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We deepen the study of some Morrey type spaces, denoted by MP*(Q), defined on an unbounded
open subset Q of R". In particular, we construct decompositions for functions belonging to two
different subspaces of MP*(Q), which allow us to prove a compactness result for an operator
in Sobolev spaces. We also introduce a weighted Morrey type space, settled between the above-
mentioned subspaces.

1. Introduction

Let Q be an unbounded open subset of R”, n > 2. For p € [1,+oo[ and A € [0, n[, we consider
the space MP*(Q) of the functions g in LfOC(Q) such that

P = su T_)LJ‘ Pdy < +oo,
”g”Mp,A(g) TE]OI,Dl] QnB(x7) |g(y) | y (1.1)
x€Q

where B(x, T) is the open ball with center x and radius 7.

This space of Morrey type, defined by Transirico et al. in [1], is a generalization of the
classical Morrey space LP** and strictly contains LP(R") when Q = R™. Its introduction is
related to the solvability of certain elliptic problems with discontinuous coefficients in the
case of unbounded domains (see e.g., [1-3]).

In the first part of this work, we deepen the study of two subspaces of MP*(Q),

denoted by MpA (Q) and Mg’A(Q), that can be seen, respectively, as the closure of L*(Q)
and C?(Q) in MP(Q). We start proving some characterization lemmas that allow us to

construct suitable decompositions of functions in MPA(Q) and Mg’)L (Q). This is done in the
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spirit of the classical decomposition (L!, L*), proved in [4] by Calder6én and Zygmund for
L', where a given function in L! is decomposed, for any t > 0, in the sum of a part f; € L®
(whose norm can be controlled by ||fi||lL=@) < c(n) -t) and a remaining one f — f; € L.
Analogous decompositions can be found also for different functional spaces (see e.g., [5, 6]
for decompositions (L', L"), (L?, Sobolev ), and (L?, BMO)).

The idea of our decomposition, both for a g in MpH () and Mg’A(Q), is the following:
for any h € R,, the function g can be written as the sum of a “good” part g, which is more
regular, and of a “bad” part g — g», whose norm can be controlled by means of a continuity
modulus of the function g itself.

Decompositions are useful in different contexts as the proof of interpolation results,
norm inequalities and a priori estimates for solutions of boundary value problems.

For instance, in the study of several elliptic problems with solutions in Sobolev spaces,
it is sometimes necessary to establish regularity results and a priori estimates for a fixed
operator L. These results often rely on the boundedness and possibly on the compactness of
the multiplication operator

ueWhi(Q) — gqu e L1(Q), (1.2)
which entails the estimate
s ””m(g) <c-|lglly - llliwra), (1.3)

where ¢ € R, depends on the regularity properties of Q and on the summability exponents,
and g is a given function in a normed space V satisfying suitable conditions. In some
particular cases, this cannot be done for the operator L itself, but there is the need to introduce
a suitable class of operators Lj, whose coefficients, more regular, approximate the ones of L.
This “deviation” of the coefficients of Lj from the ones of L needs to be done controlling
the norms of the approximating coefficients with the norms of the given ones. Hence, it is
necessary to obtain estimates where the dependence on the coefficients is expressed just in
terms of their norms. Decomposition results play an important role in this approximation
process, providing estimates where the constants involved depend just on the norm of the
given coefficients and on their moduli of continuity and do not depend on the considered
decomposition.

In the framework of Morrey type spaces, in [1], the authors studied, for k = 1, the
operator defined in (1.2), generalizing a well-known result proved by Fefferman in [7] (cf.
also [8]). They established conditions for the boundedness and compactness of this operator.
In [2], the boundedness result and the straightforward estimates have been extended to any
k e N.

In view of the above considerations, the second part of this work is devoted to a further
analysis of the multiplication operator defined in (1.2), for functions g in MP*(Q). By means
of our decomposition results, we are allowed to deduce a compactness result for the operator
given in (1.2). The obtained estimates can be used in the study of elliptic problems to prove
that the considered operators have closed range or are semi-Fredholm.

The deeper examination of the structure of MP*(€2) and of its subspaces leads us to
the definition of a new functional space, that is a weighted Morrey type space, denoted by

M Q).
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In literature, several authors have considered different kinds of weighted spaces of
Morrey type and their applications to the study of elliptic equations, both in the degenerate
case and in the nondegenerate one (see e.g., [9-11]).

In this paper, given a weight p in a class of measurable functions G(2) (see § 6 for
its definition), we prove that the corresponding weighted space M;Z’)L (Q) is a space settled

between Mg’A(Q) and M’”(Q). In particular, we provide some conditions on p that entail
My (Q) = M} ().

