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Let P = (P;),, be a Co-contraction semigroup on a real Banach space B. A P-exit law is a B-valued
function t €]0,00[ — ¢; € B satisfying the functional equation: Pips = ¢, s,t > 0. Let p be a
Bochner subordinator and let P# be the subordinated semigroup of P (in the Bochner sense) by
means of . Under some regularity assumption, it is proved in this paper that each PF-exit law is
subordinated to a unique P-exit law.

1. Introduction

Let P := (P);»o be a Cp-contraction semigroup on a real Banach space B with generator
(A,D(A)). A P-exit law is a B-valued function ¢ € ]0,0[ — ¢; € B satisfying the functional
equation:

Pips = ¢pres, 5,t>0. (1.1)

Exit laws are introduced by Dynkin (cf. [1]). They play an important role in the framework
of potential theory without Green function. Indeed, they allow in this case, an integral
representation of potentials and explicit energy formulas. Moreover, this notion was
investigated in many papers (cf. [2-13]).In particular, the following theorem is proved in
our paper [10].

Theorem 1.1. If a P-exit law ¢ is Bochner integrable at O (shortly zero-integrable), this is equivalent
to,

1
f lloptlldt < oo, (1.2)
0
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then ¢ is of the form
¢ = qPVe(p) - APVe(9), tq>0, (1.3)

where Vy(p) := [;° e Tpqds.

The present paper is devoted to investigate the subordinated abstract case where we
study the zero-integrable solution of the exit equation (1.1) after Bochner subordination.
More precisely, let p = (B) o be a Bochner subordinator, that is, a vaguely continuous

convolution semigroup of subprobability measures on [0, +oo[ and let Pf := (Pf )10 be the
subordinated Co-semigroup of IP in the sense of Bochner by means of f, that is,

PPfi= f D.fpi(ds), feB, t>0. (1.4)
0
It can be seen that, for each exit law ¢ = (¢;),., for P, the function ¢f defined by

o = fo 0:fi(ds), >0, (1.5)

is an exit law for PP. The function ¢ is said to be subordinated to ¢ by means of .

Conversely, it is natural to ask if any PP-exit law is subordinated to some P-exit law.
In general, we do not have a positive answer (see Example 5.3 below or [2, page 1922]).
However, this problem was solved (cf. [2, 4-6]) for B = L*(m) and positive PP-exit laws ¢,
and under some regularity assumptions on P, 5, and ¢. Basing on our paper[10, Theorem 1],
we consider in this paper the zero-integrable PP-exit laws in the abstract case. Namely, we
prove the following.

Theorem 1.2. Let ¢ := (¢5) .o be a zero-integrable PP-exit law satisfying the following conditions:
There exist a constant q > 0 such that:

(PVa(9))0 € D(AF), (1.6)

j:llAﬂPqu(q:) nﬂt(ds) <o, t>0, (1.7)

where Vo(¢) = [ e Pysds and (AP,D(AP)) is the associated generator to PP. Then, ¢ is
subordinated to a unique P-exit law ¢ = () 0. Moreover, ¢ is explicitly given by

¢r = qPVy () = APPV, (). (1.8)

The conditions in Theorem 1.2 are fulfilled for the closed PP-exit laws ¢. This is always
the case for the zero-integrable PP-exit laws in the bounded case.
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As application, we consider the holomorphic case and we prove the following result:

Theorem 1.3. We suppose that P is a Co-contraction holomorphic semigroup on B and p be a Bochner
subordinator satisfying

"1
J‘O Eﬂt(ds) < oo, t>0. (19)

Then each zero-integrable PP-exit law ¢ is subordinated to a unique P-exit law . Moreover, ¢ is given

by
91 = (4 + @)DV, (¢) — bAPV, (g) + fo (PoVy(¢) - PaVy(¢))v(ds), £>0,  (1.10)

where a, b, and v are the parameters of .

The condition (1.9) is fulfilled for the fractional power subordinator and the Dirac
subordinator.

