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We discuss the solvability of the fourth-order boundary value problem u® = ftuu"),0<t<1,
u(0) = u(1) = u"(0) = u”(1) = 0, which models a statically bending elastic beam whose two ends
are simply supported, where f : [0,1] x R> — R is continuous. Under a condition allowing that
f(t,u,v) is superlinear in u and v, we obtain an existence and uniqueness result. Our discussion is
based on the Leray-Schauder fixed point theorem.

1. Introduction and Main Results

In this paper we deal with the existence of a solution of the fourth-order ordinary differential
equation boundary value problem (BVP)

u®(t) = f(tut),u'(t)), 0<t<l,

(1.1)
u(0) = u(1) =u"(0) =u"(1) =0,
where f : [0,1] x R xR — Ris continuous. This problem models deformations of an elastic
beam in the equilibrium state, whose ends are simply supported. Owing to its importance in
physics, the solvability of this problem has been studied by many authors; see [1-14].
In [1], Aftabizadeh showed the existence of a solution to BVP(1.1) under the restriction
that f is a bounded function. In [2, Theorem 1], Yang extended Aftabizadeh’s result and
showed the existence for BVP(1.1) under the growth condition of the form

|f(t,u,0)| < alu| + blv| +c, (1.2)

where a, b, and c are positive constants such that (a/x*) + (b/x?) < 1.
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In [6], del Pino and Mandsevich further extended the result of Yang and obtained the
following existence theorem.

Theorem A. Assume that there is a pair (a, p) € R? satisfying

a p

k) (k)2

#1, VkeN (1.3)

and that there are positive constants a, b, and c such that

a max ! + b max ko <1 (1.4)
keN |kiort — a — K22 | kel |kt —a — K2r2p| ’
and f satisfies the growth condition
|f(t,u,0) = (au - po)| < alu| +blv| +¢c, Vte[0,1], u,veR. (1.5)

Then the BVP(1.1) possesses at least one solution.

Obviously, the result of Yang follows from Theorem A by just setting (a, f) = (0,0).
Conditions (1.3)—(1.5) concern a nonresonance condition involving the two-parameter linear
eigenvalue problem (LEVP)

u® () + pu’ (t) — au(t) = 0,

u(0) =u(1l) =u"(0) =u"(1) = 0.

(1.6)

In [6] it was shown that (a, ) is an eigenvalue pair of LEVP(1.6) if and only if (a/ (ka)*) +
p/ (kar)?) =1 for some k € N. Hence, for k € N the straight line

Ly = {(a,ﬁ) | (k;)4 + (k’%)z = 1} (1.7)

is called an eigenline of LEVP(1.6). Conditions (1.3)-(1.4) trivially imply that

a + bk2r?

1, VkeN. 1.8
|k47r4—a—k2m'2ﬂ|< < (18)

It is easy to prove that condition (1.8) is equivalent to the fact that the rectangle
R(a,p;a,b) = [a—a,a+a] x [p-b,p+Db] (1.9)

does not intersect any of the eigenline L, of LEVP(1.6). In [6], del Pino and Mandsevich
conjecture that Theorem A is also valid if (1.8) is replaced by (1.4). Particularly, in the case



Abstract and Applied Analysis 3

that the partial derivatives f,, and f, exist, the conjecture means that if for large |u| + |v| the
pair

(fult,u,v),—fo(t,u,v)) (1.10)

lies in a certain rectangle R(a, ; a,b) which does not intersect any of the eigenline Ly of
LEVP(1.6); then BVP(1.1) is solvable. But they could not prove the conjecture.

Recently, the present author [11] has partly answered this conjecture and shows that
if the rectangle R(a, f3; a, b) is replaced by the circle

B(a,f;r) = {(xy) (x- @) + (y- B)° <}, (1.11)

the conjecture is correct. In other words, the following result is obtained.

Theorem B. Assume that f has partial derivatives f,, and f, in [0, 1] x R x R. If there exists a circle
B(a, p; ), which does not intersect any of the eigenline L of LEVP(1.6), such that

(fult,u,v),—fu(t,u,v)) € E((x,ﬂ;r) (1.12)

for large |u| + |v|, then the BVP(1.1) has at least one solution.

See [11, Theorem 2 and Corollary 2]. Condition (1.12) means that f is linear growth
on u and v. If f is not linear growth on u or v, Theorem B is invalid.

In this paper, we will extend Theorem B to the case that the circle B(a, §; ) is replaced
by an unbounded domain. Let ¢ € (0,7°) be a positive constant; then we will use the
parabolic sector

2
D, = {(x,y) eRz|ys—4(;§—_€)} (1.13)

to substitute the the circle E(a, p; ) in Theorem B. Noting that D, is contained in the parabolic
sector

x2
Do = {(x,y)eRzlyg—m} (1.14)

and Dy only contacts the first eigenline L; at (2%, —?), we see that D, does not intersect
any of the eigenline Li. Our new result is as follows.

