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We obtain weighted integral representations for spaces of functions holomorphic in the unit ball
B, and belonging to area-integrable weighted L"-classes with “anisotropic” weight function of the
type TTL, (1 = w12 = [wa? = -+ - = [wil)™, w = (w1, w3, ..., w,) € B,. The corresponding kernels of
these representations are estimated, written in an integral form, and even written out in an explicit
form (for n = 2).

1. Introduction

Denote by B, the unit ball in the complex n-dimensional space C" : B, = {w € C" : |w| < 1}.
For 1 < p < +o0 and a > -1, denote by HY(B,) the space of all functions f holomorphic in B,
and satisfying the condition

f @) (1= [wf) " dm(w) < +oo, (1.1)
B,

where dm is the Lebesgue measure in C" = R*". Further, for a complex number f§ with Re § >
-1, put

I'(n+1+p)

() = — 5T T p) (1.2)

We have the following theorem.
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Theorem 1.1. Assume that 1 < p < +oo,a > —1, and that the complex number P satisfies the
condition

Ref>a, p=1,

(1.3)
Ref > arl -1, 1<p<on.
p
Then each function f € HY(B,) admits the following integral representations:
2\F
@) (1~ [wP)
f(z)=cu(p)- f dm(w), z€B,,
B, (1 -{(z,w))"™ P
(1.4)

@) (1~ eol?)’
(1 _ <Z’w>)n+1+ﬂ

m(w), z€ By,

7O = ca(B) - f

where (-,-) is the Hermitean inner product in C".

For n = 1, that is, for the case of the unit disc D C C, this theorem was established in
[1, 2], where the formulas (1.4) are important in the theory of factorization of meromorphic
functions in the unit disc.

For n > 1, the theorem was proved in [3] (when a = 0) and in [4, 5] (when a > -1).

In monographs [6, 7], one can find numerous applications of the formulas (1.4) in the
complex analysis.

In the present paper, we generalize Theorem 1.1 in the following way.

Assume that1 < p < +oo and a = (a3, ..., a,) € R" satisfies the conditions

a, > -1,
A, + Ay > -2,

Ay + A1+ Apyp > -3,
(1.5)

A+ a1 +ayo+--+ap>—-(n-1),

a,+a,1+ayor+---+ar+a; >—n.

Then we introduce the spaces H} (B,) of functions f holomorphic in B, and satisfying the
condition

[ 1@l TT(1- ko = o = o= o) o) < oo (16)

i=1

Section 3 contains detailed investigation of these spaces with “anisotropic” weight function.
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For these “anisotropic” spaces, similarities of the integral representations (1.4) are
obtained, but this time a special kernels Sp,p,..5,(z;w) = Sp(z;w) (where f;, 1 < i < n,
are associated with a;,1 < i < n, and p in a special way) appear instead of c,(f) -
1- (z,w))f(’”“ﬁ) (Theorem 4.7). Theorem 4.5 gives the description (in a multiple series
form) and the main properties of these kernels. Theorem 4.8 makes it possible to represent
the kernels Sy as integrals taken over [0; 1]"71 C R". Finally, in the special case n = 2 we write
out these kernels in an explicit form (see Theorem 4.12).

2. Preliminaries
In this section, we present several well-known facts which will be used in what follows.

Fact1. Fora>-landk=0,1,2,..., put

19 @k) = [ P (1= o) dm(eo), e
D
then
IFk+DHI'(a+1)
D (g 1) = Shiliel ol Sl
] (k) = Tk+at2) (2.2)
Moreover, ifa > -1and k,1=0,1,2,... (k#I), then
f W (1- |w|2>“dm(w) - 0. (2.3)
D

Remark 2.1. Assume that p > 0 and ¢ is a continuous positive (i.e., ¢ > 0) function in (0; p). If
k,1=0,1,2,... (k#1), then

Jl | w @' p(|w|)dm(w) =0, (2.4)
wl<p

when the corresponding integral exists.

Fact 2. For A #£0,-1,-2,...,

1 © T(k+l)
_ X |x <1, 25
Aoxt - TG M o
Fact 3. If Rep > 0,Reg > 0, then
1 I'(p)T'
f 11 - 1)1 dt = B(p; q) = M (2.6)
0 I'(p+q)
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Fact 4. If g € C[0;T] (T > 0), then

. 1 (T B-1 4. _
1‘%1@ Jo g(x)(T —x)"dx = g(T). (2.7)

As a consequence of Stirling’s Formula, we have the following fact.
Fact 5. For arbitrary y € Cand for R>0, R — +oo
IT(u+R)| < e®. RRemR1/2, (2.8)
In addition, if Rey > 0,Rev >0,and R>0, R — +oo, then

IP(u+R)| = [T(Rep+ R)],
‘r(ﬂ +R)| 1 (2.9)

T(v+R)|  RRev-Rey’

Fact 6. Assumethatp >0, p >0,and f € H(|w| < p); then fg” |f (re'®)|Pdd is a nondecreasing
function of r, that is,

,[2” |£(ne®)|"as < r” £ (rne®)|'as, o<n<n<p. (2.10)
0 0

Corollary 2.2. Assume that p > 0, p >0, f € H(lw| < p), and ¢ is a continuous positive (i.e.,
¢ > 0) function in (0; p). Then

I " |f(T-w)|P'<P(IWI)dm(W)Sf |f @) - ¢(jwl)dm(w) (2.11)
pr<|w|<pa

p1<lw|<pz

if0< p1 <pr<pand 0 <r <1 In particular,

fl | |f(r-w)|” - p(|w])dm(w) Sj | f@)|? - o(jw])dm(w). (2.12)
w|<p

[wl<p

3. Main Function Spaces

Suppose that a = (a1, ap, ..., a,) € R*. We put

me=> -ai, L= >a. (3.1)

a;<0 a;>0
Further, we shall write a < (x) only if the following conditions are satisfied:

Ay +ap1+--+a;>—-(n+1-i) (1<i<n). (*)
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Similarly, if B = (B1,B2,...,Bn) € C", then we shall write f < (x) if only Ref = (Ref,
Reps,...,Refy) < (%).
The following multidimensional analogue of Fact 1 is valid.

