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In 1993, Peloso introduced a kind of operators on the Bergman space A%(B) of the unit ball that
generalizes the classical Hankel operator. In this paper, we estimate the essential norm of the

generalized Hankel operators on the Bergman space AP(B) (p > 1) of the unit ball and give an
equivalent form of the essential norm.

1. Introduction

Let B be the open unit ball in C", m the Lebesgue measure on C" normalized so that m(B) =1,
H (B) denotes the class of all holomorphic functions on B. The Bergman space A?(B) is the
Banach space of all holomorphic functions f on B such that jB |f (z)|?dm(z) < co. Itis easy to
show that A%(B) is a closed subspace of L*(B, dm).

There is an orthogonal projection of L?(B, dm) onto A?(B), denoted by P and

Pf(a) = | Kizw)fwdmw), (1.1)

where K (z,w) =1/(1 - (z,w))"" is the Bergman kernel on B.
For a function f € H(B), define the Hankel operator Hy : A?(B) — AZ%(B)" with
symbol f by

Hyg = (1-)(Fg) = | @~ @)Kz wigw)dm(w), (12)

where [ is the identity operator.
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Since the Hankel operator H is connected with the Toeplitz operator, the commutator,
the Bloch space, and the Besov space, it has been extensively studied. Important papers in this
context are [1, 2] for the case n = 1 and [3-5] for the case n > 1. It is known that H is bounded
on A?(B) if and only if f € f(B) and Hy is compact A%(B) if and only if f € fy(B), where

p(B) = {f € H(B) : su§(1 - |z|2> |Rf(z)] < oo},

(1.3)
fo(B) = {f € H(B) : (1 - |z|2> |Rf(z)| — 0,as |z| — 1}.
Rf is the radial derivative of f defined by
<. 9f(®)
Rf(z) = ]_;z] e (1.4)

p(B) is called the Bloch space, and f(B) is called the little Bloch space.
Forn =1, f € H(D) (D is the open unit disc), Hy is in the Schatten class S, (1 <p <
o) if and only if f € B,(D); Hf € S, (0 <p <1) if and only if f is a constant, where

B,(D) = {f e HD) : f'(z)(1 - |z|2> € Lp(d/\)}, p>1, (1.5)

and dA(z) = (1- |z|2)72dm(z) is the invariant volume measure on D, B, (D) is called the
Besov space on D. This theorem expresses that there is a cutoff of Hy atp = 1.

Forn>1,f e H(B), Hf €S, 2n<p < w)ifandonlyif f € B,(B), Hf €S, (0<p<
2n) if and only if f is a constant, where

B,(B) = {f € H(B) : (1 - |z|2>Rf(z) € LP(d)L)}, p>n, (1.6)

and dA(z) = (1 - |z|2)_(n+1)dm(z) is the invariant volume measure on B. B, (B) is called the

Besov space on B. Then, the cutoff phenomenon of Hy appears at p = 2n. If c(n) denotes the
value of “cutoff,” then

1, =1,
c(n) = { ! (1.7)

2n, n>1.

Obviously, c(n) depends on the dimension 7 of the unit ball.
In 1993, Peloso [3] replaced f(z) — f(w) with

D*f(2)

a!

Ajf(w,z) = f(w) = Y

|l <j

(w-z)* (1.8)
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to define a kind of generalized Hankel operator:

Hy8(2) = fB A f (w0, DK (2, w) g (w)dm(w),
(1.9)

Hj8(2) = f Aif(z,w)K(z,w)g(w)dm(w).
B

Here, (D f)(z) = (('ﬂ“"'f(z))/(azi"1 -+-0zy"). Clearly, if j = 1, Hyqand H},1 are just the classical
Hankel operator Hy. He proved that Hy; has the same boundedness and compactness
properties as H, but the Schatten class property of Hy,; is different from that of Hy. If n > 2,
f € H(B), Hyj € Sp((2n/j) < p < o) ifand only if f € B,(B); if 0 <p < (2n/j), Hy; € Sy if
and only if f is a polynomial of degree at most j — 1. So the value of “cutoff” of Hy,; is 2n/j;
this means that the cutoff constant ¢(n) depends not only on the dimension but also on the
degree of the polynomial

s DG -y, (1.10)

a!

