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We study the existence and multiplicity of positive solutions for the following semilinear elliptic
equation —Au + u = Xa(x)[u|7u + b(x)|ufP?u in RN, u € H'(RN), where A > 0,1 <g<2<p<

2°(2* =2N/(N -2)if N > 3,2* = w if N = 1,2), a(x), b(x) satisfy suitable conditions, and a(x)
may change sign in RN.

1. Introduction and Main Results

In this paper, we deal with the existence and multiplicity of positive solutions for the
following semilinear elliptic equation:

—Au+u = Aa(x)|[u|Tu+ b(x)[ulf*u, inRN,
u>0, inRV, (Exap)

ueHl(RN>,

where A >0,1<g<2<p<2*(2*=02N/(N-2))if N>3,2*=wif N=1,2),and a,b are
measurable functions and satisfy the following conditions:

(A1) ae CRN)NLT (RN)(g* =p/(p - q)) with a* = max{a,0} £0in RY;

(B1) b € C(RN) N L®(RN) and b* = max{b,0}#0 in RV.
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Semilinear elliptic equations with concave-convex nonlinearities in bounded domains
are widely studied. For example, Ambrosetti et al. [1] considered the following equation:

“Au= T+, inQ,
u>0, inQ, (Ey)
u=0, ono0Q,

where A > 0,1 < g <2 < p < 2*. They proved that there exists 1o > 0 such that (E,) admits at
least two positive solutions for all A € (0, A\p) and has one positive solution for A = 1y and no
positive solution for A > 1g. Actually, Adimurthi et al. [2], Damascelli et al. [3], Ouyang and
Shi [4], and Tang [5] proved that there exists Ay > 0 such that (E,) in the unit ball BN (0;1)
has exactly two positive solutions for A € (0, A¢) and has exactly one positive solution for
A = Ay and no positive solution exists for A > \y. For more general results of (E,) (involving
sign-changing weights) in bounded domains see Ambrosetti et al. [6], Garcia Azorero et al.
[7], Brown and Wu [8], Brown and Zhang [9], Cao and Zhong [10], de Figueiredo et al. [11],
and their references. However, little has been done for this type of problem in RY. We are
only aware of the works [12-16] which studied the existence of solutions for some related
concave-convex elliptic problems (not involving sign-changing weights). Furthermore, we
do not know of any results for concave-convex elliptic problems involving sign-changing
weight functions except [17]. Wu in [17] has studied the multiplicity of positive solutions for
the following equation involving sign-changing weights:

“Au+u=a ()l + b#(x)u""l, in RY,
N
u>0, inRY, (E%bﬂ)

ue H1<RN>,

where 1 < g <2 < p < 2%, the parameters A, ¢ > 0. He also assumed that a) (x) = Aa, (x)+a-(x)
is sign-chaning and b, (x) = c(x) + ud(x), where ¢ and d satisfy suitable conditions, and
proved that (E,, p,) has at least four positive solutions.

The main aim of this paper is to study (Ejp) in RN involving concave-convex
nonlinearities and sign-changing weight functions. We will discuss the Nehari manifold and
examine carefully connection between the Nehari manifold and the fibrering maps; then
using arguments similar to those used in [18], we will prove the existence of two positive
solutions by using Ekeland’s variational principle [19].

Set

(2-9)/(p-2)
Ao = <—2 1 > < p-2 >S<p<2—q>/2<p—2>>+<q/2> S0 (1)
(P = )IIb*l.- (p-Dlatle )"

where [[b*|| = sup, e~ b7 (x), la*]lpe = (Jpn la* (x)|q*dx)1/q*, and S, is the best Sobolev
constant for the imbedding of H'(RN) into L? (RY). Now, we state the first main result about
the existence of positive solution of (Ej,p) in RY.
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Theorem 1.1. Assume that (A1) and (B1) hold. If A € (0,Ao), then (Ejap) admits at least one
positive solution in H'(RN).

Associated with (E,,p), we consider the energy functional ]y, in H LRN):

1 A 1
Tap() = 3l -3 [ aGoupdx-3 [ s, (12
q JrN P Jry

where [[ull i = (fun (Vul + u2)dx)"*. By [20, Proposition B.10], i, € C'(H'(RN), R). Tt is
well known that the solutions of (E), ) are the critical points of the energy functional Jy,5 in
HY(RN).