Lemma 3.1. For a = (a1, a,...,a,) < (x) and for arbitrary multi-index k = (ki,ky, ..., kn) € Z7,
put

](Tl) (al k) = ](Tl) (allaZI e /‘xn; kl/ k2/ cecy kn)
" (3.2)
= | TTrRaPTT(1 - lorl - koaf* = -+ = o) dm(w);

n
By i=1 i=1
then

Ik, +a,+a,1+2)
Ik, +a,+2)

" (a; k) = 7"

Ik, +ky1+ap+ay1+a,2+3)
Tk, +kyp1+a,+a,1+3)

T(ky+kp1+kpo+--+ks+ap+ap1+apo+--+az+ar+n-1)
I(kp+kp1+kpo+-+hks+ap+ay1+aypo+---+az+n-1)

N(ky+ky1+kpo+--+hks+hkp+a,+ay1+apo+--+az+a+a;+n)
I(ky+kp1+kpo+--+hks+hky+ay+ay1+aypo+---+as+ay+n)

I(ky+1) -T(kp-1+1) - T(kpp+1)----- I(ks+1) -T(kp+1) -T'(ky+1) - T(ay+1)
[(kptky1+kyot+ - +ks+ko+tki+ag+ay 1 +apo+-+az+ar+ag+n+1)
(3.3)

Moreover, if « < (%) and k = (ki, ko, ..., ky), 1 = (I, b, ..., 1,) are arbitrary multi-indices
such that k #1, then

[ Tt Iw TT(1 - ol = oa = -~ o) " dimeo) = . (3.4)
B,

n =1 i=1 i=1

Proof. We intend to establish (3.3) by induction in n. For n = 1 we simply arrived at (2.2).
Assume the validity of (3.3) for some n and proceed to the case of n + 1. Note that arbitrary
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w € By, can be written as w = (W', wy41), where w' € B, |wy1] </1- |w’|2. Consequently,
fora = (a1,as,...,an, an1) < (%) and for multi-index k = (k1, ky, . .., kn, kns1) € Z™!, we have

](Tl+1) (“r k) = ](n+1) (alr A2y, An, Anyl; kl/ er R kn/ kn+1)

n+l - n+1 ) ) N
~ [ TP TI(1 P = ool = oo~ i) dmgeo
Bui1 i=1 i=1
n n “ (3.5)
- TTeoPTT(1-lorP = oo = oo o)
By i=1 i=1
An+l
x f [ty [t (1 — ||’ - |wn+1|2> Am(wy. )dm(w').
[ewnal<a/1=[e0'[?
A simple change of variable: w,.; = \/1-|w/|*- ¢ ({ € D) in the inner integral gives the
following recurrent relation:
I'(k nr 1
](n+1)(a11 o, ..., 0y, “n+1;klr k2/- . -rle/ kn+1) = ( n+l T ) (an+1 + )
I'(kp1 + apgr +2) (3.6)

X ](ﬂ) (allazl‘ . -/anflran + an+1 + kn+1 + 1/ kl/kZI e /kn)~

Note that (ay, az, ..., a1, ay + Ayy1 + ki1 + 1) < (%) (for all k11 € Z) due to the condition a =
(a1, a,..., 00, ay41) < (x). Consequently, in (3.6) we can apply (3.3) to T (ay,an, ..., %01, An+
An1 + kpat + L ki, ko, ..., ky) due to our inductive assumption. As a result, we obtain (3.3)
but this time for n + 1. Thus, the inductive argument is completed and the formula (3.3) is
established.

Now suppose that k = (ki, ka, ..., ky), I = (I, h,...,1,) € Z", and k# = there exists
iop (1 <ip < n) such that kj, #;,. Then we can split arbitrary w = (w;,...,w,) € B, in w; =
(w1,...7 ..., wy) € C"! and w;, € C so that |wﬂ)|2 +|w; |* < 1 and dm(w) = dm(w;,)dm(w;,).

fB [T TI@ TT1(1 - ol = oo =~ jeoil?) " dm(w)

0 =1 i=1 i=1

ig—1 .

ki =1 Kyl i
=I Wit Wy Wy W (1—|w1|2—|w2|2—~-—|wi|2>
[ <1 i=1
Ko —1y T- 2 2 2\ %
« Wi g TT(1- ol - ool = - i) “dm(eog)dm (o).
Iwio |Z<1_|wib ‘2 i=ig

(3.7)

In view of (2.4), the inner integral in (3.7) is equal to 0, so (3.4) is also proved. O
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Corollary 3.2. If a < (%), then

J ﬁ(l — w1 = Jws* =+ - |w1'|2>aidm(w)
B

]
o ) (3.8)
JC
= < +o00.
[Mi(an+ang+--+ai+n+1-i)

Remark 3.3. In the integrals J™ (a; k) (see (3.2)) instead of a < (), arbitrary g < (x) (8 € C")
can be considered and the formulas (3.3), (3.4), and (3.8) remain true after the replacement
of a by p.