Taking into account the results of this paper, we are now in position to approach the
study of some classes of elliptic problems with discontinuous coefficients belonging to the
weighted Morrey type space Mz’)‘(Q).

2. Notation and Preliminary Results

Let G be a Lebesgue measurable subset of R” and X(G) be the o-algebra of all Lebesgue
measurable subsets of G. Given F € X(G), we denote by |F| its Lebesgue measure and by yr
its characteristic function. For every x € F and every t € R,, we set F(x,t) = FNB(x, t), where
B(x,t) is the open ball with center x and radius t, and in particular, we put F(x) = F(x,1).

The class of restrictions to F of functions { € C¥(R") with Fnsupp ¢ C F is denoted by
D(F) and, forp € [1, +oo], LfOC(F) is the class of all functions g : F — R suchthat¢ g € LP(F)
for any ¢ € ®(F).

Let us recall the definition of the classical Morrey space LP(R").

Forn >2,1 € [0,n[ and p € [1,+oo[, LP*(R") is the set of the functions g € LfOC(R”)
such that

”g”LPH\(Rn) = S:ig T_)L/p”g“LP(B(x,T)) < +oo, (2.1)
xeR”

equipped with the norm defined by (2.1).

If Q is an unbounded open subset of R” and t is fixed in R,, we can consider the space
MPA(Q, t), which is larger than L~ (R") when Q = R". More precisely, MP~(Q, t) is the set of
all functions g in L’foc (Q) such that

= -Ap
”g”MM(g,t) TSEL]IOI;]T ”g”LT"(Q(x,T)) < too, 2.2)

xeQ

endowed with the norm defined in (2.2).
We explicitly observe that a diadic decomposition gives for every t1,t, € R, the
existence of ¢1,c; € Ry, depending only on t;, ¢, and n, such that

Cl||gIIMW(Q,t1) < ”g”MW(Q,tZ) < C2”g”MP~\(Q,t1)' Vg e MPHQ, 1). (2.3)
All the norms being equivalent, from now on, we consider the space

MPY(Q) = MPA(Q,1). (2.4)
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For the reader’s convenience, we briefly recall some properties of functions in LP* (R™)
and MP*(Q) needed in the sequel.

The first lemma is a particular case of a more general result proved in [12, Proposition
3].

Lemma 2.1. Let (J,) ey be a sequence of mollifiers in R™. If g € LP(R™) and

lim g (x~y) =@ |lpaan = 0. (2.5)
then
hgngoo”g - ]h * g”Lp,‘\(Rn) =0. (26)

The second results concerns the zero extensions of functions in MP*(Q) (see also [1,
Remark 2.4]).

Remark 2.2. Let g € MPH(Q). If we denote by gy the zero extension of g outside Q, then
g0 € MPA(R™) and for every T in ]0,1]

1801l pgo gen 2y < 1118 g oy (2.7)

where ¢; € R, is a constant independent of g, Q and 7.
Furthermore, if diam(Q) < +oo, then gy € LP*(R") and

50 ”LPJ(]R") sG ||g||MP~\(Q)’ (2.8)

where ¢; € R, is a constant independent of g and Q.

For a general survey on Morrey and Morrey type spaces, we refer to [1, 2, 13, 14].

3. The Spaces M"*(Q) and M""(Q)

This section is devoted to the study of two subspaces of MP*(Q), denoted by ]\A/fp')‘(Q) and

Mz’A(Q). Here, we point out the peculiar characteristics of functions belonging to these sets
by means of two characterization lemmas.
Let us put, for h € R, and g € MPA(Q),

F[g] (h') = sup ”gXE ||Mp/\(Q)
EeX(Q) (3.1)
sup|E(x)|<1/h

x€EQ
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Lemma3.1. Let A € [0,n], p € [1,+oo[, and g € MPA(Q). The following properties are equivalent:

g is in the closure of L*(Q) in MPH(Q), (3.2)
hlim F[g](h) =0, (3.3)
— +00
hlir? sup ||gxg||Mp,A(Q) =0. (3.4)
—+oo Ees(Q)
sup 74 E(x,7)[<1/h
x€Q
T€]0,1]

We denote by MP*(Q) the subspace of MP*(Q) made up of functions verifying one of
the above properties.

Proof of Lemma 3.1. The equivalence between (3.2) and (3.3) is proved in of [1, Lemma 1.3].
Let us show that (3.2) entails (3.4) and vice versa.