Under assumptions (Al), (B1), and A > 0, (Ey4p) can be regarded as a perturbation
problem of the following semilinear elliptic equation:

—Au+u=b(x)u’™!, inRN,
u>0, inRN, (Ep)
ueH' (RN>,

where b(x) € C(RN)NL*(RN) and b(x) > 0 for all x € RN. We denote by S}, the best constant
which is given by

St—  inf Il . (1.3)
ueH! (EN)\(0) ([, () ufP dx)*'?
A typical approach for solving problem of this kind is to use the Minimax method:
af = inf max J§ (y(1), (1.4)
where
r={yec(01,H' (RY)):y(0) =0,y(1) = e}, (15)

]g(e) = 0, and e #0. By the Mountain Pass Lemma due to Ambrosetti and Rabinowitz [21],
we called the nonzero critical point u € H!(RY) of J} a ground state solution of (Ep) in RN if
]g (u) = a?. We remark that the ground state solutions of (E,) in RN can also be obtained by
the Nehari minimization problem

b _ f b ,
%Xy vler}ngfo (v) (1.6)



4 Abstract and Applied Analysis

where M5 = {u € H'(RN) \ {0} : |lulfp = [pn b(x)[ul’dx}. Note that ) contains every
nonzero solution of (Ep) in RN (see Willem [22])

-2 /(p-2)
ab = ab = ’gz—p(sg)p s (1.7)

When b(x) = b* is a constant function in RY, the existence of ground state solutions of
(Ep) in RN has been established by Berestycki and Lions [23]. Actually, Kwong [24] proved
that the positive solution of (Ep) in RN is unique.

When b(x) #b* and b(x) € C(RN) n L®(RYN), it is well known that the existence of
ground state solutions of (Ep) has been established by the condition b(x) > b® = limjy|— ,,b(x)
and the existence of ground state solutions of limit equation

~Au+u=b"uP"', inRN,
u>0, in RN, (Ep=)
ueH' (RN>.

In order to get the second positive solution of (Ej,p) in RN, we need some additional
assumptions for a(x) and b(x). We assume the following conditions on a(x) and b(x):

(B2) b(x) > 0 for all x € RV, and b(x) satisfies suitable conditions such that (Ep) in RN
has a positive ground state solution wy, that is, ]g (wg) = zxg ;

(A2) [en a(x)|wo|?dx > 0, where wy is a positive ground state solution of (Ep) in RV,

Theorem 1.2. Assume that (A1)-(A2) and (B1)-(B2) hold. If X € (0,(q/2)Ao), (Exap) admits at
least two positive solutions in H*(RN).

Remark 1.3. (i) In [17, Theorem 1.1], the author has proved that if

bu(x) = c(x) + pd(x),  ar(x) = ra.(x) +a-(x),

|l‘im c(x) =1, |llim d(x) =0,
1>c(x) >1—-coexp(-rqlx]|), forco<1, Vxe RN, (1.8)

d(x) > doexp(-rp|x]), fordy>0, Vxe RN,

a_(x) > —cexp(-rs|x]), Vxe RY,
where r, < min{r,, 75, g}, then for sufficiently small A and p,(Eq, b,),

—Au+u=a(x)ut + bﬂ(x)u”‘l, in RY,
u>0, inRYV, (1.9)

ue H1<]RN>,
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admits at least two positive solutions in RY. In particular, b, satisfies the following condition:

bu(x) =c(x) +pud(x) >21= ‘llim bu(x), for large |x|. (1.10)

(ii) According to Lions’ paper, if b(x) > b® = lim|y| o, b(x) for any x € RV, then there
is a positive ground state solution wy of (Ep) in RY. Supposing IRN a(x)wg dx = fRN [a.(x) +
a_(x)]whdx > 0, we can prove that for sufficiently small \,(Exqp),

—Au+u=rax)ui +b(x)u’!, inRY,
u>0, inRY, (1.11)

uEH1<RN>

admits at least two positive solutions in RN. We give an example of a(x) as follows. Let
m : RN — [0,1] be a C@-function on RY such that 0 < 7; < 1 and

1, for |x| <1,
m(x) = (1.12)
0, for |x|>2.

Since wy € H'(RN), there is a positive number R > 2 such that
f wgdx < f wgdx. (1.13)
{[xI>R} {|x|<1}

Letnp : RN — [0,1] be a C*-function on RY such that 0 <7, <1 and

0, for |x| <R,
M (x) = (1.14)
1, for |x| >2R.

Define
a(x) =m(x) —m2(x)|x|”", wherer>0, N-rg*<0, (1.15)

then by (1.13), we have that

I a(x)whdx > j whdx - I |x| " whdx
RN {lx[<1} {Ix|>R}
(1.16)

zj wgdx—R‘rj wgdx>0.
{|x|<1} {|x[>R}
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In this case, a_(x) = —12(x)|x|”" and b(x) do not satisfy the assumptions of exponential decay
in [17].

