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This paper deals with the existence and uniqueness of mild solutions for the initial value problems
of abstract impulsive evolution equations in an ordered Banach space E : u/(t) + Au(t) =
f(t,u(t),Gu(t)), t € [0,a], t#tk, Aufp=y, = I(u(tc)), 0 <ty < tr < -+ <ty < a, u(0) = uy, where
A :D(A) CE — Eisaclosed linear operator, and f : [0,a] x E x E — E is a nonlinear mapping.
Under wide monotone conditions and measure of noncompactness conditions of nonlinearity f,
some existence and uniqueness results are obtained by using a monotone iterative technique in the
presence of lower and upper solutions.

1. Introduction and Main Results

Differential equations involving impulse effects occur in many applications: physics,
population dynamics, ecology, biological systems, biotechnology, industrial robotic, phar-
macokinetics, optimal control, and so forth. Therefore, it has been an object of intensive
investigation in recent years; see, for instance, the monographs [1-5]. Correspondingly, the
existence of mild solutions of impulsive evolution differential equations has also been studied
by several authors; see [6-8]. However, the theory still remains to be developed.

In this paper, we use a monotone iterative technique in the presence of lower and
upper solutions to discuss the existence of mild solutions for the initial value problem (IVP)
of first-order nonlinear impulsive evolution equations

u'(t) + Au(t) = f(t, u(t), Gu(t)), te], t#k,
Auly = L(u(ty)), k=1,2,...,m, (1.1)

u(0) = ug
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in an ordered Banach space E, where A : D(A) ¢ E — E is a closed linear operator, —A
generates a Co-semigroup T'(t) (t > 0) in E, f : ] x Ex E — E is a nonlinear mapping,
J =10,a], a>0isaconstant, 0 = f) <t <fp < -+ <ty <tpm1 =a,Ix: E — Eisan
impulsive function, k = 1,2,...,m, up € E, and

Gu(t) = JZ K{(t, s)u(s)ds (1.2)

is a Volterra integral operator with integral kernel K € C(A, R*), A={(t, s) |0<s<t<al,
Aul,_;, denotes the jump of u(t) att = ti, thatis, Aul,_, = u(t]) — u(t,), where u(t;) and u(t,)
represent the right and left limits of u(t) at t = t, respectively. Let PC(J,E) = {u: ] — E | u(t)
is continuous at f # t, and left continuous at t = t;, and u(tZ) exists, k =1,2,...,m}. Evidently,
PC(J, E) is a Banach space with norm |[lullpc = sup[[u(t)|l. Let J' = J\ {t1, t2,...,tm}. An
abstract function u € PC(J,E) N C(J',E) N C(J', E1) (E; is a Banach space with norm ||x||; =
lx]l + || Ax||) is called a solution of IVP(1.1), if u(t) satisfies all the equalities of (1.1).

Let E be an ordered Banach space with norm || - || and partial order <, whose positive
cone P = {x € E | x > 0} is normal with a normal constant N. If an abstract function
v € PC(J,E)nCY(J',E) nC(J', E;) satisfies

v'(t) + Av(t) < f(t, v(t), Go(t)), te], t#k,
Ao, < L(v(t), k=12,...,m, (1.3)

U(O) < Uop,

we call it a lower solution of IVP(1.1). If all the inequalities of (1.3) are inverse, we call it an
upper solution of IVP(1.1).

In 1999, Liu [6], by means of the semigroup theory, has proved the existence and
uniqueness of mild solutions for IVP(1.1) when f = f(t, u). He demands that the nonlinear
term f and the impulsive function I satisfy the following conditions:

If¢t, w) - f(t, v)| <Cllu-ol, te] u veE, (1.4)

Ik (u) — Ix(0)|| < hgllu-o|, wu, veE, (1.5)

where C and hi (k=1,2,...,m) are positive constants and satisfy

M* (Ca + ihk> <1, (1.6)

k=1

where M* = max;||T (t)]|. Inequality (1.6) is a strongly restricted condition, and it is difficult
to satisfy in applications.

Recently, Anguraj and Arjunan [7], under similar assumptions of [6], have obtained
a unique mild solution for IVP(1.1) when f = f(¢t, u, Gu, Su). Cardinali and Rubbioni
[8] have discussed the existence of mild solutions for the impulsive evolution differential
inclusions under the measure of noncompactness conditions on every bounded set D C E.
However the assumptions in these papers are also difficult to satisfy in applications.
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The purpose of this paper is to improve and extend the above mentioned results.
We will delete the Lipschitz condition (1.5) for impulsive function I} and the restriction
condition (1.6) and improve condition (1.4) for nonlinear term f. Our main results are as
follows.