Fix g in the closure of L*(Q) in MP*(Q), then for each ¢ > 0, there exists a function
ge € L*(Q) such that

€
I8 = 8l < 5- (3.5)

Fixed E € 2(Q), from (3.5), it easily follows that

£
lgxEll s < 1(8 = &) XEl Moy + 1 8exEllaa ) < 5t Il 8exE Nl pgo () (3.6)
On the other hand
_ -A/p < ~ “VE(x, p
”gfxEHMN(Q) TSE‘]JOE]T ”gEXE”LP(Q(x,T)) < |lgll. ©) Ti‘]ﬁ] (t™E(x,7)]) (3.7)
x€Q xeQ

Therefore, if we set

1_ <;>p (3.8)
he 2||g£||L°°(Q) ' .

from(3.7), we deduce that, if sup 11} req 77YE(x,7)| < 1/h,, then

2

Putting together (3.6) and (3.9), we get (3.4).
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Conversely, if we take a function ¢ € MP(Q) satisfying (3.4), for any ¢ > 0, there exists
h. € R, such that if E € X(Q) with SUP ;¢101], xe02 T E(x,7)| < 1/h,, then lgxEll M () < &

For each k € R,, we set
Er={xeQ]|g(x)| > k}.
Observe that

”g”Mn«\(g) 2 sup T_Mp||g”m(5k(x,r)) > k sup (T_A|Ek(x'7)|>
7€]0,1] 7€]0,1]

xeQ xeQ

Therefore, if we put

1/
ke = ”g”MW(Q)hE ’,

from (3.11), it follows that

1
sup T’A|Ek£(x, )| < —,
7€]0,1] hE
xEQ

and then

”gXEks MPA Q) <Ee.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

To end the proof, we define the function g, = ¢ — gxE,. . Indeed, by construction g, € L*(Q)

and by (3.14), one gets that ||g — gcllpmri(q) < €.

Remark 3.2. It is easily seen (see also [1]) thatif g € MPA(Q), then

lim 0.

tim |l =

Now, we introduce two classes of applications needed in the sequel.
For h € R,, we denote by ¢, a function of class CF (R") such that

0<énsl,  Gugm=1, suppé CB(0,2h).
To define the second class, we first fix f in @(E) satisfying

0<f<1,  f(H)=1 ift< f(H=0 ift>1,

N —

O

(3.15)

(3.16)

(3.17)
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and a € C*(Q) N C(Q) equivalent to dist (-, 0€2) (for more details on the existence of such
an a, see for instance [15]). Hence, for h € R, we put

gn:xeQ— (1-f(h a(x)))f(%). (3.18)
It is easy to prove that ¢, belongs to CZ(Q2), for any h € R,. Moreover,
0<¢gn <1, Y, = 1, supp ¢n C Qo) (3.19)
where

Qh:{x€§2||x|<h, a(x)>%}. (3.20)

Lemma 3.3. Let A € [0,n[, p € [1,+oo[, and g € MPA(Q). The following properties are equivalent:

g isin the closure of CZ(Q) in MPHQ), (3.21)
lim (/1= gllypa e + Flgl (W) =0, (3.22)
hEng(” (1=¢n) &ll vy + Fl8] (h)> =0, (3.23)
. . -/ _
}lf(‘)”g”Mm(g, nt \x|h—>n+100 (TSG%E]T p”g“U’(Q(x,T))> =0, (3.24)
g€ MPM(Q), |xlli_)rr: < Sl],;}z]T_MP”gllLP(Q(LT))) =0. (3.25)
© \ 7€]0,

The subspace of MP*(Q) of the functions satisfying one of the above properties will
be denoted by Mﬁ’A(Q).

Proof of Lemma 3.3. The equivalence between (3.21) and (3.22) is a consequence of (3.3) and
of [1, Lemmas 2.1 and 2.5]. The one between (3.21) and (3.24) follows from of [1, Remark
2.2]. Always in [1], see Lemma 2.1 and Remark 2.2, it is proved that (3.21) entails (3.25) and
vice versa. Let us show that (3.21) and (3.23) are equivalent too.

Let us firstly assume that g belongs to the closure of C¥(Q) in MP(Q).

Clearly, this entails that g is in the closure of L*(Q) in MP*(Q), thus by Lemma 3.1,
one has that

lim F[g](h) =0. (3.26)

It remains to show that

hlgflwll (1- ‘Ph)SHMw(Q) =0. (3.27)
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To this aim, observe that fixed € > 0, there exists g. € CF(£2) such that
”g - gsllMp/A(Q) <E&. (3.28)

On the other hand, if we consider the sets Q; defined in (3.20), one has

Q/Qp :{er||x|2h}U{er|a(x)§%}. (3.29)

Therefore, since g, has a compact support, there exists h, € R,

(Q/Qu)N supp g =0, VYh>h,. (3.30)

Then, since Phig, = 1, one has that supp(1 —¢) C Q\ &y, hence (1 -¢)g. =0 forall h > h,.
The above considerations together with (3.28) give, for any h > h,,

l(1- q“h)g”MW(Q) =[[(1-¢n) (8- g) “Mp,,x(g) <llg- g«?”MW(Q) <E (3.31)

that is, (3.27).