Throughout this paper, (A1) and (B1) will be assumed. H!(R") denotes the standard
Sobolev space, whose norm || - || ;1 is induced by the standard inner product. The dual space
of HY(RY) will be denoted by H™}(RN). (-,-) denotes the usual scalar product in H!(RY).
We denote the norm in L¥(RN) by || - || for 1 < s < o0. 0,(1) denotes 0,(1) — 0asn — oo.
C, C; will denote various positive constants, the exact values of which are not important. This
paper is organized as follows. In Section 2, we give some properties of Nehari manifold. In
Sections 3 and 4, we complete proofs of Theorems 1.1 and 1.2.

2. Nehari Manifold

In this section, we will give some properties of Nehari manifold. As the energy functional
Jiap is not bounded below on H'(RY), it is useful to consider the functional on the Nehari
manifold

Mg = {u € H' (RN )\ {0} : ((rap) (), u) = 0}. (2.1)

Thus, u € M),y if and only if
(Urap) (w),u) = |ull3; - )Lf a(x)|uldx - f b(x)[uffdx = 0. (2.2)
RN RN

Note that #,,, contains every nonzero solution of (E,,5). Moreover, we have the following
results.

Lemma 2.1. The energy functional ], is coercive and bounded below on M4 p.

Proof. If u € My,p, then by (A1), (2.2), and Holder and Sobolev inequalities

-

pP-2, 2 p-

Tnap(W) = ——|ju —A(—)j a(x)|u|Tdx (2.3)
wnti) = B2 -2 (B0 [ aom

P=2 2 (P=A\c@y sy yod

> L2ty =0 (BT) S, 1 o . 24)

Thus, Jyap is coercive and bounded below on ;. O



Abstract and Applied Analysis 7

The Nehari manifold is closely linked to the behavior of the function of the form ¢, :
t — Jiap(tu) for t > 0. Such maps are known as fibering maps and were introduced by
Drabek and Pohozaev in [25] and are also discussed in [9]. If u € H'(RY), we have

2o H gq. P p
Pu(t) = lullp - —AJ‘ a(x)ful'dx - —f b(x)|ul"dx;
q Jrvy P Jry
¢u(t) = Hlulgy — #7712 J a(x)[ul'dx - 71 f b(x)[ul"dx; (2.5)
RN RN

@h(t) = lullzy - (g - 1)tq’2)tj a(x)|u|ldx - (p - 1)tp’zj b(x)|ulP dx.
RN RN
It is easy to see that
kol (1) = ||tul|7p - Aj a(x)|tuldx - f b(x)|tul’ dx, (2.6)
RN RN

and so, for u € HY(RN) \ {0} and t > 0, ¢/ () = 0 if and only if tu € M,,p, that is, the critical
points of ¢, correspond to the points on the Nehari manifold. In particular, ¢, (1) = 0 if and
only if u € My,p. Thus, it is natural to split _#,,, into three parts corresponding to local
minima, local maxima and points of inflection. Accordingly, we define

My = {1 € Mgyt (1) >0},

ﬂga,b = {u € -/n/\a,b : (Plp’z(l) = 0}/ (27)

My = {1 € Mg ¢ (1) <0}

and note that if u € M), , that s, ¢,(1) = 0, then

W) = @=p)lllfy = (a=p) [ a(oluliax 28)

=2-)lluli - (p-9q) f]RN b(x)|ulP dx. (2.9)

. . . + 0 —
We now derive some basic properties of My ,, M), and M .

Lemma 2.2. Assume that uy is a local minimizer for Jyap on Myap and uy §Eﬂga - Then
(Jnap)'(u2) = 0in HH(RN).

Proof. Our proof is almost the same as that in Brown and Zhang [9, Theorem 2.3] (or see
Binding et al. [26]). O
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Lemma 2.3. One has the following.

(i) Ifuemy,,u _/Ilgulb, then [pn a(x)lu|?dx > 0;
(i) If u € M, ,, then [on b(x)[ulPdx > 0.

Proof. The proof is immediate from (2.8) and (2.9). O
Moreover, we have the following result.

Lemma 2.4. If A € (0, Ao), then ﬂga,b = (b, where A is the same as in (1.1).

Proof. Suppose the contrary. Then there exists A € (0, Ag) such that ,/il?\a’b #(. Then for u €
M, , by (2.8) and Sobolev inequality, we have

2- ~(p/
o=l = fRN b(a) ufdx < 6" 18, ™ lully, (2.10)

and so

1/(p-2)
l[uall > 279\ Sp/2e 2, (2.11)
"\ Pl .

