} be defined as follows: for any x = x1 € E,

Xps1 = RT ], x,, VnEN, (3.9)
where {r,} is a sequence of nonnegative real numbers. Then, the sequence {x,} converges strongly to
a point x* in F(T) 0 (BJ)™'(0).

Proof. From Propositions 2.3(a) and 2.3(b), we have for all n € N that

V(xus1, Rxps1) < V(xni1, Rxps1) + V(Rxpe1, Rxy)
< V(xns1, Rxn) = V(RT ]y, xn, Rxyn)
< V(T Ty, %, R) (3.10)
< V(Jr,Xn, Rxy)
< V(x,, Rxy).
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Thus lim, _, .,V (x,, Rx,) < oo. Similarly, as in the proof of the previous theorem, we show
that {x,} is a Cauchy sequence, and we obtain that {x,} converges strongly to point x* in
F = F(T)n (B])"(0). O

The duality mapping J of a Banach space E with the Gateaux differentiable norm is
said to be weakly sequentially continuous if x, — x in E implies that {Jx,} converges weak
star to Jx in E* (cf., [14]). This happens, for example, if E is a Hilbert space, finite dimensional
and smooth, or I’ if 1 < p < oo (cf., [15]). Next, we prove the main theorem.

Theorem 3.3. Let E be a reflexive, smooth and strictly convex Banach space. Suppose that the duality
mapping | of E is weakly sequentially continuous. Let C be a nonempty, closed, and convex subset
of E. Let B : E* — 2F be a maximal monotone operator and let J,, = (I + r,BJ)™" be a generalized
resolvent of B for a sequence {r,} C (0,00). Suppose that A : C — E is a V-strongly nonexpansive
mapping with X > 1 such that Cy = A™(0) N (B])™'(0) #0 and that Rc : E — C is a sunny and
generalized nonexpansive retraction. For an a € [-1,1] such that a®A > 1, let an iterative sequence
{xn} C C be defined as follows: for any x = x; € Cand n €N,

Yn = RC(I - aA)xn,

(3.11)
Xns1 = Re(Bux + (1= Bu) Jr,Yn),
where {f,} C [0,1] and {r,} C (0, 00) satisfy that
> Bn <o, lim infr, > 0. (3.12)
w1 n— oo
Then, there exists an element u € Cy such that
Xy —u, Rc,(x,) — u. (3.13)

Proof. For simplicity, we denote Rc and R¢, by R and Ry, respectively. Let z, = f,x + (1 -
Bn) Jr, yn for all n € N. Since R is generalized nonexpansive, we have for any p € Cy and all
n € N that

V (xns1,p) = V(Rzy,p) <V (24, p). (3.14)
The convexity of || - II? implies that

V(zn,p) = V(Bux + (1= Pu) Jr, Y, P)
= [1Bux + (1= ) In vl + IPII” = 2(Pux + (1= ) I, v, T}
< Bullxl® + (1= ) Tr vl + IPlI* = 2B0(x, Tp) =21 = Bu) (Jr v, TP (3.15)
= Bu{lIxI? = 2(x, Ip) + Pl } + (1= ) { 1T 1* = 20T, T) + [P}
=puV(x,p) + (1= Bu)V (Jr, Y, P)-
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Thus, we obtain that
V(zu,p) < BV (x,p) + (1= Bu)V(Jr, Y, P). (3.16)
and furthermore, since J,, is generalized nonexpansive, we have that
V(zup) <PV (xp) + (1= Pu)V (yn p)- (3.17)

Let A, = (I —aA). Then, from Proposition 2.9(d), A, is V-strongly nonexpansive with
a’\ and A, is also generalized nonexpansive. Hence, we have that

V(yYn,p) = V(RAX,, p) < V(Aaxn,p) <V (x4,p). (3.18)
Thus, we have from (3.14), (3.16), (3.17), and (3.18) that

V(xn1,p) SV (20, p) < PuV (x,p) + (1= Pu)V (Jr,Yn, p)
<BaV(x,p) + (1= Bn)V (yn,p)
<PV (x,p) + (1= Bn)V (Aaxn, p)
<BuV(x,p) + (1= Pn)V (xn,p)-

(3.19)

From Lemma 2.11, there exists a = lim,, o, V (xy,, p) < o0. Since lim,,_, .3, = 0, we have that
a=1lim V(x,,p) = lim V(z,p), (3.20)
= im V(J, yn,p) = im V(y,,p) = im V (Axx,,p). (3.21)
Hence, {x,}, {zn}, {Jr,yn}, {yn}, and {Axx,} are bounded from Lemma 1.1(b). Since E is

uniformly convex, the boundedness of {x,} implies that there exists a subsequence {x,,} C
{xn} such that x,, — u € C. Moreover, we can take the index sequence { nj}],>1 satisfies

lim; _, oo 7;-1 > 0. We will show that u € (BJ)"(0). From Proposition 2.3(a),
V (xps1,p) = V(Rzp, p) < V(24,Rzp) + V(Rzn,p) < V(z4,p), (3.22)

and furthermore, from (3.16) and Proposition 2.3(b), we obtain that

V(zu,p) < BuV(x,p) + (1= Pu)V(Jr,Yn P)
<PV (x,p) + (1= B){(V (Yn, Jryn) +V(r,ynp) } (3.23)
<PV (x,p) + (1= Pu)V(Yn p)-
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These inequalities and (3.22) imply with lim, _, ., = 0 and (3.21) that

a<a+ lim V(z,, Rz,)
n—oo

(3.24)
<a< Uim V(yu, Jnyn) +a<a,
that is,
lim V(zy, Xp1) = im V(z,, Rz,,) = im V (y,, Jr,yn) = 0. (3.25)
Lemma 2.13 implies that
;}i_{go”xnﬁ-l =zl =0, nlgr;o”]rn]/n - yn” =0. (3.26)
Furthermore, since
nlg]gonzn - ]r,,yn” = nlgr;)”ﬁnx + (1 - ﬁn)]r,,yn - ]rnyn”
(3.27)
= tim ol = ) = 0,
we have from (3.26) and (3.27) that
Xp+1 — ]r,,yn < ”xn 1- Zn” +1[Zn — ]rnyn
[ | + | | (328)

— 0 (n— o0).

