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We propose a new concept of set convergence in a Hadamard space and obtain its equivalent
condition by using the notion of metric projections. Applying this result, we also prove a
convergence theorem for an iterative scheme by the shrinking projection method in a real Hilbert
ball.

1. Introduction

A Hadamard space is defined as a complete geodesic metric space satisfying the CAT(0)
inequality for each pair of points in every triangle. Since this concept includes various
important spaces, it has been widely studied by a large number of researchers. In 2004,
Kirk [1] proved a fixed point theorem for a nonexpansive mapping defined on a subset of
a Hadamard space, and, since then, the study of approximation theory for fixed points of
nonlinear mappings has been rapidly developed. See [2—4] and references therein. Kirk and
Panyanak [5] proposed a concept of convergence called A-convergence, which was originally
introduced by Lim [6]. This notion corresponds to usual weak convergence in Banach spaces,
and they share many useful properties.

On the other hand, the notion of set convergence for a reflexive Banach space has
also been investigated by many researchers. In this paper, we will focus on the Mosco
convergence. The relationship between convergence of a sequence of closed convex sets and
the corresponding sequence of projections plays an important role in this field [7-10]. In
recent research, this concept is applied to convergence of an approximating scheme, which is
called the shrinking projection method in Hilbert and Banach spaces; see [11, 12].

Motivated by these results, we propose a new concept of set convergence for a
sequence of subsets in a Hadamard space, which follows the notion of Mosco convergence in
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a Banach space. We adopt A-convergence for weak convergence in a Hadamard space. In the
main result, we obtain an equivalent condition for this convergence by using the notion of
metric projections. In the final section, applying our main result, we prove a convergence
theorem for an iterative scheme by the shrinking projection method in a real Hilbert
ball.

2. Preliminaries

Let X be a metric space with a metric d. For a subset A of X, the closure of A is denoted by
cl A. For x,y € X, amapping c : [0,I] — X, where ] > 0, is called a geodesic with endpoints
x,y if c(0) = x, c¢(I) = y, and d(c(t),c(s)) = |t —s| for t,s € [0,1]. If, for every x,y € X, a
geodesic with endpoints x, iy exists, then we call X a geodesic metric space. Furthermore, if a
geodesic is unique for each x, y € X, then X is said to be uniquely geodesic. To introduce some
notations, we do not need to assume the uniqueness of geodesics. However, since CAT(0)
spaces, which we mainly use in this paper, are always uniquely geodesic, we will assume
that X is uniquely geodesic in what follows.

Let X be a uniquely geodesic metric space. For x,y € X, the image of a geodesic ¢
with endpoints x, y is called a geodesic segment joining x and y and is denoted by [x, y]. A
geodesic triangle with vertices x,y,z € X is a union of geodesic segments [x, y], [y, z], and
[z,x], and we denote it by A(x,y,z). A comparison triangle Z(z,y,z) in E? for A(x, Y,z)
is a triangle in the 2-dimensional Euclidean space E? with vertices X, Y,z € E? such that
d(x,y) = X = Ylg, d(y,2z) = |y —Z|p, and d(z,x) = |z - X|p, where |- |5 is the Euclidean
norm on E?. A point p € [X,¥] is called a comparison point for p € [x, y] if d(x,p) = [X = P|g-
If, for any p, q € A(x, y, z) and their comparison points p,§ € A(%, Y, Z), the inequality

d(p,q) <|p-9le (2.1)

holds for all triangles in X, then we call X a CAT(0) space. This inequality is called the CAT(0)
inequality. Hadamard spaces are defined as complete CAT(0) spaces.

The CAT(0) space has been investigated in various fields in mathematics, and a great
deal of results have been obtained. For more details, see [13].

For x,y € X and t € [0,1], there exists a unique point z € [x,y] such that d(x,z) =
(1-t)d(x,y) and d(z,y) = td(x,y). We denote it by tx ® (1 - t)y. From the CAT(0) inequality,
it is easy to see that

d(ztxe (1-t)y)’ <td(z,x)>+(1-1)d(z,y)* -t -td(x,y)’ (2.2)

forevery x,y,z€ X and t € [0,1].

A subset C of X is said to be convex if, for every x,y € C, a geodesic segment [x, y]
is included in C. For a subset A of X, a convex hull of A is defined as an intersection of all
convex sets including A, and we denote it by co A.