2. Cy-Contraction Semigroup

For the following notions and properties about Cyp-contraction semigroups, we will refer
essentially to [14, 15] (cf. also [16, 17]).

Let (B, || - ||) be a real Banach space and let I be the identity operator on 3. For a linear
operator T : B — B, we denote also by ||T|| := sup”f”gHTfll the norm of T. If ||T|| < oo, T is
said to be bounded.

We consider [0, o[ endowed with its Borel field «# and a measure y on ([0, oo, +4).
We say that a property holds p.a.e. if the set for which this property fails is p-negligible. A
B-valued function X :]0, [ — B is said simple if there exists a disjoint sequence {A; € & :
H(Ai) < ®}iqe, and Xy,..., X, € Bsuch that X(t) = >I; X;14,(f) for all £ > 0. A B-valued
function X :]0, oo[ — B is also denoted by X := (X;) -

In this paper, we consider the integral in Bochner sense for functions X : ]a,b[C
10, 0o[ — B which are p-strongly measurable (i.e., there exists a sequence of simple functions
Xy t]a,b[— B satisfying lim,, _, || X,, — X]|| = 0, p.a.e.). For such functions X, it is known that
X is p-Bochner integrable if and only if fs IX(s)|| p(ds) < oo (cf. [15, page 133]). For such
functions X, it is also known that for each bounded linear operator T : B — BB, we have

b b
T(I X(s)y(ds)> :f TX(s)u(ds). (2.1)

a

In the sequel of this work, p is omitted whenever it is the Lebesgue measure.

2.1. Cy-Contraction Semigroups

A Co-contraction semigroup on B is a family of linear operators IP := (P}),,, on B satisfying
Py=1, Psyy = PsP forall s, t >0, ||P|| < 1forall t >0 and lim;_¢||Pf — f|| =0 forall f € B.
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Let IP be a Cp-contraction semigroup on B. The associated generator A of P is defined

by

t—0

Af = 1im@ (2.2)

on its domain D(A) := {f € B : the limit in (2.2) exists in B}. It is known that

(1) A: D(A) — Bis a closed linear operator;
(2) D(A) is dense in the Banach space B;

(3) the resolvent R, := (qI - A)! of A exists for each q>0.

The proof of the following useful classical properties can be found in [14, pages 4 and
108] and in [15, pages 233—240].

Lemma 2.1. Let P be a Co-contraction semigroup on B with generator (A, D(A)) and resolvent
R = (Rq)q>0.

(1) For f e Band 0 < a < b < oo, the function t — P, f is strongly measurable and the
Bochner integral _[2 P, fdr is well defined.

(2) Foreacht > 0and f € D(A), we have P,f € D(A),

APtf = PtAf = %Ptf, (23)

Pf-f= J; A(P,f)dr. (2.4)

(3) Foreach t,q >0, we have R, = ng e ¥ Pgds, PiR; = RyP, Ry(B) C D(A) and

limgRu=u, ueB. (2.5)

q— >

Example 2.2. Let B = C([0, oo[) be the Banach space of bounded uniformly continuous real-
valued functions on [0, oo[ and let

Pf(x) = fx+t), t>0, x>0,f€Cy([0,00]). (2.6)

Then P := (P;)5 is Co-contraction semigroup with generator Af = f' where D(A) := {f €

Cy([0,00) : f' exist, f' € Cu([0, )}
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3. Exit Equation
3.1. Exit Laws

Definition 3.1. Let IP be a Cp-contraction semigroup on B. A P- exit law is a B-valued function
t €]0, o[ — u; € B which verifies the so-called exit equation:

Pug =ups, s,t>0. (3.1)

We point here that a P-exit law t — u; may be also denoted by u := (1;),..

Proposition 3.2. Let P be a Co-contraction semigroup on B with generator (A, D(A)).

(1) For each P-exit law ¢ = ()0, the function s — s is strongly measurable on ]0, co[.
(2) For each h € B, the B-valued functiont — P;h is a P-exit law. It is called a closed exit law.