Definition 3.4. Assume that 0 < p < +oo and a = (a3, ay,...,a,) < (x). Denote by Lh(B,) the
space of all complex-valued functions f in B, with

ME(f) = j [f@)”-TT(1 - lwrP = oo =+ = i) " dm(w) <+ (3.9)
B, i=1
We obviously have
ME(f + ) <2?{ML(f) + Mh(g)},  Mb(c- f) =" ML(f). (3.10)
Correspondingly, denote by Hf (B,) C L5 (B,) the subspace of functions holomorphic in B,,.
Note that 1 < p < g < +o0 = L{(B,) ¢ L5(B,), H}(B,) c H}(B,).
Lemma 3.5. Assume that 0 <p < +oo, a < (x), and f € H(B,). Then

22n+l,,

|f(2)]" < W -Mi(f), Vz€B, (3.11)

- (1-

where ¢, = m(B,,) is the volume of the unit ball of C".

Proof. Fix an arbitrary z € B,; putr = (1 -|z|)/2and B(z;r) = {w € C" : |w — z| < r} C B,.
Since |f [P is subharmonic in B,, we have

FEP S o |, I Pdmeeo) 1)
Note that
weB(zr) = hol <r+ |z = 150 ¢ |z = L 1 gy > 2
= 1-|wf>1-|w| > 1=k (3.13)
= 1-|w)* — [wa]* — -~ [w;* > 1-1 (1<i<n).

5 Sts
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Hence for w € B(z;r)

a; ]-/ a; < 0/

<1 - |u)1|2 _ |w2|2 — = |wi|2> > a- Izl)ai (3.14)
T, a; > 0.

Combining (3.12) and (3.14), we obtain

L Tl (1 - [2)"/2%)
e (1=120/2)" Tlano((1=12D"/2%) Jicary

@] < |f (@0)|"dm(w)

22n+la p n ) ) N
S ————— (w)|" - 1=[wn|” = [wo|” =+ = [wi]”) dm(w)
Cp (1 _ |Z|)2n+l” fB(z;r) |f | g( )
22n+la
<———— - ML(Y).
PRTEE
(3.15)
O
Corollary 3.6. HF/(B,) is a closed subspace in LY(B,).
Definition 3.7. If f € H(B,) and 0 <r; <1 (1 <i < n), then put
fr1r2~~rn(w) Ef(rl CW, 12 W2, Ty wn)r w = (wler/'”/wn) € Bn- (316)
Similarly, if f € H(B,) and 0 < r <1, then put
fr(w) = f(r-wy,r-wy,...,r-wy), w=(wy,w,..., wy) € B,. (3.17)

In particular, if ; =7 € [0;1] (1 <i < n) = frper, (W) = fr(w), note also that fi1..1(w) =

fi(w) = f(w).

Lemma 3.8. Assume that 0 <p < +oo, a < (x),and f € H(B,). Then forallr;, 0<r; <1 (1<i<
n),

MZ (frer"'rn) < MZ (f) (318)

In particular, f € H(B,) = frirser, € HE(B,).

Proof. Evidently, it suffices to fix iy (1 < ip < n) and consider the case 0 < r;, <1, r; =1 (1 <
i <n,i#ip). In other words, it is sufficient to show that

M <f11~-1ri01-~11> < ML(f). (3.19)
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To this end, we proceed as follows:
M, = ( L r s w; )|
a < drj 1 sy Wig=1sT19 or Mg+l ey
f11 1rjy1-11 ) = f w1 Wiy-1,Tiy * Wiy, Wiy+1 Wy
By

xTT(1 =t = el =+ = o) " dm(zo)
i=1
lo 1
[ TI(- kel - == o) (320)
\w [2<17=1

XI If(wll"'/wio—llrio ‘wigrwi0+11---/wn)|p
[wiy [2<1-|wg [2

T 1= w1 = sl = = )" dm(aoy ) (w0 ).

i=ig

An application of Corollary 2.2 (see (2.12)) to the inner integral gives the desired inequality.
O

Corollary 3.9. Assume that 0 <p < +oo, a < (%), and f € H(B,). Then forallr, 0 <r <1,

ME(f) < ME(F). (3.21)

In particular, f € Hy(B,) = f, € Hy(B,).

Lemma 3.10. Assume that 0 < p < +oo, a < (x), and f € H(B,). Then forall r;, 0 <r; <1 (1 <
i < n) and for arbitrary e (0 <e <1),

[ V@ TT( - P sl == af) )

i:1n (3.22)
<[l TI( - kol = el o~ o) e
1-e<|w|<1

i=1

Proof. Since the case ¢ = 1 coincides with (3.18), we can suppose that 0 < ¢ < 1. Further,
similarly to the proof of Lemma 3.8, it suffices to fix iy (1 < iy < n) and consider the case
0<r, <1L,ri=1(1<i<niti):

f |f (w1, ..., Wi, iy - Wiy, Wigst, -, wn) |
1-e<|w|<1

= a 3.23
< LT~ on ~ foaf oo~ o) "o 52)

EIl +Iz,
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where

ip-1 @
h- | [1(1 - wrf - ol - - - i)

lw; P<(1-€)* i=1

X I |f (w1, ..., Wi, Ti, - Wiy, Wigs1, - .., wn) | (3.24)
(=) ~few;, [2<fewiy |2 <1 e [

y ﬁ<1 i~ [woaff = - |wi|z>“idm(wi0)dm(w,~5>,

i=ig

i1 a,-
L= | [1(1-frf - ol - - - i)