L3S

and we are able to lower the cutoff constant by increasing j.

The cutoff phenomenon expressed that the generalized Hankel operator Hy,; defined
by Peloso and the classical Hankel operator Hy are different.

In the present paper, we will consider the generalized Hankel operators Hy,; defined
by Peloso on the Bergman space AP(B) which is the Banach space of all holomorphic
functions f on B such that jB |f(z)|Pdm(z) < oo, forp > 1.

For f(z) € H(B), j is a positive integer, and we define the generalized Hankel
operators Hy; and H }/]. of order j with symbol f by

Hyig(z) = IB -Ajf(w,z)K(z, w)g(w)dm(w),

_ (1.11)
Hi,8(z) = IB Aif(z,w)K(z,w)g(w)dm(w),
where ¢ € AP(B),
A]f(w, Z) = f(w) _ Z D“i'!(z) (w _ Z)u,
u<]Du (1.12)
e = - 5 I
lal<j )

Luo and Ji-Huai [6] studied the boundedness, compactness, and the Schatten class
property of the generalized Hankel operator Hy ; on the Bergman space A”(B) (p > 1), which
extended the known results.
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We will study the essential norm of this kind of generalized Hankel operators H,; and
H }] We recall that the essential norm of a bounded linear operator T is the distance from T
to the compact operators; that is,

IT|ess = inf{||T — K|| : K is a compact operator}. (1.13)

ess

The essential norm of a bounded linear operator T is connected with the compactness
of the operator T and the spectrum of the operator T.

We know that ||T||.s = 0 if and only if T is compact, so that estimates on [|T|| . lead to
conditions for T to be compact. Thus, we will obtain a different proof of the compactness of
the generalized Hankel operators Hy,j and H ’f]

Throughout the paper, C denotes a positive constant, whose value may change from
one occurrence to the next one.

2. Preliminaries

For any fixed point a € B - {0}, z € B, define the M&bius transformation ¢, by

a - Py(z) - 5,Q4(2)

(Pa(z) = 1-(za) ’

(2.1)

where s, = 1/1 - |a|* and P, is the orthogonal projection from C" onto the one-dimensional
subspace [a] generated by a, Q, is the orthogonal projection from C" onto C"![a]. It is clear
that

(za)

la*

P,(z) = ze(C",

(2.2)

Qu(z)=z- <|Z'|Z a, zE€B.
a

Lemma 2.1. For every a € B, ¢, has the following properties:

(1) ¢a(0) = aand @,(a) =0,
(2) paowa(z) =2, z€B,
(3) 1/(1 - (pa(2),a)) = (1-(z,a))/(1~|al*), z€B.

Proof. The proofs can be found in [7]. O

Lemma 2.2. For s > -1, t real, define

2
Li(z) = IB <1 i ) dm(w), zé€B. (2.3)

|1 _ (Z, w>|n+1+s+t
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Then,

(1) t <0, I{(z) is bounded in B,
() t =0, Ii(z) ~ log(1/(1 - |z[*)) as |z| — 17,
B)t>0,Ii(z) ~(1—|zP) " as|z| — 1.

Here, the notation a(z) ~ b(z) means that the ratio a(z)/b(z) has a positive finite limit
aslz| —» 1.

Proof. This is in [7, Theorem 1.12]. O

Lemma 2.3. Let k;(z) = K(z,g)/||K§||L,,(dm), where K¢(z) = K(z,¢) = 1/(1- (z,g))"”, then
k¢(z) has the following properties:

(1) ||k§||LP(dm) =1,
(2) kg(z) — 0at every point z € Bas |¢| — 17

Proof. Tt is obvious. g
Lemma 2.4. Let K¢(z) = K(z,¢). Then, for any positive integer j,

(1) Hy,jKy = =4, (¢, )Ke,

(2) Hj ;Kg = Ajf(-, 9Ky

Proof. The proof is obtained by the definition of Hy,; and H If,j and the reproducing property
of K(z,¢), through the direct computation to get them. O

Lemma 2.5. Let j be any positive integer, f € H(B), and 0 < q < oo, then there is a constant C
independent of f, such that