Similarly, using (2.9) and Holder and Sobolev inequalities, we have

- - (/2
=125 [ atourax < Al 5,7l (2.12)
which implies that
_ 1/(2-q)
i < (AE=Jharl ) e 213)

Hence, we must have

5 2-9)/(p-2) _y
- (( )||Z+|| > <( p)u | >5r5”“”2(”2”*“’/2’ — Ao, (214)
P-4 L» p—q)latiis

which is a contradiction. This completes the proof. O

In order to get a better understanding of the Nehari manifold and fibering maps, we
consider the function ¢, : R* — R defined by

wu(t) = tz”7||u||%j,1 -t IRN b(x)ulPdx, fort>0. (2.15)
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Clearly tu € M, if and only if ¢, () = A IRN a(x)|u|?dx. Moreover,
@l (t) = (22— )t ull3, - (p - q)t”‘q‘lf b(x)lulPdx, fort>0, (2.16)
RN

and so it is easy to see that, if tu € My,p, then t971¢s,(t) = ¢l(t). Hence, tu € _/lqa,b (or
tu € M, ,,) if and only if ¢, (t) > 0 (or ¢, (t) < 0).

Let 2 = {u € H'(RN) : [y b(x)|uldx = 0}. Suppose that u € H'(RN) \ 2. Then, by
(2.16), ¢, has a unique critical point at t = .y (1), where

) @ - q)lull? i
tmax(u) = ((P _ q) J-RN b(x)|u|pdx >0, (217)

and clearly ¢, is strictly increasing on (0, fmax (1)) and strictly decreasing on (tmax (1), o0) with
lim; _, o ¢, (t) = —oo0. Moreover, if A € (0, Ag), then

2- g\ @9/ 2— g\ P/ 02 ”u”i;rl’—q)/ (p-2)
pimin <[22 (2) e
P=q P=q (Jin b0 [l dx) &0 P2

-2 2 g\ @D/ p-2) ull? (2-9)/(p-2)
- (B=) (1) iy
p-a/\p-4q fian b() 1l dx

p-2\/2-q\*"? Lo 4002
> full”, (—) (—) s 218
H\p-q/\p-q g (2.18)

-(a/2)
> Ma*lle Sp "™ ull 3 16" |-

Z.)LJ‘ at(x)|u|Tdx

RN

Z)LJ‘ a(x)|u|?dx.
RN

Therefore, we have the following lemma.

Lemma 2.5. Let A € (0, Ag). For each u € HY(RN) \ 2, one has the following.

(1) If A [on a(x)|ul"dx < 0, then there exists a unique t~ = t(u) > tmax (1) such that tu €
M, Pu is increasing on (0,7) and decreasing on (¢, o0). Moreover,

Jaap(t7u) = stugv Jiap(tu). (2.19)
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(ii) If)LjRN a(x)|u|dx > 0, then there exists unique 0 < t* = t*(u) < tmax (1) <t =t (1)
such that t'u € _/Iqa,b, true My, , puls decreasing on (0,t%), increasing on (t*,t7), and
decreasing on (1, o0)

Jaap(tu) = Jap(tu);  Jaap(t 1) = sup Jiap(tu). (2.20)

SIS max ) t>t*

(iif) Ay, , = {u€ H'(RN)\ Z: (1/|[ull )t~ (w/ullg) = 1)

(iv) There exists a continuous bijection between U = {u € H'(RN) \ 2 : |lullg = 1} and
M, In particular, t is a continuous function for u € H'(RN) \ 2.

Proof. Fixu € HY(RN) \ 2.

(i) Suppose )LJ‘RN a(x)|u|’dx < 0. Then ¢, (t) = AIRN a(x)|u|?dx has a unique solution
£~ > tmax(u) such that ¢, (") < 0 and (pu(t‘) = 0. Thus, by t9-1¢. () = ¢l(t), ¢, has
a unique critical point at t = +~ and ¢, (t”) < 0. Therefore, t u € _/11)L b and (2.19)
holds.

(ii) Suppose AIRN a(x)|ul?dx > 0. Since ¢y (tmax (1)) > )LfRN a(x)|u|7dx, the equation
@u(t) = Afgn a(x)|u|’dx has exactly two solutions t* < tma(u) < t such that
g, (t") > 0 and ¢, (t7) < 0. Thus, there exist exactly two multiples of u lying in
H'(RN), that is, t'u € M} pandtue ,ﬂi)L - Therefore, by t17 g, (t) = @li(t), ¢, has
critical points at £ = t* and t = £ with ¢/,(t*) > 0 and ¢/.(t") < 0. Therefore, g, is
decreasing on (0,t"), increasing on (t*,¢”) and decreasing on (t~, o0). This implies
that (2.20) holds.