(1-&)*<lwy [2<1 "i=1

y f |f (i, ..., Wi, 73, Wi0, Wigs1, -, W) | (3.25)
lewiy 2<1-feo ]2
n 5 P 2 a;
XH<1_|w1| — |w,| _..._|wi|> dm(wio)dm<w;0>.

i=io

It remains to apply Corollary 2.2. More exactly, let us apply (2.11) to the inner integral of
(3.24) and (2.12) to the inner integral of (3.25). By this, the proof is complete. O

Corollary 3.11. Assume that 0 < p < +oo, a < (%), and f € H(B,,). Then forallr, 0 <r <1 and
forarbitrary e (0 <e <1),

[ 1@l TI( kP - oo = oo~ o) dmgeo
1-e<lw|<1

i=1
(3.26)
SI F@)P - TT(1- ol =l = - ~ o) " dm(wo).
1-e<|w|<1 i=1
Lemma 3.12. Assume that 0 <p < +oo, a < (x),and f € HY(B,). Then
ME(f = frer,) — 0 asr; 11 (1<i<n). (3.27)
Proof. For arbitrary fixed € € (0;1) and forall r;, 0 <r; <1 (1 <i<n), wehave
MY (F = frirper) = J |f(w1,wa, ..., wy) = f(r1-wi, 12w, ..., Ty wy)|”
B,
x 1‘[(1 N S |wi|2) 'dm(w) (3.28)
i=1

= J +f =L+ )b
|lw|<1-¢ 1-e<|w|<1
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In view of the inequality (a + b)P <2P(a? + bP) (a,b >0, p > 0) and due to (3.22),

n

]zs2p+1~f1 ) < TP = foof =~ o) )
—e<|w|< i=1
(3.29)

Note that the condition f € HR(B,) implies J, — 0as ¢ | 0. Besides, it is evident that for a
fixede € (0;1): J; = Oasr; T 1 (1 <i<n). All these complete the proof. O

Corollary 3.13. Assume that 0 <p < +oo, a < (), and f € HY(B,). Then

ME(f-f)—0 asr1l (3.30)

4. Main Integral Representations

In fact, Lemma 3.1 asserts that the system

kl . kz c oo k" «
{wl ) ©n }kl,kz,...,k,,:O 41
is orthogonal in the Hilbert space
2 T 2 2 2\%
L3 By TT(1 - [eorP = [eoaf = -+ = [eoil*) " dm(ao) | (42)
i=1

And what about completeness of this system?

Proposition 4.1. Assume that 1 < p < +oo, a < (%), and f € Hy(By). If for arbitrary multi-index
k= (ki,ky, ... ky) €22

_ _ P I @
| feo) @t @t T ol -l - o) “dmw) =0, (43
B, i=1

then f =0.

Proof. Since f € H(B,) =

f(w) = Z ap -1, -wil wéz el
I Lo, 120
1 (4.4)
EZal-w, w € B,
120
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where |I| = 1 + I + --- + [, for arbitrary multi-index [ = (I1,l,...,1I,) € Z!. Moreover, for
arbitrary compact K C B, there exist a positive series lelzo ¢ < +oo such that |a; - w!| <
¢ (|I] 2 0) uniformly in w € K. Consequently, for arbitrary fixed r € (0;1)

f(r-w)= |l|2>0al !, we B_n, (4.5)

and, in addition, there exist a positive series 35 d; < +oo such that |a; - 7l - w!| < d; (|I| > 0)
uniformly in w € B,

Now let us fix arbitrary k; >0, k; >0,...,k, > 0. Since f, — f (asr T 1) in the space
HY(B,) (Corollary 3.13), we have (asr T 1)

[ gy T TT(0- ol = oaf = o) o)
n i=1

i=1

(4.6)
— | saw 1‘115" - 1i[(1 i~ sl = - i) “dm(z0) = .
On the other hand,
[ £ TT@ TT( - ol - o =~ ) " dmte)
= St L lj[wll_llu_”‘ -ﬁ[(l—|w1|2—|w2|2—---—|wi|2>aidm(w) (47)
>0 e i i

=ap - T (g, a K, k).

Combining (4.6) and (4.7), we obtain that aj - kT (. sk, ... k) — 0 (as
r 1 1) = ax = 0 and this takes place for any multi-index k = f = 0. O

Corollary 4.2. If a < (%), then the system

ki
wl . wz ----- wn

\/](n)(al/"'/an;kl/-'-/kn)

(4.8)

ki,ka,....kn=0

is an orthonormal basis in the space H2(By,).

Corollary 4.3. If a < (x), then the reproducing kernel (i.e., the kern-function) of the space H2(B,,) is
given by the formula

— .k .k —\kn
(z1w1)"™ - (zowp)™ -+ (znwn)
Kok 0 T (aq,..., ¢k, ... k)

Sa(z;w) = , z,w € B,. (4.9)
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Definition 4.4. Assume that f = (f1,02,...,6n) € C" and B < (x) © Rep = (Ref1,Repy,...,

Rep,) < (). For arbitrary z € B,, w € B,, let us introduce the following kernel (motivated
by (4.9)):

i (z1w07)" - (z0w05)" -+ (2, T0n)

49
k],kz,...,kn=0 ](n) (ﬁl/' . -/ﬂn; k1/° . -/kn) ( )

Sp(z;w) =

or, in a slightly different form,

X ()" - (zw)* - - - () & ”