Let Y be a subset of X. Amapping S : Y — X s said to be nonexpansive if d(Sx, Sy) <
d(x,y) holds for every x,y € Y. The set of all fixed points of S is denoted by F(S); that is,
F(S) = {z € Y : Sz = z}. We know that F(S) is closed and convex if S is nonexpansive.
The following fixed point theorem for nonexpansive mappings on Hadamard spaces plays
an important role in our results.
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Theorem 2.1 (Kirk [1]). Let U be a bounded open subset of a Hadamard space X and S : clU — X
a nonexpansive mapping. Suppose that there exists p € U such that every x in the boundary of U does
not belong to [p, Sx] \ {Sx}. Then, S has a fixed point in clU.

Let C be a nonempty closed convex subset of a Hadamard space X. Then, for each x €
X, there exists a unique point y, € C such that d(x, yx) = inf,ecd(x, y). The mapping x — y,
is called a metric projection onto C and is denoted by Pc. We know that P¢ is nonexpansive;
see [13, pages 176-177].

Let {x,} be a bounded sequence in a metric space X. For x € X, let

r(x, {x,}) = limsup d(x, x,),

n— oo

(2.3)

r({xa) = inf r(x, (x,).

The asymptotic center of {x,} is a set of points x € X satisfying that r(x, {x,}) = r({x,}). Itis
known that the asymptotic center of {x,} consists of one point for every bounded sequence
{x} in a Hadamard space; see [3]. The following property of asymptotic centers is important
for our results.

Theorem 2.2 (Dhompongsa et al. [3]). Let C be a closed convex subset of a Hadamard space X and
{xn} a bounded sequence in C. Then, the asymptotic center of {x,} is included in C.

The notion of A-convergence was firstly introduced by Lim [6] in a general metric
space setting. Following [5], we apply it to Hadamard spaces. Let {x,} be a sequence in
X. We say that {x,} is A-convergent to x € X if x is the unique asymptotic center of any
subsequence of {x,}. We know that every bounded sequence {x,} in a Hadamard space X
has a A-convergent subsequence; see [5, 14].

3. Convergence of a Sequence of Sets

Let {C,} be a sequence of closed convex subsets of a Hadamard space X. As an analogy of
Mosco convergence in Banach spaces [15], we introduce a new concept of set convergence.
First let us define subsets d-Li,C, and A-Ls,C, of X as follows: x € d-Li,C, if and only if
there exists {x,,} C X such that {d(x,,x)} converges to 0 and that x,, € C,, for all n € N. On
the other hand, y € A-Ls, C,, if and only if there exist a sequence {y;} C X and a subsequence
{n;} of N such that {y;} has an asymptotic center {y} and that y; € C,, for all i € N. If a subset
Co of X satisfies that Cy = d-Li,,C, = A-Ls,C,, itis said that {C,} converges to Cy in the sense
of A-Mosco, and we write Cy = AM-lim,, _, ,C,,. Since the inclusion d-Li,,C,, ¢ A-Ls,C,, is
always true, to obtain Cy is a limit of {C,} in the sense of A-Mosco, it suffices to show that
A-Ls,C, Cc Cy C d-Li,C,,.

It is easy to show that, if every C, is convex, then so is d-Li,C,. Moreover, we know
that d-Li, C,, is always closed. Therefore, AM-lim, _,,C, is closed and convex whenever {C,}
is a sequence of closed convex subsets of X.

The following lemma is essentially obtained in [5] as the Kadec-Klee property in
CAT(0) spaces. We modity it to a suitable form for our purpose. For the sake of completeness,
we give the proof.
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Lemma 3.1. Let X be a Hadamard space and {x,} a sequence in X. Suppose that {x,} is A-
convergent to x € X and {d(x,,p)} converges to d(x,p) for some p € X. Then, {x,} converges
to x.