(3) Let h € B such that (Pih),.q C D(A), then t — APh is a P-exit law. It is said to be
differentiable.

Proof.

The function s — Psh is strongly measurable for each h € B; then for each b > 0, the
function s — ¢, = Ps @y is strongly measurable on [b, oo[. Since b > 0 is arbitrary, then u is
strongly measurable on ]0, oo[.

It is immediate from the semigroup property.

It is a consequence of the semigroup property and (2.3). O

3.2. Integrable Exit Laws

Let P be a Cy-contraction semigroup on B with generator (A, D(A)). In the sequel, we
consider P-exit laws t — ¢; which are Bochner integrable at 0 (shortly zero-integrable). This
is equivalent to

1
fo llpsll ds < oo. (3.2)

Theorem 3.3. Let ¢ be a zero-integrable P-exit law. Then « is of the form
W = thVq ((P) - APth ((P), t> 0, (33)

where g > 0 and Vi () = [, e P¢psds.
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Proof. Let q > 0 be fixed. Since (3.2) holds if and only if s — e“®¢; is zero-integrable for all
w € R, then using (3.1) and (3.2), we have

o) 1 o)
f .|l ds = f g lds + f & s |lds
0 0 1

1 o)
- f &1 s + f 1Py 1o s (3.4)

0 1

1 o)
< f e lgsllds + llgn] f e ds < co.
0 1

This implies that s — e %°¢, is Bochner integrable on ]0, co[. Hence, V,(¢) is well defined
and lies in B. Moreover, by (3.1), (2.1), and (2.3), we get

PV, (o) = -[0 e sy ds = fo e *Pypy ds=Rq(p:), t>0. (3.5)

Using (3.5) and (3.3) holds since

aPVy(9) — ARVy(9) = qRy (1) — ARy (9) = (g1 — A)Ry(¢pr) = . (3.6)
O

Corollary 3.4. Suppose that the generator A of P is bounded and let ¢ be a P-exit law. Then ¢ is
zero-integrable if and only if ¢ is closed.

Proof. If ¢; = P f for some f € B, thent — ¢ is zero-integrable by Lemma 2.1. Conversely,
let ¢ be a P-exit law satisfying (3.2). Theorem 3.3 may be applied: ¢ is of the form

¢ = qP V() - APV, (p), t>0, (3.7)

where V() := fgo e~ psds for some g > 0. Moreover, since A is bounded then D(A) = B (cf.
[16, Corollary 1.5] and therefore by (2.3), we get

¢t = qPiVy(p) = APV,(9) = PV (p) — PiAVy(9) = Pi(qVe(p) — AVq(9p))- (3.8)

Hence, ¢ is a closed exit law. O

Remark 3.5. Results similar to Theorem 3.3 are proved in our paper [10]. Indeed, the proof
given in [10] depends fundamentally on the properties of the rescaled Cy-semigroup;
however, in this paper, it is based on the resolvent properties of Cp-contraction semigroup.
For closed exit laws, the condition (3.2) is satisfied. However, this not the case, for
differentiable exit laws. Indeed, consider again Example 2.2 and let u(x) = xsin(1/x). Then

u € Band [, |APulldt = oo.
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We consider Example 2.2 and we define

1
(pf(x) = W, a>0, t>0, xZO (39)
x
It is proved in [10] that ¢ := (¢f);, is a P-exit law neither closed nor differentiable and
[ lpsllds < oo if and only if a €]0,1].

4. Subordination of Cy-Contraction Semigroup
4.1. Bochner Subordinator

We consider R endowed with its Borel o-field. We denote by ¢; the Dirac measure at point
t. Moreover, for each bounded measure y on [0, oo[, £ denotes its Laplace transform, that is,
L(u)(r) =[] exp(-rs)u(ds) for r > 0.

For the following classical notions, we refer the reader to [17-19].

A Bochner subordinator B := (B:),50 is a vaguely continuous convolution semigroup of
subprobability measures on [0, +oo[.