(iii) For u € M,,,. By Lemma2.3(ii) and, considering w = u/|u|y, we have
u € HYRN) \ 2. By (i) and (ii), there exists a unique ¢ (w) > 0 such that
t(w)w € M, ,, thatis, £ (u/|[ullg) 1/ |ullg)u € M, ,. Since u € M, ,, we have
(1/|[ull g )t~/ |ull 1) = £ (1) = 1. Therefore

/"Xa,bc{uEHl(RN)\f’% L t‘( “ >=1}. (2.21)

el \lfeell o

Conversely, if u € HY(RN) \ 2 is such that (1/||ul| 1)t (w/||ullgn) =t (u) = 1, then
by the uniqueness of £~ (u), we get that u € M. Thus, we have

e g i)
./llmb—{ueH (r >'||u||H1t ) =1 (2.22)

(iv) Fix u € U arbitrary. Define G,, : (0,0) x U — R by

Gu(t,w) = ((Jaap) (tw), tw) = Prap(tw), (2.23)
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where ¢y @ H'(RN) — R is defined by Prap(u) = ((Jaap) (1), u). Since
Gu(ti(u)ru) = <(])xa,b)l(ti(u)u)/ti(u)u> =0,and

o () = @] ™ (Paas) (@), £ 00) <0, (229

then by the implicit function theorem, there is a neighborhood W, of # in U and a
unique continuous function H, : W, — (0, o) such that G, (H,(w), w) = 0 for all
w € Wy, in particular H, (1) = t~(u). Since u € U is arbitrary, we obtain that the
function H : U — (0, o), given by H(u) =t~ (u), is continuous and one to one. By
H :U — ,/Il;a,b, where H™ (1) = t (u)u, we have that H™ is continuous and one to
one. Now if u € /M, then by (iii) we have that H™ (w) = u, where w = u/|ul| 1.
Since ¢ is continuous on U, it follows that t~ is continuous on H'(RN) \ 2. This
completes the proof. 0

3. Proof of Theorem 1.1

First, we remark that it follows from Lemma 2.4 that
Migp =My, UM, (3.1)

for all A € (0, Ag). Furthermore, by Lemma 2.5 it follows that #} , and M, , are nonempty,
and by Lemma 2.1 we may define

Ayap = Inf w);at = inf u);a; , = inf u).
Aap = ] mmbha,b( )i O ap g Iu,bha'b( )i . Iu,bhu'b( ) (3.2)

Then we get the following result.

Theorem 3.1. One has the following.
(i) If L € (0, Ay), then one has aIa,b <0.
(ii) If A € (0, (q/2)Ao), then &, > dy for some do > 0.

In particular, for each A € (0,(q/2)Ao), one has “Ia,b = A)ap-

Proof. (i) Letu € M}, ,. By (2.8)

2
> [ bl (33
P-q RN
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and so

Tuap () = (% - $> ul2 + G _ %) IRN b0l dx

D GIE e

_ (P-2)2-9),
= ———F——|lullf <0.
2pq
Therefore, “Xu,b <0.
(ii) Letu € U}, ,. By (2.8)
2
ﬁnun;l < IRN b(x)[ulPdx. (3.5)
Moreover, by (B1) and Sobolev inequality
-(p/
[ bt < 1615, . (36)
This implies that
24 1/(p-2)
- /2(p-2) -
llull 1 > <—> sh , Yuem,. (3.7)
EERNCEDIC ’ ot

By (2.4) and (3.7), we have

-2 - - -
Tas) > | E ! =0 (B, 2|

9_ a/(p-2) )
> <—(p q)”‘;” > sp/2r-2
- =

@-9)/ (p-2)
y P_ZSP(2—q)/2(P—2)< 2-q > o _A<P—q>5—<q/2>”a+“ .
2p F —q)||b* P L
P (- )bl rq

(3.8)
Thus, if X € (0,(q/2)A), then

])La,b(u) > dO/ vu e ﬂ;a,b/ (39)

for some positive constant dy. This completes the proof. O
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Remark 3.2. (i) If A € (0,Ay), then by (2.8) and Holder and Sobolev inequalities, for each
u € My, , we have

fulfy < E=31 | acnrax
< g Malle 5wl (3.10)
< T Aallalle 5wl
and so
lull s < (Z:ZAonauw s;(q/2>>”(2'q), Vue M, (3.11)

(ii) If A € (0,(g/2)Ao), then by Lemma 2.5(i), (ii) and Theorem 3.1(ii), for each u €
M, we have

Jaap () = sup Jiap(tu). (3.12)
>0

We define the Palais-Smale (simply by (PS)) sequences, (PS) values, and (PS)
conditions in H'(RN) for ]y, as follows.

Definition 3.3. (i) For ¢ € R, a sequence {u,} is a (PS). sequence in H'(RN) for J),p if
Jrap(un) = ¢ +0,(1) and (]Aa,b)l(un) =0,(1) Strongly inH™ (RN) asmn — oo.

