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The purpose of this paper is to introduce a new hybrid projection method for finding a common
element of the set of common fixed points of two relatively quasi-nonexpansive mappings, the
set of the variational inequality for an a-inverse-strongly monotone, and the set of solutions of
the generalized equilibrium problem in the framework of a real Banach space. We obtain a strong
convergence theorem for the sequences generated by this process in a 2-uniformly convex and
uniformly smooth Banach space. Base on this result, we also get some new and interesting results.
The results in this paper generalize, extend, and unify some well-known strong convergence
results in the literature.

1. Introduction

Let E be a real Banach space, E* the dual space of E. A Banach space E is said to be
strictly convex if ||(x + y)/2| < 1 for all x,y € E, with ||x|| = |ly|l = 1 and x#y. Let
U = {x € E : ||x|| = 1} be the unit sphere of E. Then a Banach space E is said to be smooth if
the limit

i 1y =l (1.1)
t—0 t

exists for each x, y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. Let E be a Banach space. The modulus of convexity of E is the function
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6:[0,2] — [0,1] defined by

5(e) = inf{l _ Hx;—y'

x,y€E, |Ix|l=|lyll=1 ||lx-v| > 5}. (1.2)

A Banach space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. Let p be a
fixed real number with p > 2. A Banach space E is said to be p-uniformly convex if there exists
a constant ¢ > 0 such that 6(¢) > ce? for all € € [0,2]; see [1, 2] for more details. Observe
that every p-uniform convex is uniformly convex. One should note that no Banach space is
p-uniform convex for 1 < p < 2. It is well known that a Hilbert space is 2-uniformly convex,
uniformly smooth. For each p > 1, the generalized duality mapping J, : E — 2F" is defined by

Jo(x) = {x" € E*: (,2%) = I, [l = I[P} (1.3)

for all x € E. In particular, J] = J, is called the normalized duality mapping. If E is a Hilbert
space, then J = I, where I is the identity mapping. It is also known that if E is uniformly
smooth, then ] is uniformly norm-to-norm continuous on each bounded subset of E.

Let E be a real Banach space with norm || - || and E* denotes the dual space of E.
Consider the functional defined by

d(x,y) = IxI? -2(x, Jy) + ||ly||> Vx,y€E. (1.4)

Observe that, in a Hilbert space H, (1.4) reduces to ¢(x,y) = ||x - y||2, x,y € H. The
generalized projection Ilc : E — C is a map that assigns to an arbitrary point x € E, the
minimum point of the functional ¢(x,y), that is, Ilcx = X, where X is the solution to the
minimization problem

P, x) = inf §(y, x); (1.5)

existence and uniqueness of the mapping Ilc follow from the properties of the functional
¢(x, y) and strict monotonicity of the mapping J (see, e.g., [3-7]). In Hilbert spaces, I'lc = Pc.
It is obvious from the definition of function ¢ that

(lyll = l1x)* < ¢y x) < (lyll + =l Vx,y € E. (1.6)

Remark 1.1. If E is a reflexive, strictly convex, and smooth Banach space, then for x,y € E,
¢(x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y. From
(2.13), we have ||x|| = |ly||. This implies that (x, Jy) = llx||* = ||]y||2. From the definition of J,
one has Jx = Jy. Therefore, we have x = y; see [5, 7] for more details.

Next, we give some examples which are closed relatively quasi-nonexpansive (see

(8])-

Example 1.2. LetIlc be the generalized projection from a smooth, strictly convex and reflexive
Banach space E onto a nonempty closed and convex subset C of E. Then, Ilc is a closed
relatively quasi-nonexpansive mapping from E onto C with F(I'l¢c) = C.
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Let E be a real Banach space and let C be a nonempty closed and convex subset of E,
and A : C — E* be a mapping. The classical variational inequality problem for a mapping A is
to find x* € C such that

(Ax*,y—x*y >0, VyeC. (1.7)

The set of solutions of (1.4) is denoted by VI(A, C). Recall that A is called

(i) monotone if

(Ax - Ay,x-y) >0, VYx,yeC, (1.8)

(ii) an a-inverse-strongly monotone if there exists a constant & > 0 such that

(Ax - Ay, x-y) > a||x-y|>, VxyeC (1.9)

Such a problem is connected with the convex minimization problem, the complementary
problem, and the problem of finding a point x* € E satisfying Ax* = 0.

Let f be a bifunction from C x C to R, where R denotes the set of real numbers. The
equilibrium problem (for short, EP) is to find x* € C such that

f(x*,y)>0, VyeC. (1.10)

The set of solutions of (1.10) is denoted by EP(f). Given a mapping T : C — E*, let
f(x,y) = (T'x,y —x) forall x,y € C. Then x* € EP(f) if and only if (Tx*,y — x*) > 0 for all
y € C; that is, x* is a solution of the variational inequality. Numerous problems in physics,
optimization, and economics reduce to find a solution of (1.10). Some methods have been
proposed to solve the equilibrium problem; see, for instance, [9-11].