Proof. Let {A(X,p,X,)} be comparison triangles in E? for n € N with an identical geodesic
segment [p, x]. Then, we have that [x - plp. = d(x,p), [Xn — Pl = d(xp,p), and X, — x|p> =
d(xy,x) for all n € N. We know that {X,} is bounded in E2. Let {x,,} be an arbitrary
subsequence of {x,} converging to i € E2. Then, by assumption, we have that

|7 =Pl = im [%n, =Pl = limd (xn,p) = d(x,p) = [X =Pl (3.1)

Let P = Pjpx) be a metric projection of E? onto a closed convex set [p, X]. Since P is continuous,
we have that {Px,,} converges to Py € E?. Let z € [p,x] C X be a point corresponding to
z = Py € [p,x] C E% Using the CAT(0) inequality, we have that

r({xy}) = limsup d(x, x,,) = limsup|x — Xy, |

i—oo i— o0
> lim sup|Px,, — Xy, |p = limsup|z — Xy, | (3.2)
i—oo i— oo

2 llm Sup d(zl xni)/

i— oo

and hence r(z, {x,,}) < r({xy}). By the uniqueness of the asymptotic center of {x,,}, we

obtain that z = x, and thus z = x. Since
% =Yl = [Z= Yl = |PT -] < |(1 - % + 5 - 7 (3.3)
for every t €]0, 1[C R, it follows that

Yl <|1-0F+ 5 -7
= (1-D|F G2 +t[F- T —tA-D]F - P2 (3.4)

= (1-t)|x -7 +[p - %[,

and thus |x - yﬁEz < tp- fIéz- Tending t | 0, we obtain that x = y. Since any convergent
subsequence {X,} of a bounded sequence {x,} in E? has a limit X, we have that {X,}
converges to X. Thus we have that d(x,,x) = |x, —X|p — 0asn — oo, and hence {x,}
converges to x € X. O

Now we state the main theorem of this section. Using a sequence of metric projections
corresponding to a sequence of closed convex subsets, we give a characterization of A-Mosco
convergence in a Hadamard space.
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Theorem 3.2. Let X be a Hadamard space and Cy a nonempty closed convex subset of X. Then, for a
sequence {C,} of nonempty closed convex subsets in X, the following are equivalent:

(i) {C,} converges to Cy in the sense of A-Mosco;
(ii) {Pc,x} converges to Pc,x € X for every x € X.

Proof. We first show that (i) implies (ii). Fix x € X, and let p, = Pc,x for n € N. Since
Pc,x € Cy = d-Li,C,, there exists {y,} C X such that y, € C, for all n € N and that {y,}
converges to Pc x. By the definition of metric projection, we have that d(x,p,) < d(x, y,) for
n € N. Thus, tending n — oo, we have that

limsup d(x,p,) < nli_l:rc}od(x,yn) = d(x, Pc,x). (3.5)

n—oo

It also follows that {p,} is bounded. Let {p,,} be an arbitrary subsequence of {p,} and py an
asymptotic center of {p,,}. Then, for fixed € > 0, it holds that

d(x,pn) < d(x, Pe,x) + € (3.6)

for sufficiently large i € N. Since the closed ball with the center x and the radius d(x, Pc,x) + ¢
is convex, by Theorem 2.2, we have that d(x, pg) < d(x, Pc,x) + ¢, and hence

d(x,po) < d(x, Pc,x). (3.7)

On the other hand, since py € A-Ls,,C,, = Cy, we have that d(x, Pc,x) < d(x, po), and therefore
we have that d(x, Pc,x) = d(x,po), which implies that py = Pc,x. Since all subsequences of
{px} have the same asymptotic center Pc,x, {p,} is A-convergent to Pc,x.

Let us show that liminf,, _, .d(x, p,) > d(x, Pc,x). If it were not true, then there exists a
subsequence {p,,} of {p,} satisfying that liminf, . .d(x,p,) = lim;_, d(x, py,) < d(x, Pc,x).
Let p € X be an asymptotic center of {p,,}. For € > 0, we have that d(x,p,,) < 6 + ¢ for
sufficiently large i € N, where 6 = lim;_, . d(x, p,,). Since the closed ball with the center x and
the radius 6 + € is convex, we have d(x,p) < 6 + ¢, and hence d(x,p) < 6 = lim;_, ,d(x, py,)-
Since p € A-Ls,C,, = Cp, we get that

d(x, Pcyx) > lim d(x,py,) > d(x,p) > d(x, Pc,x), (3.8)

a contradiction. Therefore, we obtain that

d(x, Pc,x) <liminfd(x,p,) < limsup d(x,ps) < d(x, Pc,x), (3.9)

n—oo

and thus {d(x,p,)} converges to d(x, Pc,x). Using Lemma 3.1, we have that {p,} converges
to Pc,x. Hence (ii) holds.