Theorem 1.1. Let E be an ordered Banach space, whose positive cone P is normal, A : D(A) CE —
E be a closed linear operator, —A generate a positive Co-semigroup T(t) (t >20), f € C(JxExE, E),
and I € C(E, E), k=1,2,...,m. IfIVP(1.1) has a lower solution vy and an upper solution wy with
vy < wy and the following conditions are satisfied:

(H1) there exists a positive constant C such that
f(t, x2, 12) = f(t, x1, y1) = —C(x2 —x1), (1.7)

fOT anyt € I, ’Uo(t) <x1<x < wo(t), and Gvo(t) Sy1 <y < Gwo(t),

(Hy) for any x1, x2 € E withvy(tx) < x1 < x <wol(te), k=1,2,...,m, one has

I (x1) < I (x2), (1.8)

(H3) there exists a positive constant L such that
a({f(t, X, yn)}) < L(a({xn)) +a({yn))), (1.9)

forany t € ], and increasing or decreasing monotonic sequences {x,} C [vo(t), wo(t)]
and {yn} € [Goo(t), Gwo(t)].

Then IVP(1.1) has minimal and maximal mild solutions between vy and wy, which can be
obtained by a monotone iterative procedure starting from vy and wy, respectively.

Clearly, condition (Hj3) greatly improves the measure of noncompactness condition
in [8]. Therefore, Theorem 1.1 greatly improves the main results in [6-8]. In Theorem 1.1, if
Banach space E is weakly sequentially complete, condition (H3) holds automatically; see [9,
Theorem 2.2]. Hence, from Theorem 1.1, we have the following.

Corollary 1.2. Let E be an ordered and weakly sequentially complete Banach space, whose positive
cone P is normal, A : D(A) C¢ E — E be a closed linear operator, —A generate a positive
Co-semigroup T(t)(t > 0), f € C(JxExE, E),and I, € C(E, E), k = 1,2,..., m. If

IVP(1.1) has a lower solution vy and an upper solution wy with vy < wy, and the conditions
(H,y) and (Hy) are satisfied, then IVP(1.1) has minimal and maximal mild solutions between
vy and wy, which can be obtained by a monotone iterative procedure starting from vy and wy,

respectively.

The proof of Theorem 1.1 will be shown in the next section. In Section 2, we also
discuss the uniqueness of mild solutions for IVP(1.1) between the lower solution and upper
solution (see Theorem 2.4).
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2. Proof of the Main Results

Let C(J, E) denote the Banach space of all continuous E-value functions on interval | with
norm |lullc = maxs|lu(t)|| and let C'(J, E) denote the Banach space of all continuously
differentiable E-value functions on interval | with norm ||u||: = max{||u||c, |||} Consider
the initial value problem (IVP) of linear evolution equation without impulse

u'(t) + Au(t) = h(t), te],
(2.1)
u(0) = uy.

It is well-known [10, chapter 4, Theorem 2.9], when uy € D(A) and h € C!(J, E), IVP(2.1)
has a classical solution u € C(J, E) N C(J, E;) expressed by

u(t) =T(H)uy + JZ T(t-s)h(s)ds, te]. (2.2)

Generally, when uy € E and h € C(J, E), the function u given by (2.2) belongs to C(J, E) and
it is called a mild solution of IVP(2.1).
Let us start by defining what we mean by a mild solution of problem

u'(t) + Au(t) = h(t), te], t#t,
Auly, = I(u(ty)), k=1,2,...,m, (2.3)
u(0) = up.

Definition 2.1. A function u € PC(J,E) is called a mild solution of IVP(2.3), if u is a solution of
integral equation

u(t) =T(H)uy + '[0 T(t-s)h(s)ds + Z T(t—t) I (u(ty)), tejJ. (2.4)

O<ti<t

To prove Theorem 1.1, for any h € PC(J,E), we consider the linear initial value
problem (LIVP) of impulsive evolution equation

' (t) + Au(t) + Cu(t) = h(t), te], t#t,
Aulyy =yk, k=1,2,...,m, (2.5)
u(0) = x,

where C>0,x€ E,andyx € E, k=1,2,...,m.
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Lemma 2.2. Forany h € PC(J,E), x € E,and yx € E, k =1,2,...,m, LIVP(2.5) has a unique
mild solution u € PC(], E) given by

t
u(t) =St)x + f S(t—-s)h(s)ds + Z S(t—t)yx, te], (2.6)
0

O<ti<t

where S(t) = e"“'T(t) (t > 0) is a Co-semigroup generated by —(A + CI).