Conversely, assume that g € MP*(Q) and that (3.23) holds.

First of all, we observe that denoted by g, the zero extension of g to R", by (2.7) of
Remark 2.2, there exists a positive constant c;, independent of g, ¢, and of Q, such that

| (1- ‘Ph)gollMW(]R") <all(1- (Ph)g”MN(Q)' (3.32)

Furthermore, by (3.23), we get that fixed ¢ > 0, there exists h, such that

1= )8l < 56 (333)
Therefore,
Il (1 = ¢n.) 8ol aip iy < % (3.34)
Set
D¢ = ¢n.8os (3.35)

by construction

supp @, C supp @, C Q.. (3.36)
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Hence, taking into account (2.8) of Remark 2.2, one has that

@, € LPA(R"). (3.37)

On the other hand, (3.23) together with Lemma 3.1 give that ¢ € P]\/VIF"*(Q), then from
Remark 3.2, we get

im||g | v = O- (3.38)

£—0
So, using (2.7) of Remark 2.2, we have that ®, € MP*(R") and
}E%”‘DSHMW(R", pn =0 (3.39)
Arguing as in [16, Lemma 1.2], from (3.36)—(3.39), we conclude that

;if})”(ps (x—y) - De(x) ”LM(Rn) =0. (3.40)

We are now in the hypotheses of Lemma 2.1. Hence, denoted by (Ji)wey @ sequence of
mollifiers in R”, we can find a positive integer k. > h, such that

£
|De — Tk, * q)e”Lp,A(Rn) < PR (3.41)
Set g; = Jk, * D¢, one has g. € CF(Q). Furthermore, using (3.34) and (3.41), we get
”g - g5||MP~\(Q) < ”go = Jk. * cI)E”Mp,A(Rn)
< ”go - q)gllMP/«\(]Rn) + ||CDE - ]kg * chHMp,,\(Rn)
(3.42)
< ”go - (Phng”MM(]Rn) + ”(I)E - ]kg * (Ds”Lp,A(]Rn)
£
< ”(1 - (th)gollMp,.\(Rn) + 5 <§g,
this concludes the proof. O

4. Decompositions of Functions in MW(Q) and M(’;’A(Q)

The characterizations of the spaces MpH () and Mg’)L (Q) naturally lead us to the introduction
of the following moduli of continuity.
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Let ¢ be a function in MPA(Q). A modulus of continuity of g in MP*(Q) is a map

oP*g] : Ry — R, such that

F[g](h) < 57 [g] (h),
lim 67" [g](h) =0

h— +o0

(4.1)

If ¢ belongs to Mg’)‘(Q), a modulus of continuity of g in M (Q) is an application o,P*[g] :

R, — R, such that

(1~ éh)g“MPrA(Q) +F[g](h) < oot [g] (),

hlim oL [g](h) =0

Let us show now the decomposition results.

Lemma4.1. Let L € [0,n[, p € [1,+oo[,and g € MPA(Q). For any h € Ry, one has
8= 81+ 8
with g, € L*(Q) and
||gl,1||M?'~‘(Q) <&t [8](h), ”g;:”Lw(Q) < hl/p”g”Mw(Q)'

Proof. Given g € MP'*(Q) and h € R,, we introduce the set

Ev={x e3> h gl )

Observe that
Ecors[ W,
ewnEn 8]y o)
” ”Mﬂ‘(mh‘[ sy < 181340 rsé]OEJT gl @ =
Set

) g ifx€Ey, , 0 if x€Ey,
8n = 8XEn = ) 8n =8 " 8XEw =
0 ifxeQ/Ey,,

g if xe Q/Ey.

1
h

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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In view of (4.6),
||g;1”MM(Q) = ||gXEh||MPr~’~(Q) < F[g](h) <" [g](h), (4.8)

this gives the first inequality in (4.4), the second one easily follows from (4.5). O

Lemma4.2. Let A € [0,n[, p € [1,+o0[and g € Mg’A(Q). For any h € Ry, one has
g =+ (49)
with
”¢;z“MW(Q) <o [g] (), AR ghhl/p”g”wff\(g)' (4.10)

Proof. To prove this second decomposition result, we exploit again the definition of the set Ej,
introduced in (4.5) and inequality (4.6).
In this case, for any h € R,, we define