Next we suppose (ii) and show that (i) holds. By assumption, for y € Cy, a sequence
{Pc,y} converges to Pc,y = y. Since Pc,y € C, for all n € N, we have that y € d-Li,C,, and
hence Cy C d-Li,C,,. Let z € A-Ls,C,. Then, there exist {z;} ¢ X and {n;} C N such that
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zi € Cy, for all i € N and z is an asymptotic center of {z;}. Since each C,, is convex, from the
definition of metric projection, it follows that

d(z, Pe, z> < d(z, (1-t)Pc,z@® tz,-) (3.10)
for t €]0,1[ and i € N. Then, we have that

Az Pe,z) <d(z (1= 0Pc z0tz)

, , ) (3.11)
<(1- t)d(z, Pcniz> +td(z,zi)? - t(1 - t)d(Pcni z, z,») )
and thus
2 2
d<z, P, Z) +(1- t)d(Pcn,, z, Zi) < d(z,z)% (3.12)
Tending t | 0, we get that
2 2 )
d<z, PCniZ> + d<PCn,. z, zi> <d(z, z) (3.13)
for every i € N, and since {Pc, z} converges to P,z asi — oo, we have that
d(z, Pcoz)2 + limsup d(Pc,z, z)? < lim supd(z, z)% (3.14)
Since z is an asymptotic center of {z;}, we have that
limsup d(z, zi) =r(z, {zi}) =r({zi})
<r(Pe,z, {zi}) (3.15)
= limsup d(Pc,z, zi).
It follows that
d(z, Pcoz)2 <limsupd(z, zl-)2 —limsup d(Pc,z, zi)2 <0, (3.16)

and therefore z = P,z € Cy, which implies that A-Ls,C,, C Cy. Consequently we have that
{C,} converges to Cp in the sense of A-Mosco, and hence (ii) holds. O

Using the result in [8], we obtain the following characterization in a Hilbert space.
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Theorem 3.3. Let H be a Hilbert space and Cy a nonempty closed convex subset of H. Let {C,,} be a
sequence of nonempty closed convex subsets in H. Then, {C,} converges to C in the sense of Mosco
if and only if {C,,} converges to Cy in the sense of A-Mosco.

Proof. By [8, Theorems 4.1 and 4.2], {C, } converges to Cy in the sense of Mosco if and only if
{Pc,x} converges strongly to Pc,x for all x € H. Therefore, using Theorem 3.2, we obtain the
desired result. O

This result shows that Mosco convergence in Hilbert spaces is an example of A-Mosco
convergence. Let us see other simple examples.

Example 3.4. Let {C,} be a sequence of nonempty closed convex subsets of a Hadamard space
X. Then, as a direct consequence of the definition, we obtain that

cl O ﬁ c, cd-Li,C, c A-Ls,C, C ﬁcl COD C,. (3.17)

m=1 n=m m=1 n=m

In particular, if {C, } is a decreasing sequence with respect to inclusion, then {C, } is A-Mosco
convergent to (2, Cy,. Likewise, if {C,} is increasing, then the limit is clJ;>; Cp,.

Example 3.5. Let {C,} be a sequence of nonempty bounded closed convex subsets of a
Hadamard space X. If {C,} converges to a bounded closed convex subset Cy C X with
respect to the Hausdorff metric, then {C,} also converges to C in the sense of A-Mosco.
The Hausdorff metric h between nonempty bounded closed subsets A, B of X is defined by

h(A, B) = max{e(A,B),e(B,A)}, (3.18)

where e(A, B) = sup, . ,d(x,B) and d(x, B) = inf,cp d(x, y) for x € X.

Let us prove this fact. For x € Cy, we have that d(x,C,) < e(Cop, C,) < h(Co, C,) and
since h(C,,Cy) — 0asn — oo, there exists a sequence {x,} C X converging to x such that
x, € C, for all n € N. It follows that x € d-Li,,C,,, and hence C, C d-Li,C,,.

To show A-Ls,C, C Cy, let x € A-Ls,C,. Then, there exists a subsequence {n;} of N
and a sequence {x;} C X whose asymptotic center is x and x; € C,, for all i € N. Let € > 0 be
arbitrary. Then, since d(x;, Co) < e(Cy,, Co) < h(Cp,;,Co) — 0asi — oo, there exists iy € N
such that d(x;, Cy) < € for every i > iy.