Let p be a Bochner subordinator. The associated Bernstein function f is defined by the
Laplace transform

L(py)(r) =exp(-tf(r)), rt>0. (4.1)

In fact, (4.1) establishes a one-to-one correspondence between convolution semigroups
P = (Bt)i»o and Bernstein functions f (cf. [18, Theorem 9.8]). In fact, f admits the
representation

f(r)y=a+br +I (1-exp(-rs))v(ds), r>0, (4.2)
0
where a,b > 0 and v is a measure on ]0, oo[ verifying J'go (s/(s+1))v(ds) < oo. They are called

parameters of f or of f.

Example 4.1. The fractional power subordinator n* = (1}") 5, of index a €]0,1[ is defined by its
Laplace transform £(77) (r) = exp(-tr®) for all r,t > 0.
The I-subordinator y := (yi) ;o is defined by

Ye(ds) = 1j0,,0[(5) (%)st‘l exp(-s)ds, t>0. (4.3)

The Poisson subordinator T := ()5 of jump ¢ > 0 is defined by

(ct)"
n!

T = exp(—ct)z &y, t20. (4.4)
n=0

The Dirac subordinator € := (&) -
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4.2. Bochner Subordination

Let PP be a Cyp-contraction semigroup on B and let § be a Bochner subordinator. For every t > 0
and for every u € B, we may define

Plu = f Pupy(ds). (4.5)

Then P# := (Ptﬂ )0 is @ Cp-contraction semigroup on B (see, e.g., [17, Theorem 4.3.1]). It is said
to be subordinated to P in the sense of Bochner by means of . In what follows, we index by

“B” all entities associated to PP. In particular, A? is the associated generator and Rf := (Rg) 50
its associated resolvent.

Let AP be the generator of PP. The following two remarks will be used throughout this
paper: D(A) is a subset of D(AP) (cf. [17, page 299]) and

APu=—au+bAu+ f (Pu—u)v(dt), ue D(A), (4.6)
0

where a,b, and v are given in (4.2).

Lemma 4.2. There exist some constants K1, K, > 0 such that

f [ Psu — ullv(ds) < Killul| + K[| Aull, u € D(A). (4.7)
0

Proof. Let u € D(A). Using the semigroup property and (4.6), we have

[ee]

J:O | Psu — u||v(ds) sf: IIPSu—u||v(ds)+j1 I Pste — u[v(ds)
< f; J:j P Audr
< <f01 sv(ds>> Jul 24l vias) ).

Hence, (4.7) holds for K7 := 2 [° v(ds) and K; := f& sv(ds). O

v(ds) + 2||ul| L v(ds) (4.8)

Proposition 4.3. Let P be a Co-contraction semigroup on B, p a Bochner subordinator, and PP be the
subordinated to P by means of p. Then

PAPh = APPh, t>0, he D(Af’>. (4.9)

In particular, we have P;(D(AF)) ¢ D(AP) forall t > 0.
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Proof.

Step 1. First we suppose that h € D(A). From Lemma 4.2,
Jj |Psh — h|lv(ds) < . (4.10)
So by using (2.1), we get
P f:o(Psh - h)v(ds) = f:(PSPth - Ph)v(ds), t>0. (4.11)
Combining (2.3), (4.6), and (4.11), we have

P,APh = —aPh + bP,Ah + P, f (P;h — h)v(ds)
0

— —aPh+bAD + f (P,Dyh - Ph)v(ds) (4.12)
0

= APD,h.

Step 2. Now, we suppose that h € D(AP). Let R := (Rg) 40 be the associated resolvent to P’
and let g, > 0. Since R;(B) C D(A), then from Step 1 and Lemma 2.1, we have

PAPRsh = APPR,h = APR,Pih. (4.13)
Hence, by the contraction property and (4.13), we get

|PAPh — APPh|| < ||PAPh - P APR || + |gAPR Pih — APPih||
(4.14)
< ||APh - APqR h|| + || APqR,Pih — APPA.