Proof. Let yo = 0. If u € PC(J, E) is a mild solution of LIVP(2.5), then the restriction of u on
(tk-1, tr] satisfies the initial value problem of linear evolution equation without impulse

u'(t) + Au(t) + Cu(t) = h(t), tr1<t<ty,

(2.7)
u(tz_l) = u(tk_l) + Yk-1-
Hence, on (ti-1, t], u(t) can be expressed by
t
u(t) = S(t — te-1)u(te-1) + St = te-1) Y1 + f S(t—s)h(s)ds. (2.8)
tk-1

Iterating successively in the above equality with u(t;) for j = k-1, k-2,...,1,0, we see that
u satisfies (2.6).

Inversely, we can verify directly that the function u € PC(J, E) defined by (2.6) satisfies
all the equalities of LIVP(2.5). O

Let a(-) denote the Kuratowskii measure of noncompactness of the bounded set. For
the details of the definition and properties of the measure of noncompactness, see [11]. For
any BC C(J, E)and t € J, set B(t) = {u(t) | u € B} C E. If B is bounded in C(J, E), then
B(t) is bounded in E, and a(B(t)) < a(B). In the proof of Theorem 1.1 we need the following
lemma.

Lemma 2.3. Let B = {u, } C PC(J, E) be a bounded and countable set. Then a(B(t)) is the Lebesgue

integmble on I,and
n(t dt <2 B(t))dt. 29
a<{jju (t) }) ch( 1)) (2.9)

This lemma can be found in [12].

Evidently, PC(J, E) is also an ordered Banach space with the partial order “<” reduced
by the positive function cone Kpc = {u € PC(J,E) | u(t) >0, t € J}. Kpc is also normal with
the same normal constant N. For v, w € PC(J, E) with v < w, we use [v, w] to denote the
ordered interval {u € PC(J,E) | v < u < w} in PC(J,E), and use [v(t), w(t)] to denote the
ordered interval {x € E | v(t) < x <w(t)}in E.
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Proof of Theorem 1.1. Let D = [vg, wy]. We define a mapping Q : D — PC(J,E) by

t
(Qu)(t) = S(t)uo+J‘0 S(t-s)(f(s, u(s), Gu(s)) +Cu(s))ds + Z S(t—ti) L (u(ty)), teJ.

O<ti<t

(2.10)

Clearly, Q : D — PC(J,E) is continuous. By Lemma 2.2, the mild solution of IVP(1.1) is
equivalent to the fixed point of operator Q. By assumptions (H;) and (H>), Q is increasing in
D and maps any bounded set in D into a bounded set.

We show that vy < Quy, Qwyp < wy. Let h(t) £ vy (1) + Avg(t) +Cog(t). By the definition
of the lower solution, we easily see that h € PC(J, E) and h(t) < f(t, vo(t), Gvy(t)) +Coy(t) for
t € J'. Because vp(t) is a solution of LIVP(2.5) for x = v9(0) and yx = Avgly,, k=1,2,...,m,
by Lemma 2.2 and the positivity of operator S(t) (t > 0), we have

t
vo(t) = S(t)v(0) + fo S(t=s)h(s)ds+ D S(t —t) Avgliy,

O<tr<t

< S(tHug + It S(t-s)h(s)ds + Z S(t —tr) Ik (vo(tx))

0 O<ti<t

k ot
=S(hug + > t S(t — s)h(s)ds + tS(t—s)h(s)ds+ 3 S(t - ti) Ik (o (t))
tx

j=1 7t O<tr<t

k 211
<Stup+ Y. f S(t-5)(f(s, vo(s), Goo(s)) + Coo(s))ds _—
j=17tja

¢
+J‘ S(t-s)(f(s, vo(s), Guy(s)) + Cvoy(s))ds + Z S(t - ti) I (vo(tx))

3 O<tr<t

t
= 5(1f)uo+fO S(t=s)(f(s, vo(s), Guo(s)) + Cop(s))ds + D S(t— ti) I (vo(tx))