Sﬂ(zl ZU) = = Pk(z; w), (49 )
g) ki+kp+-+kp_1+kn=k ](”) (ﬁl/ ... ,ﬂn,' ki,..., kn) kZ:O

where
Pi(z;w)
1 r e —_—
- o Z (Zlujl)k1 ' (Z2w2)k2 """ (ann)kn
d ki+ko+-+kyq1+k,=k
T (ku+pn+2) T (K + Kyt + fu + Pr1 +3)

T(ky + P+ Pr-1 +2) 8 T'(kp + kp-1 + Pn + Pn-1 + Pn2 +3)

U(ky+kny+kno+-+ks+Pn+Pui1+Pnot-+ps+n-1)
X oo X
T(kp+kna+kno+-+ks+Pu+Pui+Puo+ - +Ps+Pot+n—1)

T(kp+kna+kno+-+ks+ko+Pu+Ppa+Puo+ - +Ps+pfo+n)
X
D(kp+kna+kno+ - +ks+tko+Pu+Pn1+Puot - +Ps+Po+p1+n)

D(kp+kpa+kno+-+ks+ko+ki+Pu+Pna+Puot+ - +Ps+Pfo+pi+n+1)
X .
T(ky +1) T(kyoy +1) T(kno+1) - T(ks+1) T(ka+1) - T(ky +1) T (B +1)

(4.10)
Note that if we take Re 8, > -1, f; =0 (1 <i<n-1)in (4.9")-(4.10),then
I'ip,+n+1 1
Sp(z;w) = (p ) . — — — — 0 (4.11)
7" T(Pu+1)  (1- 21001 - 22103 — 255 — - — zgWy) "

that is, we arrive at the kernel of the integral representations (1.4).
We are going to estimate Pr(z;w), k=0,1,2,... = to estimate the kernel Sg(z; w). Let
us put (compare with (3.1))

my= > (-Ref), L= 3 (Repy). (4.12)

Re f3;<0, 1<i<n-1 Re f3i>0, 1<i<n-1
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Then in view of (2.9), we have (z € B,,,w € B, k=0,1,2,.. J)

1 1
|Pi(z; w)| < const(n; B) - X
k1+k2+~»+zk,,,1+k,,:k (kn + 1)Reﬁ,,,1 (kn + kn—l + 1)Reﬂ,,,2

X 1 X 1
(kp+kp+kno+e-+ks+ DR (ky + kot + kpo + -+ + k3 + kp + 1) 8P

X oo

|T(kn+kna+--+ko+ki+Pp+Ppa+-+Po+pi+n+1)|
|r(ﬁn+1)|'F(kn+kn—1+"'+k2+k1+1)

T(kn +knoy +oo+ kot K +1) - [20@00]" - |20 - - |zl
T(kp+1) -T(kpq+1)---- T(ky+1)-T(ky +1)

(kn+ kot + kno 4+ +ks+ko+ bk +1)"

< const(n; B) - >

l*
ki koot k1 +hn=k (kn +1)7

[T(kn+kn1+--+ka+ki+Refy+Refy1+--+Refr+Refi+n+1)|
X
IT(Refn+1)| -T(kn+kp1+---+ko+ ki +1)

T(kn+knoy +oo 4 kot ko +1) - |20 - |20 - |zl
T(kp+1) T(kpq+1)---- T(ky+1)-T(ky +1)

(k+1)ml§~F(k+Reﬂn+Reﬁn_1+~-+Re[52+Re[51 +n+1)
['(Ref,+1) -T'(k+1)

< const(n; B) -

X

e e Tk +1) T(kyg +1) - T(kp + 1) T (ky +1)

(k+1)" -T(k+Repy +Refui+-+Refr+Repi +n+1)
I'(Refn+Refpq+---+Refr+Refr+n+1) -T'(k+1)

< const(n; B) -

x (|2101] + |20T03] + - - - + | 2Ty ).
(4.13)

Further, due to (2.8),

I'(k+Rep,+Ref,1+--+Refr+Refi+n+1)
4.14
= e—(k+1) . (k + 1)Re[5,,+Reﬂn,l+»--+Reﬂz+Reﬁ1+n+k+1—1/2 (k =0,1,2,.. ) ( )
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Consequently,

(k+1)’"t§-F(k+Reﬁn+Reﬂn_1+---+Reﬁ2+Reﬂ1+n+1)

= (1) | (k 4 1)RePriRePrrtoiRefriRe it iksl-1/2 (4.15)

xF(k+Re[5n+Reﬁn,1+--~+Reﬂ2+Reﬂ1 +m;+n+1>.

Combining (4.13), (4.15) and taking into account the inequality
241 + 23] + -+ + |z4n] < |2] - | < |2l <1 (2 € By, weBy), (416)

we obtain

F<k+Reﬁn+Re[5n_1+~--+Reﬂ2+Reﬂ1+m*+n+1>~|z|k

p
T(Refy +Refyy+-++Refy+Refy+ms+n+1) T(k+1)
(4.17)

|Pi(z; w)| < const(n; B) -

In view of the formula (2.5), the summation of (4.17) over k =0,1,2,... gives

const(n; ) const(n; f§)
1 - |Z|)Reﬁn+Repn,1+m+Rep2+Reﬁ1+ml§+n+1 N - |Z|)Repn+z;+n+1‘

|Sp(z;w)| < : (4.18)

Thus, we have the following theorem.
Theorem 4.5. If f < (x), then the kernel Sp(z; w) satisfies the following properties (z € By, w € B,):