) g ifx€eEy,
¢y, = 8(1 = Cn) + ChgXE, =
g(l—{;h) if x e Q/Eh,

(4.11)
, 0 ifxe€Ey,
n=6n(g—8xE.) = _
gen if x € Q/Ep.
To obtain the first inequality in (4.10), we observe that (4.6) gives
”‘i’;q”MM(Q) < ||g(1 - gh)”MW(Q) + ||§thEh ”MW(Q)
< [lg@ = &)l paey + N8 XEM ppr ) (4.12)
<N = &)l o) + FL8T () < 00 [8] (h).
The second one is a consequence of (4.5). O

5. A Compactness Result

In this section, as application, we use the previous results to prove the compactness of a
multiplication operator on Sobolev spaces.
To this aim, let us recall an imbedding theorem proved in [2, Theorem 3.2].
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Let us specify the assumptions:

(h1) Q is an open subset of R" having the cone property with cone C, the parameters
k,r,p,q, A satisty one of the following conditions:

(h)) keN, 1<p<g<r<+m, 0<A<n y=1/g-1/p+k/n >0, withr > g when
p=n/k>1and A =0,and with A > n(1 —ry) whenry <1,

(h3) k=1, 1<p=gq<r<n, A=n-r.

Theorem 5.1. Under hypothesis (hy) and if (h2) or (hs) holds, for any u € W*?(Q) and for any g €
M"*(Q), one has gu € L9(£2). Moreover, there exists a constant ¢ € R,, depending on n,k,p,q,1, A,
and C, such that

”g””Lq(gz) S C”g”MM(Q)||”||wk*’(£2)' (5.1)

Putting together Lemma 4.1 and Theorem 5.1, we easily have the following result.

Corollary 5.2. Under hypothesis (h1) and if (hy) or (hs) holds, for any g € M"MQ) and for any
h e R,, one has

”gullm(g) <c-5"g](h)- llellwer ) + ' ||g||Mm<Q) “Mellza ), (5.2)

for each u € W*P(Q), where c € R, is the constant of (5.1).

If gisin MyNQ), the previous estimate can be improved as showed in the corollary
below.

Corollary 5.3. Under hypothesis (h1) and if (hy) or (h3) holds, for any g € Mf,’)‘ () and for any
h € R, there exists an open set A, CC & with the cone property, such that

”g””m(Q) <c o™ g](h) - lallwwr ) + T "g”MM\(Q) “ollaga,), (5.3)

for each u € W*P(Q), where c € R, is the constant of (5.1).

Proof. Fix g € M(r,’\(Q) and h € R.. In view of Lemma 4.2 and Theorem 5.1, for any u €
Wkr(Q), we have

”g””Lq(Q) S ”(Ib;tu”Lq(Q) + ”¢2u”Lq(Q)
< C”d),h”M”(Q) Nullwren ) + ”‘i’Z“HLq(g) (54)

<c-0o"[g](h) - l[ullyrr(qy + II¢ZMIIM<Q>~

Using again Lemma 4.2, we obtain

1/q 1/q
5l < Nl (12 ) sngnMrm)hWU g|u|ux> . 63
supp Gn



Abstract and Applied Analysis 13
Putting together (5.4) and (5.5), we get (5.3), with A, obtained as follows: fixed d; €

10, dist(supp ¢n, 0Q2) /2[ and 6 € ]0, o /2], the set Ay is union of the open cones C CC Q
with opening 6, height dj, and such that C nsupp ¢, #0. O

We are now in position to prove the compactness result.

Corollary 5.4. Suppose that condition (hy) is satisfied, that (hy) or (h3) holds, and fix g € MZ’A(Q),
Then, the operator

ueWrP(Q) — qu e LI(Q) (5.6)
is compact.
Proof. Observe that if Q' cC Q is a bounded open set with the cone property, the operator

ueWhr(Q) — ueL1(Q) (5.7)

is compact.
Indeed, if ' cC Q is a bounded open set, the operator

u € WrP(Q) — uy, € W (Q) (5.8)

is linear and bounded. Moreover, since Q' has the cone property, the Rellich-Kondrachov
Theorem (see e.g., [17]) applies and gives that the operator

we W (Q) — w e L1(Q) (5.9)

is compact.

Let us consider now a sequence (1,),,cy bounded in W*?(Q), and let M € R, be such
that [|u,[lyrrq) < M for all n € N. According to the above considerations, fixed ¢ > 0, there
exist a subsequence (uy,,),,cy and v € N such that

lltn,, — um”m(gy) <g VYm,l>w. (5.10)

On the other hand, given g € MZ’A(Q) and h € R, in view of Corollary 5.3, there exists a
constant ¢ € R, and an open set A;, CC Q with the cone property, independent of u,, such
that

llgunll o) < €~ 00" [8] (B - llnllwisey + B - 18l apaey - 1ttnlliocayy-  (5.11)