Theorem 1.1. Assume that f has partial derivatives f, and f, in [0,1] x R x R. If there is a positive
constant € € (0,°) such that

(fu(t,u,v),—fu(t,u,v)) € D, (1.15)

then the BVP(1.1) has a unique solution.
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In Theorem 1.1, Condition (1.15) allows f(t,u, v) to be superlinear in u and v, and an
example will be showed at the end of the paper. The proof of Theorem 1.1 is based on Leray-
Schauder fixed point theorem and a differential inequality, which will be given in the next
section.

2. Proof of the Main Results

Let I = [0,1] and H = L*(I) be the usual Hilbert space with the interior product (u,v) =
1/2

f; u(t)v(t)dt and the norm ||ul|, = (fé [u(t)|*dt) . For m € N, let W™2(I) be the usual Sobolev

space with the norm ||ul|,,, = /3% [lu® |5 . u € W™2(I) which means that u € C™(I),
u-1(t) is absolutely continuous on I and u™ € L(I).
Given h € L*(I), we consider the linear fourth-order boundary value problem (LBVP)

u® () =h(t), tel,

(2.1)
u(0) =u(1) =u"(0) =u"(1) =0.
Let G(t, s) be Green’s function to the second-order linear boundary value problem
-u" =0, u(0) = u(1) =0, (2.2)
which is explicitly expressed by
t(1-s), 0<t<s<1,
G(t,s) = (2.3)
s(1-1), 0<s<t<l.

For every given h € L?(), it is easy to verify that the LBVP(2.1) has a unique solution u €
W*2(I) in Carathéodory sense, which is given by

1
u(t) = fjoc(t,T)G(T, s)h(s)ds dr := Sh(t). (2.4)

If h € C(I), the solution is in C*(I), and it is a classical solution. Moreover, the solution
operator of LBVP(2.1), S : L*(I) — W*?(I) is a linearly bounded operator. By the
compactness of the Sobolev embedding W*2(I) — C2(I), we see that S : L2(I) — C*(I)
is a completely continuous operator. Hence the restriction S : C(I) — C2(I) is completely
continuous.

Lemma 2.1. For every h € H, the unique solution of LBVP(2.1) u = Sh € W*2(I) satisfies the
inequalities

ol < o | < ol < @5)



Abstract and Applied Analysis 5

Proof. Since sine system {sin kart | k € N} is a complete orthogonal system of L?(I), every
h € L*(I) can be expressed by the Fourier series expansion

h(t) = th sin kart, (2.6)
k=1

where hy =2 _[; h(s)sinkxsds, k=1,2,..., and the Parseval equality
2 18 2
kIl = 5 > Il (2.7)
24

holds. Let u = Sh, then u € W*2(I) is the unique solution of LBVP(2.1), and u, ", and u®
can be expressed by the Fourier series expansion of the sine system. Since u® = h, by the
integral formula of Fourier coefficient, we obtain that

© K -
u(t) = ;k‘*_jﬂ‘ sin kort,

(2.8)
" = h :
u'(t) = _1;71 k27er sin kort.

On the other hand, since cosine system {coskart | k = 0,1,2,...} is another complete
orthogonal system of L2(I), every v € L(I) can be expressed by the cosine series expansion

ap

> + Zak cos kurt, (2.9)

k=1

v(t) =

where g = 2 f; h(s)coskasds, k=0,1,2,.... For the above u = Sh, by the integral formula

of the coefficient of cosine series, we obtain the cosine series expansions of ' and u"":

) < h
u'(t) = kz_; k3ykr3 cos kurt,

(2.10)
) Ty

u"(t) = - ) — cos kurt.
é kar
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By (2.8)-(2.10) and Parseval equality, we have that

, 1& | he 2P 1 & 1 2
”uHZ = E k44 < Z_kg k3.71'3 = PHu,HZ’
o 1& | e P01 & 2
[[w]]5 = E; B3 < 2_k§ kzﬂ.z - P””,’”w (2.11)
» 1L hy 2 1 & | he 2
ll"1l5 = 5; | S ﬁ; o = =l
This implies that (2.5) holds. O

Proof of Theorem 1.1. We define a mapping F : C*(I) — C(I) by

F(u)(t) := f(t,u(t),u"(t)), wueC*(I). (2.12)

By the continuity of f, F : C>(I) — C(I) is continuous and it maps every bounded set of
C?(I) into a bounded set of C(I). Hence, the composite mapping So F : C>(I) — C*(I) is
completely continuous. By the definition of the solution operator S of LBVP(2.1), the solution
of BVP(1.1) is equivalent to the fixed point of SoF. We first use the Leray-Schauder fixed point
theorem [15] to show that S o F has a fixed point. For this, we consider the homotopic family
of the operator equations

u=MSoF)(u), 0<A<l. (2.13)

We need to prove that the set of the solutions of (2.13) is bounded in C?(I).