Let D, = {y € X : d(y,Cop) < €}. Then, D, is closed and convex in X. Indeed, for
Y1, Y2 € Do and t €]0,1[, there exist z1,z, € Cp such that d(y1,z1) < € and d(y»,z2) < €.
Considering the comparison triangle of (1, z1, z2) and using the CAT(0) inequality, we have
that

d(tyl ®(1-t)zy, tz1 @ (1 - i’)Zz) < td(yl,zl). (3.19)
In the same way, considering the comparison triangle of (y1, y2, z2), we have that

d(t]/l @ (1 - t)yz, ty1 @ (1 - t)Zz) < (1 - t)d(yz, Zz). (320)
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Thus, we have that d(ty; ® (1 —t)y2,tz1 @ (1 —t)z2) < (1 -1)d(yo, z2) +td(y1,z1) < €. Since Cy
is convex, we have that tz; @ (1 -t)z, € Cy, and hence ty; ® (1 -t)y, € D,. This shows that D,
is convex. It is obvious that D, is closed since the function d(-, Cy) is continuous.

Since x; € D, for i > iy, using Theorem 2.2, we have that x € D,; that is, d(x, Cy) <
€. Since € is arbitrary and Cy is closed, we obtain that x € Cy, and hence A-Ls,C,, C Co.
Consequently we have that {C,} converges to Cy in the sense of A-Mosco.

4. Shrinking Projection Method in a Real Hilbert Ball

As an example of Hadamard spaces, let us deal with a real Hilbert ball in this section. Let By
be the open unit ball of a complex Hilbert space H with an inner product (-,-) and induced
norm || - ||. For an orthonormal basis {¢; : i € I} of H, let Hx = {z € H : Im(z,e;) =0Vi € I}.
Then, a real Hilbert ball (B, p) is a metric space defined by B= BynHgand p: BxB — Rby

(1= 1=0P) (1 - Nlwl®) (4.1)
1-|(x, )]

p(x,y) = arctanh , |1 -

for x,y € B. It is known that a real Hilbert ball is an example of Hadamard spaces. One of
the most important properties for our results in this section is that a half space C = {z € B :
p(z,y) < p(z,x)} is convex for any x, y € B; see [16, 17].

Theorem 4.1. Let B be a real Hilbert ball with the metric p. Let {T; : i € I} be a family of
nonexpansive mappings of B into itself with a nonempty set F of their common fixed points. Let

{an(i) :i €1, n e N} benonnegative real numbers in [0,1] such that liminf, ., ,a, (i) < 1 for each
i € I. For x € B, generate an iterative sequence {x,} by x1 = x, Co = B, and

Yn(i) = ay(@)x, ® (1 — a,(i))Tix,, for eachie€l,

C, = {z € B:supp(z,ya(i)) < p(z, xn)} NC,_1, (4.2)
iel
Xn+l = PC,,x

forall n € N. Then, {x,} is well defined and converges to Prx € B.

Proof. Since each F(T;) is closed and convex, so is F = (;c; F(T;). For z € F, it follows that

Pz yu(@))’
<ap (i)p(Z, xn)2 +(1-ay (i))P(zl Tixn)2 —a, (i) (1 - “n(i))p(xnr Tixn)2
(4.3)
< an(D)p(z, %) + (1= an(i))p(Tiz, Tixn)’

< P(Z/ xn)2
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for all i € I, and thus sup, , p(z,y.(i)) < p(z,x,) for every n € N. Therefore, we have
F c C, and C, is nonempty for n € N. Further, C, is closed and convex by the property
of a real Hilbert ball B. Hence, the metric projection Pc, exists, and x, is well defined for all
n € N. Since {C,} is decreasing with respect to inclusion, as in Example 3.4, we have that
{C,} converges to C = (;2; C, in the sense of A-Mosco. By Theorem 3.2, we have that {x,}
converges to xp = Pcx. Since xg € C,, for all n € N, we have that p(xo, y,(i)) < p(xo, x,,) for all
n € Nand i € I. Fix i € I arbitrarily, and let {a,, (i)} be a subsequence of {a,(i)} converging
to ap(i) € [0,1[. Then, since p(xy,, yn(i)) = (1 — a,(i)) p(xn, Tix,), we have that