From (5.11) and (5.10) written for & = (c - 0,"[g](h))/ (K" - ||gll\pr1()) and Q' = Ay, for
m,l > v, one has

gttn, = 814l ey < €+ 05 [g] () - @M + 1), (512)
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By (5.12) and (4.2), we conclude that (guy,, ),y is a Cauchy sequence in L7(€), which gives
the compactness of the operator defined in (5.6). O

6. The Space Mﬁ’A(Q)

In this section, we introduce some weighted spaces of Morrey type settled between Mz’A(Q)
and MP*(Q). To this aim, given d € R,, we consider the set G(Q, d) defined in [18] as the
class of measurable weight functions p : Q — R, such that

p(x)

su — < +00.
v P(¥) (6.1)
|x-y|<d

It is easy to show that p € G(£, d) if and only if there exists y € R,, independent on x and y,
such that

r'p(y) <p(x) <yp(y), YyeQ VxeQ(yd). (62)
Furthermore,
ppt L (Q). (6.3)
We put
G(Q) = S;JOG(Q, d). (6.4)

Forp € [1,+oo[, s € R, and p € G(Q), we denote by L?(Q) the Banach space made up of
measurable functions g : Q — R such that p°g € LP(Q) equipped with the norm

8l =P8l (6.5)

It can be proved that the space CZ(£2) is dense in L2 (Q) (see e.g., [18,19]).
From now on, we consider p € G(Q) N L*(L2), and we denote by d the positive real
number such that p € G(Q, d).
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Lemma 6.1. Let A € [0,n[, p € [1,+oo[ and g € MPA(Q). The following properties are equivalent:

g is in the closure of Lf"l/p(Q) in MPM(Q), (6.6)
lim sup  gxell e | =0 (67)
—te Ee3(Q)
sup 74 p(x)|E(x,7)|<1/h
x€Q
7€]0,d]
hlim sup ”ng”MPJ(Q) =0. (6.8)
—te Eez(Q)

sup p(x)|E(x,d)[<1/h
xeQ

We denote by Mg’A(Q) the set of functions satisfying one of the above properties.
Proof of Lemma 6.1. We start proving the equivalence between (6.6) and (6.7). This proof is in
the spirit of the one of Lemma 3.1. For the reader’s convenience, we write down just few lines

pointing out the main differences.
If (6.6) holds, fixed € > 0, there exists a function g. € L% /p(Q) such that

€
s - gg”MP/l(Q) <5 (6.9)
From (6.9), we get that for any E € X(Q),
€
IIgXE”MPr«\(Q) < 5 + ”ngE ”MV‘(Q) (610)

Furthermore, in view of the equivalence of the spaces MP*(Q, d) and MP*(Q) given by (2.3)
and taking into account (6.2),

”gEXE”MW(Q) < ClllgEXE”MN(Q,d) =0 z}’(l)%]T_)L/p”gng”LP(Q(x,T))
T 7

Y e 1p (6.11)
<ay?gellis, @ sup (Tp(IEX, 7)),
T€]0,d]

xeQ

where ¢; € R, depends only on n and d. Hence, set

P
1 €
— = s (612)
h, <2 cl}’l/p||88”Li°1/p(Q)>
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from (6.11) we deduce that if Sup 19 4 veo 774p(x)|E(x,7)| < 1/h,, then

£

Putting together (6.10) and (6.13), we obtain (6.7).
Now, assume that g is a function in MP*(Q) and that (6.7) holds. Then, for any & > 0,
there exists h, € R, such thatif E € X(Q) with sup .1 4 rea 74p(x)|E(x,7)| < 1/h,, then

lgxellppay <& (6.14)
For each k € R, we define the set
Gk = {erlp’l/P(x)|g(x)| Zk}. (6.15)
Using again (2.3), there exists ¢, € R, depending on the same parameters as c; such that

”8”1\/1;7,«*(9) 2 CZHg”Mw(Q,d) 2 € sup T_Mp”g”m(ck(x,r))
€0d]

xeQ
1/p (6.16)
> czy‘l/”k sup <T‘)‘p(x)|Gk(x,T)|> .
€]0,d]
xeQ
Therefore, if we put
l/phi/p
K = Y ”g”MM(Q), (6.17)
C2
from (6.16), we obtain
sup Tp(x) |G, (,7)] < —
rel0d] 3 = h, (6.18)
xeQ
and then
lgxGe lama oy <& (6.19)

We conclude setting g = ¢ — gXg,.- Indeed, by (6.15), g. € Lf"l/p(Q) and (6.19) gives that

llg - g€||MP~\(Q) <E.
Arguing similarly, we prove also that (6.6) entails (6.8) and vice versa. Indeed, if g €
MPA(Q) and (6.6) holds, we can obtain as before (6.10) and (6.11).
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On the other hand, there exists a constant ¢3 = ¢3(n) such that