(ii) c € Ris a (PS) value in HY(RN) for ],y if there exists a (PS). sequence in H (RY)
fOI‘ ])uz,b-

(iii) Jyap satisfies the (PS) -condition in H'(RY) if any (PS), sequence {u,} in H'(RN)
for ], contains a convergent subsequence.

Now, we use the Ekeland variational principle [19] to get the following results.

Proposition 3.4. (i) If A € (0, Ag), then there exists a (PS)

for Jnap-
(i) If A € (0,(q/2)Ao), then there exists a (PS),- ~sequence {uy) C M, in H LRN) for

sequence {u,} C Myqp in H (RN)

A)ab

Jrap-

Proof. The proof is almost the same as that in [27, Proposition 9]. O
Now, we establish the existence of a local minimum for J,,5 on _/flialb.
Theorem 3.5. Assume that (A1) and (B1) hold. If A € (0, ), then Jyap has a minimizer uy in
M3, and it satisfies the following:
(1) Jaap(un) = arap = ay,
(ii) u, is a positive solution of (Ejgp) in RY;

(iif) [luplly — Oas A — 0%



14 Abstract and Applied Analysis

Proof. By Proposition 3.4(i), there is a minimizing sequence {u,} for Jy,» on M, such that
Jiap(tn) = @rap +0a(1),  (Jrap) (1) = 04(1), in H(RY). (313)

Since Jjup is coercive on M), (see Lemma 2.1), we get that {u,} is bounded in H LRN).
Going if necessary to a subsequence, we can assume that there exists uy, € H'(RY) such that

u, —uy, weaklyin H! <]RN>,
u, — uy, almost everywhere in RN, (3.14)

u, — Uy, strongly in L} (]RN>, V1<s< 2%

loc
By (A1), Egorov theorem, and Holder inequality, we have

.)Lf a(x)|u,|7dx = )LJ‘ a(x)|uy|7dx + 0,(1), asn— oo. (3.15)
RN RN

First, we claim that u, is a nonzero solution of (Ej,p). By (3.13) and (3.14), it is easy to see
that u, is a solution of (Ey,p). From u, € M, and (2.3), we deduce that

alp-2), » _ pq
.)LJ‘ a(x)|u,|Tdx = 7 Jaap(Un). (3.16)
RN 2(p-q)" " p-q
Letn — oo in (3.16); by (3.13), (3.15), and ay,p < 0, we get
AI a(x)w)'dx > -1y, > 0. (3.17)
RN -

Thus, uy € M,4p is a nonzero solution of (Ey,p). Now we prove that u, — u, strongly in
HY(RN)Y and Jy,p(u1) = arap- By (3.16), if u € M4y, then

p-2, .- P-4
Trap(u) = —=——|lullzp — —)LJ‘ a(x)|u|Tdx. 3.18
e LT (318)

In order to prove that Jy,,(u1) = aiap, it suffices to recall that u,, 1y € Myap, by (3.18) and
applying Fatou’s lemma to get

-2
Xrap < Jrap(uy) = Pz_p

2 pP—9
) aq
llueall a IRN a(x)|uy|1dx
) _
<lim inf<p_||un||§{1 - UAJ‘ a(x)|un|‘7dx> (3.19)
n— oo Zp q RN

< lim inf Jaap(Un) = drap.
n—oo
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This implies that [y, (1)) = ayap and lirnnﬂx,||un||i,l = ||uA||%{1. Let v,, = u,, — u,, then Brezis-
Lieb lemma [28] implies that

[oallZy = lnlzs = el +0n(1). (3.20)

Therefore, u, — wuy strongly in H'(R"). Moreover, we have u, € M}, ,. On the contrary,
ifuy € M, b then by Lemma 2.5, there are unique ¢; and t; such that tiuy € M, b and
tyuy € _/il)L b In particular, we have t+ <t, =1 Since

d
7 Pab () =0, ]M(t 1)) >0, (3.21)

dr?

there exists ] < t< ty such that Jy,p(tjus) < Jiap (tuy). By Lemma 2.5,
Jaap (t512) < Jaap (fm) < Naap(tgur) = Jaap(n), (3.22)

which is a contradiction. Since [y, (1)) = Jiap(Jua]) and |uy| € ,/lqa,b, by Lemma 2.2 we may
assume that u, is a nonzero nonnegative solution of (E),p). By Harnack inequality [29] we
deduce that u, > 0 in RN. Finally, by (2.3) and Holder and Sobolev inequalities,

2- —(q/2
o "<A§ Tla*lle 5, (3.23)

and so ||uy||gp — Oas A — 0. O

Now, we begin the proof of Theorem 1.1: By Theorem 3.5, we obtain that (E,,;) has a
positive solution u, in H!(RN).