O<tr<t
= (QUO)(t)/ te ]/
namely, vy < Quyp. Similarly, it can be shown that Qwy < wy. Combining these facts with
the increasing property of Q in D, we see that Q maps D into itself, and Q : D — Dis a
continuously increasing operator.
Now, we define two sequences {v,,} and {w,} in D by the iterative scheme
v, =Qu,q, w,=Qw,1, n=12,.... (2.12)

Then from the monotonicity of Q, it follows that

<< <, < <Lwy < <Lwp Lwp. (2.13)

Next, we will show that {v, } and {w,} are uniformly convergent on J.
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For convenience, we denote M = max¢;||S(t)||, Ko = max(seaK(t,s). Let J; = [0,4],

Je = (ke k], k=2, 3,...,m+1and let B = {v, | n € N} and By = {v,.1 | n € N}. From
By = BU {vy}, it follows that a(By(t)) = a(B(t)) fort € J. Let

p(t) = a(B(t)) = a(Bo(t)), te]. (2.14)

By Lemma 2.3, ¢(t) is Lebesgue integrable on J. Going from J; to J,,+1 interval by interval we
show that ¢(t) =0on J.
For t € J, there exists a J such that t € Jx. By (1.2) and Lemma 2.3, we have that

a(G(By)(t)) = a<{j;K(t, S)v,-1(s)ds | n € N})

k-1 !
< Za<{ | K(t,s>vn_1(s>ds|neN}>
j=1

i’jq

t (2.15)
+a<{ K(t,s)vn_l(s)dslneN}>
i1
k=1 nt; t t
< 2Ky <Z f a(By(s))ds + I a(Bo(s))ds> = ZKOJ‘ p(s)ds,
j=1 7t k-1 0
and therefore,
t t
fo a(G(Byp)(s))ds <2akK J‘o p(s)ds. (2.16)
Fort € J;, from (2.10), (2.16), Lemma 2.3 and assumption (H3), we have
p(t) = a(B(t)) = a(Q(Bo(t)))
= a<{r S(t=3)(f(s, vn-1(5), Guu-1(8)) + Cvpi(s))ds | n € N}>
0
t
<2 fo a({S(t—-s)(f(s, vu-1(s), Gvyi1(s)) + Cv,-1(s)) | n € N})ds (2.17)

t
<2M IO(L(a(BO(s)) + a(G(By)(s))) + Ca(By(s)))ds
t
=2M(L+ C +2aKyL) I p(s)ds.
0

By this and the Gronwall-Bellman inequality, we obtain that ¢(f) = 0 on J;. In particular,
a(Bo(t1)) = @(t1) = O, this means that By(f;) is precompact in E. Combining this with the
continuity of I, it follows that I; (By(t1)) is precompact in E, and a(I; (By(t1))) = 0.
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Now, for t € J,, by (2.10) and the above argument for ¢ € J;, we have

p(t) = a(B(t)) = a(Q(Bo)(t))

- a<{ft S(t =) (f(s, On-1(s), Gn-1(s)) + Conaa(5))ds [ n € N}>

0

+a({S(t—t)I1(vp-1(h)) | n € N}) (2.18)

<2M(L+ C +2akKyL) J‘t @(s)ds + Ma(l1(Boy(t1)))
0

t

=2M(L + C +2aKyL) J‘ p(s)ds.

t

Again by the Gronwall-Bellman inequality, we obtain that ¢(t) = 0 on J,, from which we
obtain that a(By(tz)) = 0 and a(I2(By(t2))) = 0.

Continuing such a process interval by interval up to J,,.1, we can prove that ¢(t) = 0
onevery Ji, k =1,2,...,m+ 1. This means that {v,(t)} is precompact in E for every t € J.
Hence {v,(t)} has a convergent subsequence in E. Combining this fact with the monotonicity
(2.13), we easily prove that {v,(t)} itself is convergent in E, that is, there exists u(t) € E
such that v,(t) — u(t) asn — oo for every t € Ji. On the other hand, for any t € Ji, we
have

t
on(t) = S(H)uo + fo S(t=s)(f(s, vn-1(5),Gon1(s)) + Copa(s))ds + D S(t—t)i(vn-1 (k).
O<ti<t

(2.19)

Letn — oo, then by the Lebesgue-dominated convergence theorem, for t € Ji, we have

¢
u(t) = S(t)ug + fo S(t-s)(f(s,u(s),Gu(s)) + Cu(s))ds + Z S(t - 1)L (u(t)), (2.20)