B p K - n-\)/n n
sup <T * p(x) - |E(x,T)|> < ||p||M P S;,ll;‘;]’[ Ap .p( 0/ P(x) - |E(x,T)|)‘/ p
0,

L=(Q)
7€]0,d] TE
xeQ xeQ
|E(x, )| "0/ (6.20)
A/ -1)/
<cs-[lpllity sup (p(x) - [ECx, 7)) "™,
7€]0,d]
xeQ
Putting together (6.11) and (6.20), we obtain
1/ A/ np (n=\)/np
”ngE”MP,A(Q) < cy p”gSHij/p(Q)”P”Lw(Q)Ti}éI;](p(x)|E(x’T)|) ¢ (6.21)
x€Q
where ¢4 = ¢1 - c3. Now, set
np/ (n-1)
1. £ , (6.22)
hg A/np

2C4Y1/p”gEIILf°

1

(@) ”P”Lw(g)

from (6.21), we deduce that if sup .1y 4 reqP(X)|E(x,7)| < 1/h¢, then

)
llgexe ”Mﬂ/i(g) < 2 (6.23)

From (6.10) and (6.23), we obtain (6.8).
Conversely, assume that (6.8) holds. We consider again the sets Gy introduced in
(6.15). From (6.16), we get

A pae 1/
1813002y > c2l8llaars gy > 2™y 7Pk sup(p ()]G (x, d)I) - (6.24)
X€
Therefore, if we put
Py el g
k. = ‘ MPHQ) (6.25)
2 C2 7
from (6.24), we obtain
1
sup p(x)|Gr. (x,d)| < 7, (6.26)
x€Q £
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and then, (6.8) being verified,

llgxGe g ey < € (6.27)

We conclude the proof setting g. = ¢ — gxg,.- Indeed, clearly g. € L% /p(Q) and (6.27) gives
||g - gé-”Mp,‘\(Q) <E. O
Arguing in the spirit of Section 4, we want to obtain a decomposition result also for

functions in Mﬁ'A(Q). To this aim, we put for h € R, and g € MPA(Q)

Dlgl(y=" sup  [lgxell v (6.28)
Ees(Q)
sup p(x)|EGea)|<1/h
x€Q

In view of the previous lemma, we can define a modulus of continuity of a function g in
Mﬁ'A(Q) asamap o,/*[g] : R, — R, such that

D[g](h) < oi™[g] (),

. p (6.29)
hl_l)n)ooap [g](h) = 0.
Lemma 6.2. Let L € [0,n[, p € [1,+0[and g € Mz')‘(Q). For any h € Ry, one has
8= 9+ P (6.30)
with ¢ € Lf"l/p(Q) and
”(P,h”MW(Q) < UPP'A [g](h), ”(PZ”L?UP(Q) = CYl/phl/p”g”Mw(Q)' (6.31)

where c is a positive constant only depending on n,d, p, and A and where y is that of (6.2).

Proof. Fix g € M/’:’A(Q), for any h € R, we set

) g ifxeGy, , 0 if xeGy,
P = 8XG = ) =88 XGr = . (6.32)
0 ifxeQ/Gy, g ifxeQ/Gy,

where

Gr = {x€Q1 p @5 2 &Py PR |5 s ) (639)

The thesis followed by (6.2) and (2.3) arguing as in the proof of Lemma 4.1. O

Let us show the following inclusion.
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Lemma 6.3. Let A € [0,n[ and p € [1,+oo[. Then, L=,(Q) N MPH(Q) C Mﬁ’)L (Q), for all a € R,.

Proof. For a > 1/p, clearly L%, (Q2) C L% /p (Q2) and then (6.6) holds. On the other hand, for

a < 1/p, we can show that if g € L=, (Q) N MP*(Q), then (6.7) holds. Indeed, observe that by
(2.3), there exists a constant ¢; = ¢;(n, d) such that for any E € X(Q)

”gXE”MPr-‘(Q) sa ”gXE”Mm(g,d) =a Z}’;I';]T_)L/p”gXE”LF(Q(x,T))
T ,

Q
* 1 (6.34)
< ClYu“g“Lf;(Q) sup 77 p*(x)|E(x, 7)['/".
7€]0,d]
xeQ
Moreover, there exists a constant ¢; = ¢;(n) such that
B B a _ 1/p-a
sup T/Pp"(x)|E(x,7)|'/? = sup (77 p(x)|E(x,7)]) (T7E(x, 7))
7€]0,d] 7€]0,d]
xeQ xeQ (6 35)
< cdm NP8 gup <T‘)‘p(x)|E(x, T)|>a.
7€]0,d]
xeQ
Hence, fixed € > 0 and set
1/a
1 £
- = , (6.36)
he <C1 LY |8 [l oy @V ”‘“’)
we deduce that, if supTE]O,deeQT‘)‘p(x)|E(x,T)| <1/h,, then |lgxellvri (@) <€ - O

Now, we can prove a further characterization of Ml’;’)L (Q).