Hence, for an index sequence {n; }].>1 of {xy;} such that x,, — u € C and lim; _, ,7,-1 > 0, we
obtain that

JruaYn1 = U, Yn1 —u, asj— oo (3.29)

Since (1/7)(J;' = 1) = (1/r)(I+rBJ — I) = BJ, there exists Wy, € B](]rnrlyn,-—l) such that

1 .
Wy, = —<yn]._1 - ]rn,q yn]._1>, for any j > 1. (3.30)

rnj—l

Since lim; _, o, 75,-1 > 0, (3.26) implies that

. 1
= lim
J—® rﬂj*l

lim

jooo

Wh; ]rnj,lynj—l ~Yn—1 || =0. (331)
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For (p,q) € B] C E x E, the monotonicity of B implies that
jlir{;<q —wn;, Jp - ]]r,,].,lyn,-—1> >0, (3.32)

and we have, since | is weakly sequentially continuous, that
(q.Jp—Ju) >0. (3.33)

The maximality of B implies that u € (B] )~1(0).
Now, we will show that u € A71(0). From Proposition 2.9(d) and p € F(A,), we get
that

V(Axxn,p) = V(Axxn, Aap) i)
<V (xn,p) - AV (Ax,, Ap). '

Thus, we have from (3.17) that

V(xns1,p) V(2 p) <PV (x,p) + (1= Bu)V (Y, P)
=puV (x,p) + (1= Bu)V(RAuXn, p)
<PV (x,p) + (1= Pn)V(Auxn, p)

<PV (x,p) + (1= o) {V (up) -1V (Axs, Ap) }.

(3.35)

This implies that

0< (1-Ba)A 'V (Ax,, Ap)
<PV (x,p) + (1= Pu)V(xn,p) = V(Xns1,p)
=Pu{V(x,p) = V(xu,p)} +V(xu,p) = V(Xns1,p)

— 0, asn— co.

(3.36)

Therefore we have that

lim V (Ax,, Ap) = 0. (3.37)

n— oo
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From Lemma 2.13, we get that lim, .|| Ax, — Ap|| = lim,_ || Ax,|| = O that is, Ax, — 0 as
n — oo. From Lemma 1.1(a) and the boundedness of {A,x,}, we have that

0 < V(xn, Axxy)
=V (xn,p) = V(AaXn,p) +2(xn = AuXn, J AaXn = Jp)
=V (xn,p) = V(Aaxn,p) + 2a(Axy, JAxxy — Jp) (3.38)
<V (xn,p) = V(Aaxn, p) + 2al| Axu| || J Aaxn = ||
SV (xn,p) = V(Aaxn, p) +2al|Ax,|| M,

for some M > 0. From (3.21), we have that lim,, _, . { V (x,,, p) =V (Aaxy, p) } = 0, and we obtain
that

Iim V(x,, Axx,) =0, (3.39)
and this means that
lim ||x,, — Agxy,]| = 0. (3.40)

From Lemma 2.14, we obtain x,, — ug € F(A,). Since Xn; — U, this means that Xp; — Up =
u; hence, we have u € F(A,); that is, u € A7(0). Therefore, we obtain that u € A™1(0) N
(B))™1(0) = Co.

Let u, = Rox,, for any n € N. Since Ry is a sunny generalized nonexpansive retraction,

(%n = tn, Jun — Jy) 20, Vy € Co. (3.41)

Similarly as in the proof of Theorem 3.2, we can show that {u,} is a Cauchy sequence, and
therefore there exists u* € Cy such that u,, — u*. Set y = u in (3.41). Since x,, — u, we get that

(u—u*, Ju* - Ju) > 0. (3.42)
This means that u = u* by the strict convexity of J; that is, Ryx, — u. This completes the

proof. O

In a Hilbert space, we obtain the following theorem as a corollary of the main
Theorem 3.3 by applying Proposition 2.8(a).

Corollary 3.4. Let H be a Hilbert space, and let C be a nonempty, closed, and convex subset of H.
Let B : H — 2H be a maximal monotone operator, and let J,, = (I + raB) ! be a resolvent of B
for a sequence {r,} C (0,00). Suppose that A : C — H is a firmly nonexpansive mapping with
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Co = A™1(0) N B71(0) # 0. Suppose that Rc is a sunny and generalized nonexpansive retraction to C.
Let an iterative sequence {x,} C C be defined as follows: for any x = x; € Cand n € N,

Yn=Rc(I - aA)x,,

(3.43)
Xns1 = Re(Bux + (1= Pu) I, Yn),
where {B,} € [0,1] and {r,} C (0, oo) satisfy that
> Bn <o, lim infr, > 0. (3.44)
nx1
Then, there exists an element u € Cy such that
Xy —u, Rc,(x,) — u. (3.45)
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