(1) (1= 22 [RIf ()] < Clf 1A f (0= (w), 2)"dm(z0) } /7,
@) (1= 2P IR f(2)] < Clf5 |2 £ (2, 9= () "dm(w) } 7,

where R/ f is the jth order radial derivative of f,
Rif(z) = YK fi(z), (2.4)
k=1

and f(z) = 312 fx(z) is the homogeneous expansion.
Proof. This is in [3, Proposition 3.2]. O
Lemma 2.6. Let j be any positive integer, f € H(B), and 0 < p <1, p > 1, then
(1) f5 180, D (= o) "/~ (2" dmw) < CO- J2f) P (sup.cp(1 -
IR f ),
@ [518:f (2 w)P (1 = o) /11 =z ) dm(ew) < €= 12F) " (sup.cp(1
2P IR f ()
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Proof. (1) Write F(w, z) for A; f(w, z). Using the change of variables w = ¢ (&), we obtain

(1-ar)”

1=z

f IF(w, =)
B

(1 - |(Pz(§) |2>_P (] _ |Z|2>"+1 )
1=z @)™ 1= (& )P

(1-17)"

1= (g z) "

m(g) (*)

= f |F((Pz(‘§)lz)|p
B

- (1-:R) " [ 1@, m(@).

Let

, . /1 n+1
1<g <m1n<f—),n+1_P> (2.5)

and set g = q'/(q' — 1). Then, applying Holder’s inequality to (*), we obtain

(-t)”

1=z

f IF(w, =)
B

1/4

_ 1-12) ™
S<1—IZIZ>p(fB|F(<Pz(§),2)|pqdm(§)>1/q [ Sy .

11— (& z)| 207
(2.6)

Because of our choice of ¢/, it follows that —pg’ > -1 and (n + 1 -2p)q' < n+1 - pq'. Now,
Lemma 2.2 implies that

f (1-1) "

1= (g 2y e 27

is bounded by a constant. Therefore, applying [3, Theorem 3.4], we get

— 2 ° .
J.B |A;f (w, Z)|P<1L|>n+ldm(w) < C<l - |z|2>_p <sup<1 - |z|2>] |Rff(z) |>p (2.8)

|1_ (Z/w>| z€B

(2) The proof of (2) is similar to that of (1). O
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3. The Main Result and Its Proof

Theorem 3.1. Let f € H(B), j any positive integer, p > 1, and the generalized Hankel operators
Hy, H'f/]. defined on AP (B) by

Hyjg(z) = fB -Ajf(w, 2)K (z,w)g(w)dm(w),
(3.1)
Hj 8(z) = IB Ajf(z,w)K(z, w)g(w)dm(w).

Suppose that Hy,;j and H } jare bounded on AP(B), then the following quantities are equivalent:
() 1Hy . and |1H ]

@) Timp -1 (1 - 2P R f(2)],
(3) limyzj1-(1 - |z|2)|Rf(z)|.

Particularly, Hf; and H},]. are compact on AP(B) if and only if limp;_q-(1 -
|2P)IRf (2)] = 0.

Proof. First, we will prove that ||Hy||,., > Climz1-(1- |z|2)j|Rff(z)|. By the definition of
k:(z) of Lemmas 2.3 and 2.4, we have

LA WE RO

K(z, P
-], | ||1<§|Lfim> )
- i | [HyK(z ) dm(2) 32
1Ke a2 (32
- m fB 18 @ 2 1K (z )P dm(z)
B 1
Kl

here I = [ |A;f(&, 2)IP|K(z,§)I"dm(z).
Use the change of variables z = ¢;(7) in the integral I, and recall that

2 n+l
dm(z) = <L§|2> dm(t). (3.3)
T
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Thus

. p n+l
:J‘ |A;f (& 9(7))] : < 1- ¢ 2> ()
B 1= (py(r), &)""Y \I1-(7,8)|

_ 1 f | f (& ge(T)|”
B

h (n+1)(p-1) _ (2-p)(n+1)
(1-12P) - (r,&)]

dm(t)

1 p
2 (n+1)(p-1) <fB|Ajf(§, ¢ (T)) |dm(T))

(1-12P)