Let u € C?(I) be a solution of (2.13) for A € (0,1). Set h = AF(u). Since h € C(I), by
the definition of S, u = Sh € C*(I) is the unique solution of LBVP(2.1). Hence u satisfies the
differential equation

u®(t) = Af (tu(t),u'(t)), 0<t<1,
(2.14)
u(0) =u(1l)=u"(0)=u"(1) =0

Set M = maxe|f (¢,0,0)]. Multiplying the first formula of (2.14) by —u"(t) and by the theorem
of differential mean value, we have

(4)uu _ )Lf(tl u, u//)un
=-A[f(t,u,u") - f(t,0,0)]u" = Af(£,0,0)"
= “Afu(té,m) ud = Afy (£,¢,1) (") = Af(¢,0,0)u” (2.15)

a(BEEDfoan ) a(m-e)e

n
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where ¢ = Ou, 1 = Ou” for some 8 € (0,1). In the last step of this estimation we use the
inequality

_fu(t g Tl)u /1_ le(éé ﬂ)( //) +< ) 2 (2.16)

which is derived from the inequality 2pq < p* + g° by choosing

_ fu(t(gfl) _ 6 _ 217
p=- 2\/7 q=Vxb—cu. (2.17)

Since (f,(t,¢,1),—fo(t,é,1)) € D, it follows that

fa(t.ém) 11)
- < 2.18
1t o) fo(t,é,m) <0. (2.18)
Hence, we obtain that
M2
—u®y’ < A(Jr —g>u + M|u"| < <7r —g>u + 4( ") , (2.19)

in which we use the inequality pg < (p*/2) + (¢°/2) for M|u"| by choosing p = (v/&/x?)|u"|
and g = x*M/+/e. Integrating inequality (2.19) on I using integration by parts and
Lemma 2.1, we have

A g2
2 £ > atM
o115 < (0 = &)l + [l [3 + 55—
7wt - ’ € > wtM?

< T e - 220

4 A2
(. _E w2 T M
- (1= 52 "I+ S5

from which it follows that

7O M?

> (2.21)

I3 <

From this and Lemma 2.1, we obtain that

1 1 1/2 205 M
ull5, < <Z|| <l>||> < 4+P+1> ", < ”g . (2.22)




8 Abstract and Applied Analysis

Hence, by the continuity of the Sobolev embedding W3?(I) < C?(I), we have

2°M

lullc2qry < Cllullz, < C :C, (2.23)

where C is the Sobolev embedding constant. This means that the set of the solutions of (2.13)
is bounded in C?(I). By the Leray-Schauder fixed point theorem [15], S o F has a fixed point
in C2(I) which is a solution of BVP(1.1).

Now, let u;,u, € C*(I) be two solutions of BVP(1.1). Set u = up — u; and h = F(uy) —
F(up). Then u = S(F(u2) — F(uz)) = Sh is the solution of LBVP(2.1), and it satisfies the
equation

u®(t) = f(tug,uh) - f(t,ur,uh), tel (2.24)

Multiplying this equality by —(u> — u1)" and by the theorem of differential mean value and
Condition (1.15), we have that

—uPu" = — (f(t,up,uy) — f(t,ur,up) )u”

= —fu(t,&myud” = fo (t,8,1) (u")?
< (—{;(fff_’g - folt, é,n)> @)+ (&)

< (Jl‘6 - e) uz,

(2.25)

where ¢ = uy + 0(uz —u1), 1 = uj +0(u, —uf) for some 6 € (0,1). Integrating this inequality
on I and using Lemma 2.1, we obtain that

wllully < [|u"|l; < (7° &) ful. (2.26)

This implies that ||u||, = 0, and hence we have u; = u,. Thus BVP(1.1) has only one solution.
The proof of Theorem 1.1 is completed. O

Example 2.2. Consider the fourth-order boundary value problem

u® ) = a®)u(t) +u"(t) + (u"(t))3 +sinat, tel,
(2.27)
u(0) =u(1) =u"(0) =u"(1) =0,

where a € C(I). Noting that

f(t,u,v)=a()u+v+ v° + sinrt (2.28)
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is upperlinear growth on v, one can check that all the known results of [1-14] are not
applicable to this equation. But, if maxes|a(t)| < 2%, then

_fi @0
4( —¢) fo= 4(ord —¢)

2 @B -4x°-e)
T 4(wb—¢) B 4(® —¢) -

-1-302
(2.29)

for small enough ¢ € (0, 47°). Hence, Condition (1.15) holds, and by Theorem 1.1, the
boundary value problem (2.27) has a unique solution.
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