Finally, since A is closed then by (2.5) and by letting g 1 oo, (4.9) holds. O

5. Subordinated Exit Law

Let P be a Cp-contraction semigroup with generator (A, D(A)), let p be a Bochner
subordinator, and let P be the subordinated to P by means of f§ with generator (A?, D(AF)).

Definition 5.1. Let ¢ be a P-exit law and define(1.5). If the family of Bochner integrals (1.5) is

well defined, it easy to verify that ¢ := ((pf )is0 is @ PP-exit law which is said to be subordinated
to @ in the Bochner sense by means of . Notice that if ¢, = Psu for some u € B, then (1.5) is just
(4.5).
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Remark 5.2.

(1) Subordination problem: conversely, let ¢ be a PP-exit law, does there exist a P-exit law
¢ such that ¢ is subordinated to ¢?

In this paper, we study this problem of PP-exit laws which are Bochner integrable
at 0.

(2) The condition of zero-integrability is not necessary. Indeed, if we take p; = ¢, then
PP = P and the subordination problem is solved for each PP-exit law ¢ since ¢ = .

Example 5.3. Let B = L'(A!) where ! is the Lebesgue measure on R and let P := (P,),., be the
left uniform translation on B, that is, Piu := ¢ * u for t > 0 and u € B. It can be seen that each
P-exit law ¢ is closed, that is, of the form ¢; = Piu for some fixed u € B.

On the other hand, let 5'/2 := (qtl/ ?)s0 be the fractional powers subordinator of
index 1/2. From [18, page 71], 1;/? is absolutely continuous with density Gi(s) =
(1/+/4mr)ts™3/2 exp(~t2/4s) for all t,s > 0. The extension of G; by 0 on R is denoted by G;.

So, Pt”mu =Gy xuforallt>0and u € B. In particular,
PI7Gy(x) = Gy % Go(x) = Ga(x), 5,t>0, x €R, (5.1)

by the convolution semigroup property of 1/2. Therefore, the family G := (Gy),., is a P1"’-
exit law. Moreover, G is zero-integrable (By using the change of variables y = t~2s, we have
[|G¢]l = ||G1]| for all t > 0). But there exists no u € B such that G; = G; * u for each t > 0.

Hence, not every zero-integrable P’ -exit law is subordinated to a P-exit law, because
each P-exit law is closed, while this is not the case for all zero-integrable P -exit law.

Remark 5.4. Example 5.3 proves that we need to add some condition in order to solve
the subordination problem. Next, we will suppose that ¢ := (¢1). satisfies the following
conditions.

(H): There exists a constant g > 0 such as(1.6) and (1.7) where V,(¢) := fgo e Pp.ds.

Theorem 5.5. Let P be a Co-contraction semigroup on B and let p be a Bochner subordinator. Suppose
that ¢ is a zero-integrable PP-exit law satisfying (H). Then g is subordinated to a unique P-exit law
@ = (1) ~o- Moreover, ¢ is explicitly given by

¢ = qPV,(p) - APPV, (), t>0, (5.2)

where q and Vy are given by (H).

Proof. Since (PiVy(¢))s0 C D(APF), then the family ¢ := (¢;),., defined by (5.2) is well defined
and lies in B. Moreover, by (5.2) and (4.9), we get

Poge = P(qPVy(9) = APRVy(9)) = aPouiVo(9) = APPoVo(9) = 9oty (53)
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which implies that ¢ := (¢¢),. is a P-exit law. Now using (1.6) and (4.9), we have
[ 1AV () 1) = [ 1A PV, ()l as)

- L 1P APPLV, () 161 (ds)