P(x0/ Tix0) < p(x0/ xnk) + p(xnk/ Tixnk) + p(Tixnkr Tix0)

1 .
< 2p(xo, X)) + mp(x”k’ynk (i)

1 (4.4)
< 2p(x0, Xn, ) + m({’(xnwxo) + P(xO/]/nk (i)))

< 2(1 + ﬁ)p(xo,xnk)

for k € N, and, as k — oo, we obtain that xy = Tixo; that is, xog € F(T;). Since i € I is arbitrary,
we have that Pcx = xy € F C C, and therefore xy = Prx, which is the desired result. O

Next, we consider the case of a single mapping. Motivated by [18], we obtain the
following theorem. It shows that, without assuming the existence of fixed points, we may
prove that the iterative sequence is well defined. Moreover, the boundedness of the sequence
guarantees that the set of fixed points is nonempty.

Theorem 4.2. Let B be a real Hilbert ball and T : B — B a nonexpansive mapping. Let {a,} be
a nonnegative real sequence in [0,1] such that liminf, ., .a, < 1. For x € B, generate an iterative
sequence {x,} by x1 = x, Cy = B, and

Yn =X, ® (1 —a,)Tx,, foreachiecl,

Cn={z€B:p(z,yn) <p(z,x)} NCy, (4.5)

Xns1 = Pc,x

forall n € N. Then, {x,} is well defined and the following are equivalent:
(i) F(T) is nonempty;

(ii) {xn} is convergent;

(iii) {x,} is bounded;

(iv) Nyeq Cy is nonempty.

Moreover, in this case the limit of {x,} is Prayx = Pn=, c,x.

Proof. First we show that {x,} is well defined. Since x; is given and y; € C;, C; is nonempty.
Suppose that C1,Cy, ..., C,—1 are nonempty. Then, x1,x2,...,x, and y1, v, ..., Yy, are defined.
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Let r = maxjck<up(x, Txx) and D = {w € B : p(x,w) < r}. Then, since D is nonempty,
bounded, closed, and convex, there exists a metric projection Ppb : B — D. Since Pp
is nonexpansive, it follows that PpT|j, is also a nonexpansive mapping of D into itself.
Moreover, D has a nonempty interior, and [x,v] \ {v} does not intersect the boundary of D
for every v € D. Thus, by Theorem 2.1, there exists u € D such that u = PpTu. Since Txy € D
fork=1,2,...,nand D is convey, it follows from the definition of the metric projection that

p(Tu,u) = p(Tu, PpTu) < p(Tu, (1 —t)u & tTxy) (4.6)

fort €]0,1[. Thus, we have that

p(Tu, u)* < p(Tu,(1-tHHhue thk)2
(4.7)
<(1- )f)p(Tu,u)2 +tp(Tu, Tx)? - (1 - Hp(u, Txi)?,

and thus

,o(Tu,u)2 <p(Tu, Txk)2 -(1-t)p(u, Txk)2
(4.8)
< P(u/ xk)z -(1- t)P(u/ Txk)z‘

Tending t | 0, we have that 0 < p(Tu,u)2 < p(u, xk)2 - p(u, Txk)z, and hence p(u, Tx) <
p(u,xx) fork =1,2,...,n. It gives us that

p(u,y)? = plu, arxie ® (1 - i) T )2
< arp(u, xi)” + (1 - ) p(u, Txy) (4.9)

< plu,xi)’

forall k = 1,2,...,n, and hence u € C,. This shows that C, is nonempty and obviously it
is closed and convex. Therefore, x,,1 = Pc,x is defined. By induction, we obtain that {x,} is
well defined.