1 1-p
) <f B [1— (7,¢)[CP0D/0p) d’”(T)>

(3.4)

p
(n+1)(p-1) <fBlAff(§/ 24 (T)) |dm(T))

v

[CERILZE]

C

C
(n+1)(p-1)

(1-12P)

Here, we have used (3) of Lemma 2.1, Holder’s inequality for the indexes p and p/(p—-1), (1)

of Lemma 2.2, and (2) of Lemma 2.5.
Therefore,

1 C i P
ke 2 — [1—|«;|2 R]f(é)]
A KN (1-1ep)" """ (=) |Rre)

ol o

~c[(-1) R ||

So | Hy,jkgllipmy > C(1 = P |RIf ()]
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For any compact operator T, by (2) of Lemma 2.3, we have ||Tk;||,, (dm) Oas|¢| —
1-. Then,

#15= T 2 T B = kel

> ‘glliiT}(”Hf,fkéllLP(dm) =17kl )

_ (3.6)
= lim ”Hf,]'

i—1- k§||LP(dm)

> Clim (1-1¢P) [RiF @)

Thus, ||[Hyjl|.. > Climp—1-(1 - |z |RI f(2)]. |
Now, we will prove that ||[Hy,|| ., < Climjz—1-(1 - |z|2)7|R7f(z)|.
Write F(z,w) for —A;f(z,w). For 0 < p < 1and g € AP(B), let B(0, p) and B(0;p, 1)

denote the ball |z| < p and the ring p < |z| < 1, respectively, then we have

ess

Hy18(2) = o0, (2) fB Flw, 9K (z, w)g (w)dm(w)

— f Fw, DK (2 w)gw)dm(w) (3.7)
=Tig(z) + ng(z).
Here,
Tig(z) = xB(O,m(z)f Flw, 2)K (2, w)g(w)dm(w),
5 (3.8)

T2(2) = X0 (2) fB Fw, 9K (z, w)g(w)dm(w).

We first show that T; is compact. Let {g;} be a sequence weakly converging to 0 and
p' =p/(p-1), by Holder’s inequality, then we have

|Tlgl(z)|p =

P
< XB(,p) (2) <fB|F(w/ Z)IMdW(W)>

1~ (z,w)™!

- P
XB©,)(2) J.B F(w, z)K(z, w) g (w)dm(w) ‘

, ~1/p p/y'
IF (@, 2) (1~ [P 3.9)

d
TP

< XB(0p) (2) f
B

’

1/p

dm(w).

f |81)[" (1 - feol?)
B

11— (z,w)["!
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By Lemma 2.6, we get

. P
ITigi(2)[" < Cxpop (2) <Sug<1 - IZI2)] |ij(Z)|>

17 (3.10)

Sy |g@)]P (1 -l
x (1-12F) ””L |1—<<z,w>|"“> dm(w).

Thus,

”Tlgllle (dm) J.B |Tigi1(2)|" dm(z)

- CJ‘ <sup<1 3 |Z|2>f|ij(z)|>P<1 - |z|2>*1/p/
e

z€B

X

dm(w)dm(z)

J_ |gl(w) |P<1 _ |w|2>1/p,
B

1= (z,w)""!

-1/ Tl i .
<c(1-ol?) <igg<1—lzlz) IR’f<Z>|>

J‘J‘ |gl(w)|p |w|2>1/p,

11— (z,w)|™!

dm(w)dm(z)

=c(-1el) ™" <sup(1 - |z|2)’|Rff<z>|>p
f |81w)] (1 ) IB de(z)dm(w)
p(

§C<1—|p|2>7 < 1- |z|)|RJf(z)|>

/

f |ie0) " (1~ o) " 10g (1 - ol dm(zo)

— 0, asl— oo.

(3.11)

So, T is compact.
For g€ A” and p' = p/(p - 1), by Holder’s inequality,

|Tg(z)|" =

- 14
[R— f Fw, 9K, w)g(w)dm(w)‘

g(w) b
< <IB XBp1) (2)[F(w, Z)|ﬁdm(w)>
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_ /v
F(w, 2 (1- )" "
< L XB©;p,1)(2) dm(w)

1= (z,w)™!

N @) [f (1 - k)
B

- (z,w)|”+1 dm(w).