4, Proof of Theorem 1.2

In this section, we will establish the existence of the second positive solution of (Ej.1) by
proving that J,,, satisfies the (PS)a; b—condition.

Lemma 4.1. Assume that (A1) and (B1) hold. If {u,} ¢ HY(RN) is a (PS), sequence for J\ap, then
{u,} is bounded in H'(RN).

Proof. We argue by contradiction. Assume that ||u,||;n — oo. Let i, = u, /||y . We may

assume that i1, — 7 weakly in H'(RN). This implies that i1, — # strongly in L? (RN) for all
1 <5 <2*. By (Al), Egorov theorem, and Hoélder inequality, we have

A i fTdx = & 4l
p IRN a(x)|u,|'dx 7 IRN a(x)|u|’dx + 0,(1). (4.1)
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Since {u,} is a (PS), sequence for ], and ||u,||gn — oo, there hold

1 Ml laall
Sl = = [ a(lifrdx - 22 [ peola,Pdx = e+ o0,(1),
q RN RN 4.2)
A -2 . -2 ~
Il = Al [ aColiax [ beoliFdx = 0,(1).
From (4.1)-(4.2), we can deduce that
2 —
Janly = =) Il [ aGoands+,(1). (43)
q(p-2) RN
Since 1 < g <2 and ||uy||g1 — oo, (4.3) implies that
linllfpy — 0, asn— oo, (4.4)
which contradicts with the fact ||i, ||z = 1 for all n. O
We assume that condition (B2) holds and recall
2
u
Sh=inf el (4.5)

- ueH! (RN)\{O} (I]RN b(x)|u|pdx)2/p ‘

Lemma 4.2. Assume that (A1) and (B1)-(B2) hold. If {u,} ¢ H*(RN) is a (PS), sequence for Jyap
with ¢ € (0,al), then there exists a subsequence of {uy,} converging weakly to a nonzero solution of
(EAa,b) n RN.

Proof. Let {u,} c HY(RN) be a (PS). sequence for ]y, with ¢ € (0,a}). We know from
Lemma 4.1 that {u,} is bounded in H!(RY), and then there exist a subsequence of {u,} (still
denoted by {u,}) and uy € H(RN) such that

u, — up, weakly in H' <RN ),
u, — Uy, almost everywhere in RY, (4.6)

u, — Uy, strongly in L} (RN>, V1 <s < 2%,

loc

It is easy to see that (J \ap) (19) =0, and by (A1), Egorov theorem, and Holder inequality, we
have

)LJ‘ a(x)|u,|dx = AJ a(x)|uo|?dx + o,(1). 4.7)
RN RN
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Next we verify that 1y #0. Arguing by contradiction, we assume that 1y = 0. We set

[ = lim b(x)|u,|Pdx. (4.8)
n N

Since (Jaap)' (4n) = 04(1) and {u,} is bounded, then by (4.7), we can deduce that

0= nli_)n}o«])m,b)/(un)/ un>

lim <||un||§{l —f a(x)|u,|7dx —f b(x)|un|"’dx> (4.9)
n—oo RN RN

lim ||un||i11 -1,

n—oo

that is,

Jim [Juy 70 = 1 (4.10)

If I = 0, then we get ¢ = lim,,_, o, J14p(14) = 0, which contradicts with ¢ > 0. Thus we
conclude that I > 0. Furthermore, by the definition of S;j we obtain

2/p
[unll?p > S5 (I b(x)|un|’”dx> . (4.11)
RN

Then asn — oo we have

L= lim [l > SPP7, (412)
which implies that
/(p-2)

I> (sg)p . (4.13)

Hence, from (1.7) and (4.7)—(4.13) we get
c= lim ])La,b(un)
= D e - 2 ualdx ~ Ltim [ bGolualPd
= 3 Jim - 2 lim [ aGoluwlidx - tim [ bolPdx (g

/11 P—2/p\P/ P2
-G ) e

This is a contradiction to ¢ < ocg. Therefore ug is a nonzero solution of (Ej4p). O
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Lemma 4.3. Assume that (A1)-(A2) and (B1)-(B2) hold. Let wy be a positive ground state solution

of (Ep), then

(i) SUpP,s Jaap(fwp) < agfor all A > 0;
(ii) X < cngor all L € (0, Ap).

Proof. (i) First, we consider the functional Q : H'(RN) — R defined by
Q) = Hlul, - 1[ b(x)ufPdx, VueH'(RY).
20 p Jen

Then, from (1.3) and (1.7), we conclude that

5 i ”2 p/(p-2) 5 o)

pP- Wollp pP- A b
sup Q(twy) = = S =a),
£20 2p (Jan b(x)|w0|pdx)2/p < p) ’

where the following fact has been used:

2 P -2/ A \PPD
sup t—A - t—B = P_<2_> ,  where A, B> 0.
p0\2 P 2p \B¥

Using the definitions of Jy45, wo, and b(x) > 0 for all x € RN, for any A > 0 we have
Jaap(two) — —co, ast — co.