Next, we show that (i)—(iv) are equivalent. We know from Theorem 4.1 for a single
mapping that (i) implies (ii). We also have that {x, } converges to Pr(r)x = Pn=, c,x. Itis trivial
that (ii) implies (iii). Let us suppose that (iii) holds and show (iv). Since {x,} is bounded,
there exists a subsequence {x,, } which is A-convergent to some xy € B. From the definition
of subsequence, for any n € N, there exists ko € N such that nj. > n for all k > k. Since {C,} is
decreasing with respect to inclusion, we have x,, C C,,_1 C C,, for all k > k¢. By Theorem 2.2,
we have that xg € C,, for every n € N, and hence (iv) holds. Lastly, we show that (iv) implies
(). Assume that C = ;- C, is nonempty. By Theorem 3.2, {x,} converges to Pcx. Then, as
in the proof of Theorem 4.1, we have that Pcx € F(T), and thus (i) holds. Consequently, these
four conditions are all equivalent. O



Abstract and Applied Analysis 11

Acknowledgment

The author is supported by Grant-in-Aid for Scientific Research no. 22540175 from Japan
Society for the Promotion of Science.

References

[1] W. A. Kirk, “Fixed point theorems in CAT(0) spaces and R-trees,” Fixed Point Theory and Applications,
vol. 2004, no. 4, pp. 309-316, 2004.

[2] S. Dhompongsa, W. A. Kirk, and B. Sims, “Fixed points of uniformly Lipschitzian mappings,”
Nonlinear Analysis. Theory, Methods & Applications, vol. 65, no. 4, pp. 762-772, 2006.

[3] S. Dhompongsa, W. A. Kirk, and B. Panyanak, “Nonexpansive set-valued mappings in metric and
Banach spaces,” Journal of Nonlinear and Convex Analysis, vol. 8, no. 1, pp. 35-45, 2007.

[4] S. Saejung, “Halpern’s iteration in CAT(0) spaces,” Fixed Point Theory and Applications, vol. 2010,
Article ID 471781, 13 pages, 2010.

[5] W. A. Kirk and B. Panyanak, “A concept of convergence in geodesic spaces,” Nonlinear Analysis.
Theory, Methods & Applications, vol. 68, no. 12, pp. 3689-3696, 2008.

[6] T. C. Lim, “Remarks on some fixed point theorems,” Proceedings of the American Mathematical Society,
vol. 60, pp. 179-182, 1976.

[7] M. Tsukada, “Convergence of best approximations in a smooth Banach space,” Journal of
Approximation Theory, vol. 40, pp. 301-309, 1984.

[8] T. Ibaraki, Y. Kimura, and W. Takahashi, “Convergence theorems for generalized projections and
maximal monotone operators in Banach spaces,” Abstract and Applied Analysis, no. 10, pp. 621-629,
2003.

[9] E. Resmerita, “On total convexity, Bregman projections and stability in Banach spaces,” Journal of
Convex Analysis, vol. 11, no. 1, pp. 1-16, 2004.

[10] Y. Kimura, “A characterization of strong convergence for a sequence of resolvents of maximal
monotone operators,” in Fixed Point Theory and Its Applications, pp. 149-159, Yokohama Publishers,
Yokohama, Japan, 2006.

[11] Y. Kimura, K. Nakajo, and W. Takahashi, “Strongly convergent iterative schemes for a sequence of
nonlinear mappings,” Journal of Nonlinear and Convex Analysis, vol. 9, no. 3, pp. 407-416, 2008.

[12] Y. Kimura and W. Takahashi, “On a hybrid method for a family of relatively nonexpansive mappings
in a Banach space,” Journal of Mathematical Analysis and Applications, vol. 357, no. 2, pp. 356363, 2009.

[13] M. R. Bridson and A. Haefliger, Metric Spaces of Non-Positive Curvature, vol. 319 of Grundlehren der.
Mathematischen Wissenschaften, Springer, Berlin, Germany, 1999.

[14] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, vol. 28 of Cambridge Studies in Advanced
Mathematics, Cambridge University Press, Cambridge, UK, 1990.

[15] U. Mosco, “Convergence of convex sets and of solutions of variational inequalities,” Advances in
Mathematics, vol. 3, pp. 510-585, 1969.

[16] K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, vol. 83 of
Monographs and Textbooks in Pure and Applied Mathematics, Marcel Dekker, New York, NY, USA, 1984.

[17] 1. Shafrir, “Theorems of ergodic type for p-nonexpansive mappings in the Hilbert ball,” Annali di
Matematica Pura ed Applicata, vol. 163, no. 1, pp. 313-327, 1993.

[18] K. Aoyama and F. Kohsaka, “Existence of fixed points of firmly nonexpansive-like mappings in
Banach spaces,” Fixed Point Theory and Applications, vol. 2010, Article ID 512751, 15 pages, 2010.