O<t;<t

and u € C(J, E). Therefore, for any t € J, we have

¢
u(t) = S(t)up + fo S(t-s)(f(s,u(s),Gu(s)) + Cu(s))ds + Z S(t - t:) I (u(t:)). (2.21)

O<t;<t

Namely, u € PC(J,E), and u = Qu. Similarly, we can prove that there exists u € PC(J,E)
such that u = Qu. By the monotonicity of operator Q, it is easy to prove that u and u are the
minimal and maximal fixed points of Q in [vg, wy], and they are the minimal and maximal
mild solutions of IVP(1.1) in [vy, wy], respectively. O
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Now we discuss the uniqueness of mild solutions for IVP(1.1) in [vy, wo]. If we
replace assumption (H3) by the following assumption:

(Hy) there exist positive constants C; and C; such that

f(t, x2, v2) = f(t, x1, Y1) SCi(xa—x1) + Co(y2 — 1), (2.22)

forany t € J, vo(t) < x1 < xp < wp(t), Gog(t) < y1 < yo < Gwy(t), and we have the following
existence result.

Theorem 2.4. Let E be an ordered Banach space, whose positive cone P is normal, A be a closed
linear operator in E, —A generate a positive Co-semigroup T(t) (t > 0), f € C(J x Ex E, E) and
Iy e C(E, E), k =1,2,...,m. If IVP(1.1) has a lower solution vy and an upper solution wy with
vy < wy, such that the assumptions (Hy), (Ha), and (Hy) are satisfied, then IVP(1.1) has a unique
mild solution between vy and wy, which can be obtained by a monotone iterative procedure starting
from vy or wy.

Proof of Theorem 2.4. We firstly prove that (H;) and (Hy) imply (H3). For t € J, let {x,} C
[vo(t), wo(t)] and {y.} C [Goo(t), Gwy(t)] be two increasing sequences. For m,n € N with
m >n, by (Hy) and (H4), we have

0 < (f(t, xm, Ym) = f(t, xu, Yn)) + C(xXm — xn) < (C1 + C) (X — %) + Co (Y — Yn)-
(2.23)

By the normality of cone P, we have

lf (t Xm, Ym) = f(t, Xn, yn)|| < (C+ NC+ NC1)||xm — xnll + NCo| v — Y| (2.24)

From this inequality and the definition of the measure of noncompactness, it follows that

a({f(t, xn, yn)}) <(C+NC+NCy)a(x,) + NCoaa(yn) < L(a({xn}) +a({yn})),
(2.25)

where L = C+ NC + NC; + NG, If {x,} and {y,} are two decreasing sequences, the above
inequality is also valid. Hence (Hj3) holds.

Therefore, by Theorem 1.1, IVP(1.1) has minimal solution u and maximal solution % in
[0, wo]. By the proof of Theorem 1.1, (2.10)—(2.13) are valid. Going from J; to J,+1 interval
by interval we show that u = u on every J.
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Fort € J;, by (2.10) and assumption (Hy), we have
0 <a(t) - u(t) = Qu(t) - Qul(t)

t
= jo S(t—5)(f(s, 1(s), Gu(s)) ~ f(s, u(s), Gu(s)) + C(i(s) - u(s)))ds

: (2.26)
< j S(t—s)((C+C1)(u(s) —u(s)) + C2(Gu(s) — Gu(s)))ds
0
¢
< M(C +C1 +aCyKy) j (u(s) —u(s))ds.
0
From this inequality and the normality of cone P, it follows that
t
0 - )| < NMC + €1 + aCoko) [ [[7(5) - (o). (227)
0

By the Gronwall-Bellman inequality, we obtain that 7(t) = u(f) on J;.
Fort € ], since I1 (u(t1)) = I (u(t1)), using (2.10) and the same argument as above for
t € J1, we can prove that

t
|7(t) — u(t)|| < NM(C + Cy + aC>2Ko) f ||[7(s) — u(s)||ds
f (2.28)
= NM(C + Cy + aC2Kp) f ||7(s) — u(s)||ds.

Again, by the Gronwall-Bellman inequality, we obtain that u(t) = u(t) on J.

Continuing such a process interval by interval up to J,,.1, we see that u(t) = u(t) over
the whole J. Hence, u* := U = u is the unique mild solution of IVP(1.1) in [vy, wy], which can
be obtained by a monotone iterative procedure starting from vy or wy. O
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