From this we know that there exists ty > 0 such that

sup Jiap(two) = sup Jiap(twy).
>0 0<t<ty

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

By the continuity of Jy,u(twp) as a function of ¢+ > 0 and Jy,4(0) = 0, we can find some

t1 € (0,tp) such that

b
sup Jiap(two) < ay.
0<t<ty

Thus, we only need to show that

b
sup Jiap(two) < ay.
ti<t<ty

To this end, by (A2) and (4.16), for all A > 0 we have

4
sup Jiap(two) < sup Q(twy) - El)LJ‘ a(x)|wo|7dx < ag.
RN

£ <t<tp >0

Hence (i) holds.

(4.20)

(4.21)

(4.22)
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(ii) By (Al), (A2), and the definition of wy, we have

J b(x)|wolPdx >0, ’[ a(x)|wo|?dx > 0. (4.23)
RN RN

Combining this with Lemma 2.5(ii), from the definition of Xop and part (i), forall A € (0, Ao),
we obtain that there exists ty > 0 such that tywy € ,/lea’b and

@y < Taap(towo) < sup Jugp(two) < ag. (4.24)
>0

Therefore (ii) holds. O

Now, we establish the existence of a local minimum of Jy;» on M, .

Theorem 4.4. Assume that (A1)-(A2), (B1), and (R{o\’ ) hold. If A € (0,(q/2)No), then Jyap has a
minimizer Uy in M, and it satisfies the following:

(@) Jaap () = ay,,;

(i) U, is a positive solution of (Eyap) in RY.

Proof. If A € (0,(q/2)/g), then by Theorem 3.1(ii), Proposition 3.4(ii), and Lemma 4.3(ii),
there exists a (PS)“W sequence {u,} C M, in HYRN) for ]y, with a,, € (O ab).
From Lemma 4.2, there exist a subsequence still denoted by {u,} and a nonzero solution
U, € HY(RN) of (Ejup) such that u, — U, weakly in H'(RY). Now we prove that u, — U,
strongly in H'(RN) and [y, (U)) = ay,, By (3.18),if u € My,p, then

p-2 12 P-4
Trap (i) = ——|lu 1——Af a(x)|u|?dx. 4.25
e L (4.25)

First, we prove that U, € M. On the contrary, if U, € M}, ,, then by the definition of
Moy = {1 € Migp : ly(1) <0} (4.26)

and Lemma 2.4, we have ||U)L||ip < lim infnqoo||un||ip. From Lemma 2.3(i) and b(x) > O for
all x € RN, we get

f a(x)|Uy|7dx > 0, I b(x)|U,Pdx > 0. (4.27)
RN RN

By Lemma 2.5(ii), there exists a unique t| such thatt U, € ,/Illa’b. Since u, € ,/It;a’b, Jaap(tn) >
Jaap(tuy) for all t > 0, and by (4.25), we have

Xy < hap(HUL) < Jim Jiap (Fun) < Hm Juap(un) = ay, (4.28)

and this is a contradiction.
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In order to prove that J),»(U,) = Xopr it suffices to recall that u,,, U, € ﬂla’b for all n,
by (4.25) and applying Fatou’s lemma to get

p—-2 2 P—q
——mwl———q‘mmmwm
2p T Tpg T ) s !

.. (P=2 5 P4 (4.29)
< lim 1nf<—||un|| 1= —)»J‘ a(x)|un|qu>
n— oo Zp H 1Z RN

Aoy < Jrap(Uy) =

< liyl;llglf])la,b (un) = a;a,b'

This implies that Jy,,(Uy) = a;,, and limy, - o[t ||30 = U |I3:- Let v, = u, — U, then Brézis

and Lieb lemma [28] implies that

ol = lallip — IG5 + 0n(1). (4.30)

Therefore, u,, — U, strongly in H'(RN).

Since Jiap(Uy) = hap(Uy]) and |U,| € ,/Iqa,b, by Lemma 2.2 we may assume that U is
a nonzero nonnegative solution of (Ej4p). Finally, By the Harnack inequality [29] we deduce
that U, > 0in RN.

Now, we complete the proof of Theorem 1.2. By Theorems 3.5 and 4.4, we obtain that
(Erap) has two positive solutions u) and U, such that u, € _/fl}a/b, u, € _/learb. Since ,/fl}ulb n
M, =0, this implies that 1, and U, are distinct. It completes the proof of Theorem 1.2. [
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