(a) the series (4.9') converges absolutely for arbitrary fixed z € By, w € By,

(b) in the expansion Sp(z;w) = 32, Pe(z;w) (see (4.9")), the series is majorated by a
convergent positive numerical series 3.3 by uniformly in z € K CC B, w € By;

(c) Sp(z; w) is holomorphic in z € By;
(d) Sp(z; w) is antiholomorphic in w € B, and continuous in w € B,.;

(e) the estimate

const(n; B)
(1 _ lzl)n+1+Reﬁn+ll§

|Sp(ziw)| < (4.19)
is valid uniformly in z € B,,w € By,

Definition 4.6. Assume that1 <p < +ooand a = (a1, a2, ..., a,) < (x). For = (B1, P2, ..., Pn) €
C", we shall write g > (p; a) if only (compare with (1.3))
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(i) when p =1, then

Refi>a; (1<i<n); (4.20)

(ii) when 1 < p < +oo, then

ap+ap1+--+a;+n+1-1i

Ref,+Repfy1+---+Repfi > ”

—(n+1-1i). (4.21)

Obviously, g > (p;a) = B < (x).

Theorem 4.7. Assume that 1 < p < +oo, a < (x), and p > (p;a). Then arbitrary f € HY(B,)
admits the following integral representations:

£ = [ saspzw]J(1-koif ~fwf =~ ko) dmw), zeB,,  @2)
n i=1

f(O):fB f(w)sp(z;w)]_[@_|w1|2_|w2|2_..._|wl.|2)ﬁ"dm(w), z€B,.  (423)
n i=1

Proof. Let us fix an arbitrary f € HY(B,) and an arbitrary z € B,. Further,

flw)=>a w= iFm(w), w € By, (4.24)
10 m=0

where

Fp(w) = Z a-w (m=0,1,2,...). (4.25)

L+l + 4l +l,=m

Hence, for arbitrary fixed r € (0;1),

frw)=Ya-r"w=3r" Fu,(w), weB,. (4.26)
= m=0
Obviously,
frw)=>a "% =3 r" Fu(w), weB,. (4.27)
TE m=0

Note that the first series in (4.26) and (4.27) and the second series in (4.26) and (4.27) are
majorated (uniformly in w € B,) by positive convergent numerical series 3, c1 < +oo0 and
>0 Cm < +o0, respectively.
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First we intend to prove both formulas (4.22), (4.23) for the function f,, that is,

fi(z) = f f(w) sﬂ(z,w)l‘[( |w1|2—|w2|2—~.-—|wi|2>ﬂidm(w), (4.22)

- 2 2 2\Ai )

f(0)=fB fr(w)sp(z;w)l_[<1—|w1| — |2y —-..—|w,~|) dm(w). (4.23)
n i=1

In view of Theorem 4.5(b), (4.26)-(4.27) and due to Lebesgue’s dominated convergence
theorem, we have

fB fr@) Sy (1~ ol = ool -~ e ) dm(eo)
" = (4.28)

i=1

f P En(w) - Pz w) - [ (1= [wi = ool = - o) "dm(ao),
k,m=0" Dn

[ T T 1(1- ol ~ eof - - o) e
) (4.29)
S | P Btes) - TI(1 - ol = ol =~ o) dmo),
kmO

i=1

and the series 3/°, _,...in (4.28) and (4.29) converge absolutely.

Taking into account (3.4) and Remark 3.3, we conclude that all terms in the right-hand
side of (4.29) (except of the case k = m = 0) are equal to zero. Hence the left-hand side of
(4.29) is equal to

[ L L+ fur +3)
Bna00-~0 an r(ﬂn+ﬂn 1+2) r(ﬂ"+ﬂ"’1+ﬂ"72+3)
T(Bu+Bus + Bua -+ fs+n=1)
F(bu+ Pus + Pua 4 s+ fotm = 1)

T(Bn+Pnt+Pua+--+Ps+Po+n)
F(ﬂn+ﬂn 14+ P2+ +Ps+Po+ P +n)

T(Bu+Pna+Puat +Ps+Po+Pi+n+1) (4.30)
- T(fn+1)
TT(1 - orP = feo? = - = o) dm(eo)
i=1
fo, T (1~ fwr? — [eaf - = feoiP) "dm(eo)

- 70) - = f(0)

](")(ﬂl,ﬂz,...,ﬂn;0,0,...,0)

Thus, (4.23) has been proved.
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Now let us proceed to (4.22'). If k # m, then in view of (3.4) and Remark 3.3
n ﬁi
f (@) - Pe(ziw) - T (1= i = oo = - = [eoi) " dm(w) = 0. (431)
By, i=1

If k = m, then in view of (3.4), (3.2), (3.3) and Remark 3.3

n
i
f rka(W) - Pe(z;w) - H(l - |w1|2 _ |w2|2 L Iwi|2> dm (w)
B i=1
= ﬁ . Z a 211(1 . 212(2 ..... Zfl'i’ll . zzn
n kikz-ku-1kn r(kn + 1) . r(kn—l + ]_) ..... ]_"(k2 + 1) . F(kl T 1)

ki+ko+-+ky-1+k,=k

T'(ky + fn +2) I'(ky + kp-1 + Pn + Pn1 +3)
X
T(kp+ P+ Pn1+2)  T(ky+kno1 + Bn+ Put + Pnz +3)

I(kp+kpa+kno+---+ks+Pu+Pua+Puot -+ps+n-1)
X oo X
U(kp+kna+kno+-+ks+Pu+Ppi+Puot - +Ps+Pot+n-1)