(5.4)
<[ 1@ ipcas)
<P[L, oD IAPPV, (¢) ] < oo,
and by (1.7), we conclude that
f |APP,V, (¢)]1pe(ds) < o0, t>0. (5.5)
0
Therefore, from (5.5), we have
[ houtptas) = [ 1Py ) - APV () 1)
< qf 1PV () 11Be(ds) +I IAPPsVy () 1B (ds) (5.6)
0 0
<q A0 DIV, (@)1 + [ TPV, () Ipds) <
Hence, the subordinated ¢f :=((pf )i>0 defined by (1.5) is well defined.
On the other hand, for all s,t > 0, we have
Pt O 0 gt 2 [ rappuian
D[ grapian = [ papepitan
0 0 (5.7)
®)
= P, 2 Pl (P.Vy(y) - APV, (w))
PV, (p) - APV (9) 2 P (PIV, () - APV, (9)) = Py
by using Theorem 3.3 since ¢ is Bochner integrable at 0. Therefore,
¥ = Ptﬁ/z‘lft/z = L Pt /2p/2(ds) = fo Psiptﬁ/zﬂt/z(ds) t/zq)t/z o, (5.8)

which implies that ¢ = .
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Finally, let us prove the uniqueness: Let ¢ := (¢;),-o be a P-exit law such that ¢ = ¢F.
Since for all s,t > 0, we have

@

Pl = P, f: o r(dr) 2 f P fr(dr) 2 j: brosfa(dr)

- (5.9)
i f  Pptan = Pl
then for all t > 0,
PV, (¢) = f e 1P phds = J e 1Pl dds = R (). (5.10)
0 0
Therefore, from (5.2), we have
gr = R, (4) - APRY(9r) = (91 - AP)RO(p) =, >0, (5.11)
O
Remark 5.6. In addition, if P(V4(¢));9 C D(A), then from (4.6), ¢ is of the form
0= g+ ) PVy(@) ~bAPY,(p) + [ (PVi(g) - PuVy@)ds),  (512)
0

where a, b, and v are the parameters associated to p.

In particular, this is the case of each ¢ satisfying (H) whenever the parameter b of f is
not zero or A is bounded. Indeed, from [17, Theorem 5.3.8], we have D(A) = D(AP).

If ¢ satisfies (H) for some g > 0, then it satisfies (H) for all ¢ > 0. Indeed, by
Theorem 5.5, ¢ is subordinated to some P-exit law ¢. Moreover, exactly as (5.10), we have

PV, (y) = 4[0 e Pupsds = fo e‘SEPf(ptds =R.(¢p1), te>0. (5.13)

So, PV.(¢) € D(AP) and

APP V. (p) = Aﬁkf((pt) = <EI - Aﬂ>7€€ (1) - gRg (¢r) 514

= — PV (y).
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Therefore, from the proof of Theorem 5.5, we have

1 1
jo 1 AP PV, (¢) 1Bi(ds) = fo s — eP. V. (49) e (dls)
1
< fo (lgpsll + 1P,V (49) ) e (ds) (5.15)

1 1
sj ||<Ps||ﬂt(d5)+€||Vs((P)||f Bi(ds).
0 0

Hence, (1.6) and (1.7) hold for each ¢ > 0.
The conditions of Theorem 5.5 are fulfilled for the natural example of PP-exit law.
Indeed, we have the following result.

Corollary 5.7. Each closed PP-exit law ¢, that is, ¢ = Ptﬂ u for some u € B, is subordinated to unique
exit law P-exit law ¢ := (). Moreover, ¢ is explicitly given by ¢, = Puu for all t > 0.

Proof. Let ¢ be a closed PP-exit law. It is easy to see that ¢ is zero-integrable. Moreover, for all
q > 0, we have

Vi(p) = fo e Pyds = fo e Pluds = Rg (u),

} (5.16)
PV, (u) = f e Pl Puds = RI(Pu), >0,
0
which implies that V,(¢) € D(AF) and (PV,(g)) .o C D(AP). Moreover,
1 1
[ 1PV @) I = | 1PAV, (@) lps)
1 (5.17)
< [ 1@ ls) < 1AV (1.
0
So, ¢ satisfies (H) and by Theorem 5.5, we get
gr = (a1 - AP PV, (g) = (a1 - AP)RP(Pw)) = P, £> 0, (5.18)
]

Corollary 5.8. Suppose that A is bounded or f is bounded, then Theorem 5.5 may be applied for each
zero-integrable PP-exit law.