(3.12)

So

) -1/p p/p

) , [F@, ) (1 fwf)
||T2g”LP(dm) = J‘ |T2g(2)|"dm(z) < f J. XB(p,1)(2) ] dm(w)
B B B 1-(z,w)|

] s@)" (1-1of?)"”
B

|1 - (Z/w>|n+1

dm(w)dm(z).
(3.13)

Change the variables w = ¢-(¢), let

1<q < min <p, ﬁ), (3.14)

and setg =¢'/(q — 1), by Lemmas 2.1 and 2.2, then we obtain
IF (@0, DI (1= o) "

1= (z,w)™!

|F((Pz(§)/ Z)lp,<1 - |q)z(§)|2>*1/r) <1 3 |Z|2>n+1 e
m
|1 - <z, (Pz(§)>|"+1 n- <§,Z>|2(n+l)

(1-w?) "

L= (g z)" 7

J.B XB(;p,1)(2) dm(w)

= f XB©p1)(2)
B

- [ xwonn@(1- 1) 1F 0, 2) ()
’ |

(3.15)
1/q

< (1= ([ xmoan @IF@-@, D dm) )

A
g <J.B 1= (& z)| 120 dm(é))

<c(t-P) ([ xwomn@IF @@, am®)
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By the same argument of [3, Theorem 3.4], we know that

sup (1 - |z|2>j|ij(z) |>p,. (3.16)

p<|z|<1

: 1/q
(fB Xeop AIF (=@, D dm(e)) < C<

Applying Fubini’s theorem and Lemma 2.2, we have

. P
Tl < s0p (1) [R50 )
P<Z<

, (1 _1o2\"?
[ o) P Rf) e (317)
B B

|1 _ (Z’w>|n+1
Il i .
< C< sup (1 - |Z|2> |R]f(Z)|> IIgII’ZWm)-
p<|z|<1
So

ITall < € sup (1-12) [Rif(2)]. (3.18)

p<|z|<1

Thus, by the definition of the essential norm, we have

j .
1Hfjll.y < IT2 + Talless < T2l < C sﬁpl@ -12P) [Rif (). (319)
p<lz|<

Asp — 1, we have

—_ Tl i
1Hp e < C Ty (1= 12F )[R f(2)] (3:20)
_and Timz— 1 (1- 2P) IR f(2)].

By [7, Theorems 3.4 and 3.5], we obtain the equality of lim,_,1- (1 - |z|2)j|R7f(z)| and
limpz - (1 - |2P)IRf (2)].
We complete the proof of Theorem 3.1. O

Similarly, we get the equality of | H }]

7J - es

Acknowledgments

The authors would like to thank the referee for the careful reading of the first version of this
paper and for the several suggestions made for improvement. The paper was supported by
the NINSF of China (no. 10771201) and the Natural Science Foundation of Anhui Province
(no. 090416233).



Abstract and Applied Analysis 13

References

[1] J. Arazy, S. D. Fisher, and J. Peetre, “Hankel operators on weighted Bergman spaces,” American Journal
of Mathematics, vol. 110, no. 6, pp. 989-1054, 1988.

[2] S. Axler, “The Bergman space, the Bloch space, and commutators of multiplication operators,” Duke
Mathematical Journal, vol. 53, no. 2, pp. 315-332, 1986.

[3] M. M. Peloso, “Besov spaces, mean oscillation, and generalized Hankel operators,” Pacific Journal of
Mathematics, vol. 161, no. 1, pp. 155-184, 1993.

[4] K. Stroethoff, “Compact Hankel operators on the Bergman spaces of the unit ball and polydisk in C",”
Journal of Operator Theory, vol. 23, no. 1, pp. 153-170, 1990.

[5] K. H. Zhu, “Hilbert-Schmidt Hankel operators on the Bergman space,” Proceedings of the American
Mathematical Society, vol. 109, no. 3, pp. 721-730, 1990.

[6] L. Luo and S. Ji-Huai, “Generalized Hankel operators on the Bergman space of the unit ball,” Complex
Variables. Theory and Application, vol. 44, no. 1, pp. 55-71, 2001.

[7] K. Zhu, Spaces of Holomorphic Functions in the Unit ball, vol. 226, Springer, New York, NY, USA, 2005.