U(kp+kna+kno+--+ks+ko+Pp+Pui+Puo+-+Ps+pr+n)
X
T(kp+kna+kno+-+ks+ko+Pu+Pna+Puot +Ps+Po+pi+n)

[(kp+kna+kno+--+hks+kotki+Pu+Pua+Poo+ - +Ps+Po+pr+n+1)
X

r(p,+1)

X ](”)(ﬂl,ﬂzl. ..,ﬂn;kl,kg,...,kn)
ki _k kot K
= T'k . Z aklkz"‘kn—lknzll . 222 ..... Zn—ll szl = T‘k . Fk(Z).
ki+kp+-+ky_1+k,=k

(4.32)

Consequently, (4.28), (4.31), and (4.32) together yield

JB fr(w)Sﬂ(z;w)ﬁ<1 - |wl|2 - |wz|2 - Iqu|2>ﬁkdm(w) = irk - Fr(z) = f(2).
, k=1 k=0
(4.33)

Thus, (4.22) also has been proved.
Now we intend to make passage r T 1 in (4.22) and (4.23). Evidently, the left-hand

sides tend to f(z) and f(0) correspondingly. It remains to show that the right-hand sides of
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(4.22') and (4.23') tend to the right-hand sides of (4.22) and (4.23), respectively. In view of the
estimate (4.19), it suffices to show that

Re ﬂi

I(r) = fB £ @) = fr@)| - TT(1 = o1 = oo =+ = JewiP) " dm(wo) 0. (4.34)
n i=1

If p = 1, then due to the condition (4.20) and Corollary 3.13

10) = [ 1) = £l - TI(1=orf = e ==l f) " e
" i=1
< fB |f (@) = f (w)| H(l ~frf? ~ ool = - eoi) " dm(w) (4.35)
" i=1

= Mi(f - fr) 0.

If 1 < p < oo, then an application of Holder integral inequality to I(r) gives

i € pi—ai Y
1) < [Mﬁ(f—fr)]w‘ <IB ] <1 —fwr = el — - Iwi|2>q<R [ /p)dm(w)> |
(4.36)

Here the integral over B, is finite due to Corollary 3.2 and the condition g > (p;a).
Consequently, I(r) — 0, r T 1, in view of Corollary 3.13. Thus, the theorem is proved. O

Theorem 4.8. For Ref3, >-1,Ref; >0 (1 <i<n-1),andforze€ B,,w € B,,

T(Bp+Pua+-+Po+Pr+n+1)

Sp(z;w) =
’ an T(OT(B2) -+ T(But)T (B + 1)
o J‘ Hinsiﬁ”*ﬂH+---+p,.+n+1—i . H12=7‘l(1 — si)ﬂifl_ldsndsn_l e d53d52
011" (1 — z1Ww71 — SpZoWy — $2S3Z3W3 — -+ — S2S3* Snznw—n)ﬁn+ﬂn—1+--~+ﬂz+ﬂ1+n+1 )

(4.37)
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Proof. For k =0,1,2,3,... according to (4.10) and (2.6), we have

1
Pi(z;w) = i

(z107)" - (2002)" - -+ (201 W) ™ - (20705
T(ki+1) -T(kp+1)----T(kyy +1) -T(k, +1)

ki+ko+-+kyq+ky,=k

1 Jd kn+pn+1 -1
x —— | s (1 - s,)Pds
r(ﬁn—l) 0 n n n

1 J‘l Ktk 1 +Bu+Bu1+2 Pro—1
X ———— g (1 -=s,1)"*"ds, 4
L(Bu2) Jo ™! ! !
1 J‘l kn+kp-1+kno++ko+Pn+Pna+Puo++po+n-1 pi-1
X oooe X —m—— Sn " " nrem " (1—52)1 dSz
T(p1) Jo 2

T(kp+kna+kno+--+kytki+Pp+Pp1+Pnot - +Ph+p+n+1)
X

LB, +1)
— 1
an-T(B)T(B2) - T(But)T (B + 1)
X ’[ Sﬁ"ﬂ . Sfl"_;ﬁn—lﬂ .... Sgn+ﬁn—l+"'+ﬂ2+n—1
[0;1"*

x (L=s,)P 70 (L= g2 (L= )P

(z107)" - (822010,)" - (828325103)" - -+ - - (5253 -~ SpZnT0n) "
T(kp+1) T(kpq+1)----- T(ky+1)-T(ks +1)

X
ki+ko+-+ky-1+k,=k

I'k+1)
I'(k+1)

X

T(k+Pu+Pp1+-+Po+pr+n+1)ds,ds,---dssds,

T(k+Pn+Ppa+-+Po+pr+n+1)
o -T(k+ DI (BT (B2) =T (Bp-1)T (B + 1)

% Sﬂn+1 . Sﬂn+ﬂn,1+2 '''' sﬂ,,+ﬁn,1+-~+ﬂ2+n—1
ot ?

n-1

x (1=s,)Pr 17 (1= s,q)Pr2 e (1= 5p)P7!