Proof. According to [17, Theorem 4.3.8, page 303], A? is bounded if and only if A is bounded
or f is bounded. So the proof is an immediate consequence of Corollaries 3.4 and 5.7. O



14 Abstract and Applied Analysis

6. Application to Holomorphic Case

Definition 6.1. Let IP be a Cop-contraction semigroup on B. P is said to be holomorphic if there
exists a holomorphic extension z — P, to S := {z € C* : |argz| < 0}; 0 <0 < /2.

Remark 6.2 (Construction by Bochner subordination). Let F be the Banach algebra of complex
Borel measures on [0, 0], with convolution as multiplication, and normed by the total
variation || - ||r. A Bochner subordinator f = (). is said to be of type Carasso-Kato if:

The associated parameters a = b = 0 and the mapping t — f; is continuously
differentiable from ]0, oo to F such that ||(0/0t)f||r < ¢/t ast — 0 and for some constant
c>0.

It is proved in [19] that for each Cyp-contraction semigroup Q and each subordinator
of type Carasso-Kato, the subordinated P := QF is a Cy-contraction holomorphic semigroup.

Note that the fractional power subordinator, I-subordinator, and Poisson subordinator
are of type Carasso-Kato.

The proof of the following useful classical properties can be found in [14, pages 4 and
108] and in [15, pages 233-240].

Lemma 6.3. Let P be a Co-contraction holomorphic semigroup on B with generator (A, D(A)). Then
there exists a constant t > 0 such that

|APh|| < % as t — 0. (6.1)

Note that the condition (1.6) from (H) is fulfilled for all Cy-contraction holomorphic semigroup
P. Indeed, using the above Lemma, the range of P; is contained in D(A), hence also in D(APF).

Proposition 6.4. Let ff be a Bochner subordinator such as (1.9) Then,
1
f | APP,h||Bi(ds) < oo, t>0,h € B. (6.2)
0

Proof. Lett > 0 and h € B. Since Pih € D(A), then from (4.6), we have

APPh = —aPh + bAPh + f (P,P;h — Ph)v(ds), (6.3)
0
where a, b, and v are given in (4.2). By using Lemma 4.2, we have

f |Path - Pihlv(ds) < Ky [Pkl + Kol AR < Ky [[1]] + Kol| AP (6.4)
0

for some Ky, K> > 0. Therefore, by (6.3), we conclude that

| AP Pih|| < Ks||h|| + Kal| AP, (6.5)
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where K3 = a + K; and Ky = b + K,. Moreover, combining Lemma 6.3, (1.9), and (6.5), we
have

1 1 1
I ||Aﬂpsh||ﬂt(d5)§K3||h||f ﬂt(dS)+I<4f | APsh||pt(ds)
0 0 0 6.6)

1
1
< Ksllh|| + K4C||h||f gﬁt(ds) < oo.
0

Hence, (6.2) holds. O

Remark 6.5. The condition (1.9) holds as soon as the associated Bernstein function f satisfies
f efdr <o, t>0. 6.7)
0

Indeed by using the Fubini’s theorem, we have

[ i< [ ([ e ([ o)

< f: L(By)(r)dr < Jjo e dy.

(6.8)

Hence, (1.9) holds for the Dirac and the fractional power subordinators.

Theorem 6.6. Let P be a Cy-contraction holomorphic semigroup on B and let 3 be a Bochner
subordinator satisfying (1.9). Then each zero-integrable PP-exit law ¢ is subordinated to a unique
P-exit law ¢ = (). Moreover, ¢ is explicitly given by

9= @+ PVip) ~bARY(9) + [ (PVi(9) - PasVi()ods) 150, (69)

where a, b, and v are the parameters of p and V,(y) := [° e ¢,ds for some q > 0.

Proof. Let q > 0. Since V,(¢) := [;” e ®¢.ds € B, then from Proposition 6.4, (1.6) and (1.7)
hold. Therefore, ¢ satisfies (H). So the proof is an immediate consequence of Theorem 5.5
and (4.6). O
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