Lemma 6.4. Let A € [0,n[,p € [1,+oo[. Then, Ml’,”l(Q) is the closure of U,eg, L% (€2) N
MPMQ) in MPM(Q).
Proof. Clearly, if g € M/’;’A(Q) by (6.6), one has also that g is in the closure of ek, L%, () N
MPA(Q) in MPA(Q).

Conversely, let us prove that if g belongs to the closure of g, L% () N MPA(Q) in

MPA(Q), then (6.8) holds. Indeed, given ¢ > 0, there exists a function g. € L=, (Q) N MPA(Q),
for an a € R,, such that

€
”g — & ”MM(Q) < E (6.37)
Hence, given E € %(Q)

€
”gXE”MPJ(Q) <|l(g- gﬁ)XE"MM(Q) + ”gEXE”Mw(Q) < > + ”gEXE”MPJ(Q)- (6.38)
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Now, observe that since g. € L®,(Q) N MP*(Q) by Lemma 6.3, we get g. € Mﬁ’A(Q), and
therefore, using (6.8) of Lemma 6.1, we obtain that if sup, _,p(x)|E(x,d)| <1/h, then

£
”gEXE ”MM(Q) < 7 (6.39)

This, together with (6.38), ends the proof. O

A straightforward consequence of the definitions (3.21) of Lemma 3.3, (6.6) of
Lemma 6.1, and (3.2) of Lemma 3.1 is given by the following result.

Lemma 6.5. Let \ € [0,n] and p € [1, +oo|. Then, MP(Q) ¢ MP(Q) ¢ MPA(Q).
p P

Let us show that if p vanishes at infinity, the first inclusion stated in the lemma above
becomes an identity.

Lemma 6.6. Let A € [0, n[ and p € [1,+oo[. If p is such that

lim p(x) =0, (6.40)

|x] =+

then MY (Q) = MPH(Q).

Proof. We show the inclusion Mﬁ’A(Q) C Mg’A(Q), the converse being stated in Lemma 6.5.
In view of Lemma 6.4, it is enough to verify that if (6.40) holds, then L%, (£2) N MPAQ) C
Mg’)”(Q), forany a € R,.

To this aim, given a € R,, we fix g € L=,(Q) N MP*(Q), and we prove that (3.25) is
satisfied. Observe that by Lemmas 6.3 and 6.5 g € M”"*(Q). Moreover, for any x € Q and if
1 < d there exists a constant ¢ = ¢(n) such that

sup T_Up"g”Lp(Q(x,T)) < Ya“g”Li‘;(@ sup TP p%(x)|Q(x, T)|P
7€]0,1] el (6.41)

S CY‘I”g”LE‘;(Q) S%Ii]T(n_M/pPa(x) = CYa”g”Lg;(Q)Pu(x)«
T€]0,
On the other hand, if d < 1, clearly one has

sup 7|8 || gy = max{ sup 7|18l g SUP T_Mp”g”Lp(Q(x,r)) } (6.42)
7€]0,1] 7€]0,d] Teld 1]

We can treat the first term on the right-hand side of this last equality as done in (6.41)
obtaining

sup 718l 1y e my < A"V Per®g]

» P (X),
o] 12(Q) (6.43)

the constant ¢ = c¢(n) being the one of (6.41).
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Concerning the second one, observe that for any x € Q and 7 € ]d,1], we have the
inclusion Q(x,7) C Q(x,7), where Q(x,T) denotes an n-dimensional cube of center x and
edge 27. Now, there exists a positive integer k such that we can decompose the cube Q(x, 1)
in k cubes of edge less than d/2 and center x;, with x; € Q for i = 1,...,k. Therefore,
Q(x,1) c Uf;l B(xi,d/2). Hence, for any x € Q and 7 € ]d, 1], we have, arguing as before
with opportune modifications,

k
P8l ) < d_x/pié”g s eyar2y < kA" Pey®||g ]| o) p (), (6.44)

the constant ¢ = ¢(n) being the same of (6.41).
The thesis follows then from (6.41), (6.42), (6.43), and (6.44) passing to the limit as
|x| — +oo, as a consequence of hypothesis (6.40). O

From the latter result, we easily obtain the following lemma.

Lemma 6.7. Let A € [0,n[and p € [1,+oo[. If p, 0 € G(Q) N L*(Q) and

lim p(x) = lim o(x) =0, (6.45)
|x] = +o0 ’

|x] = +o0
then MY (Q) = MPH(Q).
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