— — — —\k
X (Z1W1 + S22W; + S28323W3 + +++ + S283 +** S, 2, Why,) ASpdSy—1 - - - dszdsy

= P (z;w).
(4.38)
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The summation of these relations over k =0,1,2,3, ... yields (see (2.5))

_F(ﬂn+ﬂn_1+[3n_2+---+ﬂ2+ﬁ1+n+1)

Sp(zw) = 3 Pz w)

pary am - T(B)T(f2) - T (Pn1)T(Bn+1)
x J‘ Sﬁn‘*'l . Sfln_"l‘,ﬁn—l"'z '''' Sgn+ﬂn,1+~--+ﬁz+n—1
[o1]"" (4.39)
x (1=s,)Pr 17t (1= s,q)Pr2 o (1= 5p)P 7t
y dsndsn,l cee dS3dSz
(1 — 2107 — $220TW05 — S2S323TW5 — -+ - — §253 - - - Snznw_n)ﬂ”ﬂ"’H"'J'ﬂﬁﬂl+"+1 .
Thus, (4.37) is proved. O

Remark 4.9. Under the conditions of the theorem, the formula (4.37) easily implies the
assertions (c), (d), and (e) of Theorem 4.5.

Remark 4.10. If we take Re §, > -1, f; | 0 (1 <i <n—1)in (4.37), then the formal application
of (2.7) gives the following formula:

I(Bp+n+1) 1

an-T(B+1) (1 —2171—2252—23773—"'—ZnuTn)ﬂ"HHl’

Sp(z;w) = (4.40)

that is, we arrive at the kernel of the integral representations (1.4).

Remark 4.11. In fact, the kernel Sg(z; w), defined for § < (x) by (4.9)-(4.9"), can be considered
as an analytic continuation in f§ of the integral Sp(z; w), defined for Re 5, > —1,Reff; > 0 (1 <
i<n-1)by (4.37).

Now we consider an interesting special case n = 2, when (in comparison with 4.9)-
(4.9") or (4.37)) the kernel Sp(z;w) can be written out in an explicit form.

Theorem 4.12. Assume that f = (p1,f2) < (%), that is, Rep, > —1,Re fr + Re i > —2. Then for
z = (21,22) € By, w = (w1, ws) € By,

1 pr(po+1)
S ; - — .
T
(4.41)
L (B2+1)(P2+2)

T2 (1= @) (1 - 211 — z0w7)P "
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Proof. According to (4.9')-(4.9")-(4.10) and in view of the formula (2.5),

- )_i. i (ziwoD)k - (zown) T(a+ka+2) ‘F(ﬂ2+ﬂ1+k2+kl+3)
PO =02 2 Tl + DIk + 1) T(fo + fr + ks +2) T(B+1)

s (20w02)" I'(f+ko+2)
.ﬂ'z kzzor(kz + 1) r(ﬂz +ﬂ1 + k2 + 2) r(ﬂz + 1)

Z F‘?;(wfl) T(f2+pr+ Ko+ Ky +3)

i‘i(zzﬁ)kz.r<ﬁ”k2+2)‘lq(ﬁz+ﬁl+kz+3) 1
S lke+1)  T(fo+pi+ka+2) -T(fo+1) (1-zzop)frthrekess

1 1 i( 2,0, )"2 L(f2+ k2 +2)

T (1wt E\T-zw) T+ DI +1

>-(ﬁ2+[51+k2+2)

1 1 i( 2%, )"2
7t (1-zw) P g\l ziwn

5 T(Br+ky+2) .\ (B +kyr+3)
T+ DI (B +1) T(ky+ DI (o +1)

1 1 { pi1(2+1) (P2+1)(p2+2) }
= T2 —\ fo+p1+3 —_— —\\f2+2 + — ——\\f2+3
T (1= ziwn) (1 - zw, /(1 - z1wn)) (1 =z, /(1 - z1wn))
1 1 { PP+ DA -z@)™?  (fo+1)(f+2)(1 - zlm)ﬁ“S}
7 1=z (1 - 2707 - 210 (1 - zy@r1 - zows)" "
_ 1 pr(f+1) . B+ 1) (P2 +2) }
7 | (- 2o (1 - 2w - 2w (1- 2w (1 - 21701 - z0wn)
(4.42)
Thus, (4.41) is established. O

Remark 4.13. During the proof we regroup the double series: >°, f...}] =
Sheol 2K -0l---}}, which is legitimate in view of Theorem 4.5(a). In fact, we apply
Fubini’s theorem for double series.

Remark 4.14. The analysis of the proof shows that we have established (4.41) only for those
z = (z1,22) € By and w = (w1, wy) € B,, which satisfy the condition |z,w, /(1 — z1w1)| < 1.
In fact, this is quite sufficiently since both sides of (4.41) are holomorphic in z € B,,
antiholomorphic in w € B, and continuous in w € B, (see Theorem 4.5(c), (d)).
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Remark 4.15. If one takes Re f, > -1, B; = 0 in Theorem 4.12, then

Spipp (21, 22, w1, W2) = L (P )(fa+2) (4.43)

7
T2 (1 - zy1 - 2w)P* "

which coincides with (4.11) (or (4.40)) for the case n = 2.

Remark 4.16. Note that for the same case n = 2 and under slightly restrictive conditions
Re f> > —1,Re p; > 0, the formula (4.37) gives (z € By, w € B_z)

T(fo+p1+3) 1 P+l (1 = g)Pr!
Sp(ziw) = : ds. 4.44
ﬂ(z w) ][2 . r(ﬂz + 1)1—'(ﬁ1) 0 (1 _ lel —-5- Zz%)ﬂzﬁﬁl.ﬁg S ( )

Remark 4.17. It can be shown (we omit the proof) that under the conditions Re ; > 0, Re i, +
Re f; > -2 the following interesting formula is valid (z € By, w € By):

ZoWy - 0/0(zowy) + o + 1

p2

Sy p) (21, 22, w1, wn) = { } “S(pi+1,p-1) (21, 22, W1, W2). (4.45)
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