Let C be a closed convex subset of E; a mapping T : C — C is said to be nonexpansive
if

|[Tx-Ty| < |lx-vy|, VxyeC (1.11)

A point x € C is a fixed point of T provided that Tx = x. Denote by F(T) the set of
fixed points of T; thatis, F(T) = {x € C : Tx = x}. Recall that a point p in C is said to be an
asymptotic fixed point of T [12] if C contains a sequence {x,} which converges weakly to p such

that lim,, _, ,|[x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted by F/(T\)

A mapping T from C into itself is said to be relatively nonexpansive [13-15] if F/(?) = F(T)
and ¢(p, Tx) < ¢(p,x) for all x € C and p € F(T). The asymptotic behavior of a relatively
nonexpansive mapping was studied in [16-18]. T is said to be ¢-nonexpansive, if ¢p(Tx,Ty) <
¢(x,y) for x,y € C. T is said to be relatively quasi-nonexpansive if F(T)#® and ¢(p, Tx) <
¢(p,x) for x € C and p € F(T). A mapping T in a Banach space E is closed if x, — x and
Tx, — y,thenTx =y.
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Remark 1.3. The class of relatively quasi-nonexpansive mappings is more general than the
class of relatively nonexpansive mappings [16-19] which requires the strong restriction

F(T) = E(T).

In Hilbert spaces H, liduka et al. [20] proved that the sequence {x,} defined by: x; =
x € Cand

X1 = Pc (xn - )LnAxn)/ (112)

where Pc is the metric projection of H onto C, and {1, } is a sequence of positive real numbers,
and converges weakly to some element of VI(A, C).

It is well know that if C is a nonempty closed and convex subset of a Hilbert space H
and Pc : H — C is the metric projection of H onto C, then Pc is nonexpansive. This fact
actually characterizes Hilbert spaces and consequently, it is not available in more general
Banach spaces. In this connection, Alber [4] recently introduced a generalized projection
mapping Il¢c in a Banach space E which is an analogue of the metric projection in Hilbert
spaces.

In 2008, liduka and Takahashi [21] introduced the following iterative scheme for
finding a solution of the variational inequality problem for inverse-strongly monotone A in a
2-uniformly convex and uniformly smooth Banach space E: x; = x € C and

Xn+l = HC]71 (]xn - )LnAxn) (113)

foreveryn =1,2,3,..., where I'lc is the generalized metric projection from E onto C, ] is the
duality mapping from E into E*, and {1, } is a sequence of positive real numbers. They proved
that the sequence {x,} generated by (1.13) converges weakly to some element of VI(A, C).

Matsushita and Takahashi [22] introduced the following iteration: a sequence {x,}
defined by

Xn+1 = HC]_l (anJxn+ (1 -ay)JTxy), (1.14)

where the initial guess element xy € C is arbitrary, {a,} is a real sequence in [0,1], T is a
relatively nonexpansive mapping, and I'lc denotes the generalized projection from E onto a
closed convex subset C of E. They proved that the sequence {x,} converges weakly to a fixed
point of T.
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In 2005, Matsushita and Takahashi [19] proposed the following hybrid iteration
method (it is also called the CQ method) with generalized projection for relatively
nonexpansive mapping T in a Banach space E:

xo9 € C chosen arbitrarily,
Yn = ]_1 (‘xn]xn + (1 - an)]Txn)/

Ch={z€C:¢(z,yn) <P(z,x,)}, (1.15)
Qu=1{zeC:(x,—2z Jxo - Jx,) >0},

Xn+l = | | Xp-

Cn nQVl

They proved that {x,} converges strongly to I'lr(r)xo, where Ilf(r) is the generalized
projection from C onto F(T).

Recently, Takahashi and Zembayashi [23] proposed the following modification of
iteration (1.15) for a relatively nonexpansive mapping:

xo=x€C,
Yn = jil(an]xn + (1 -a,)JSxy),

uy € C such that f(u,,y) + %(y —Up, Jun— Jyn) 20, VyeC,
! (1.16)
H,={z€C:d(z,u) < Pp(z,x0)},

Wy={zeC:(x,—2z Jx—-]Jx,) >0},

Xn+1 = | | X,

H,nW,

where ] is the duality mapping on E. Then, {x,} converges strongly to Ilps)nep(f)x, where
IFrs)nep(s) is the generalized projection of E onto F(S) N EP(f). Also, Takahashi and
Zembayashi [24] proved the following iteration for a relatively nonexpansive mapping:

Yn = ]_1(an]xn +(1-a,)]Sxy),

uy € C such that f(u,,y) + %(y —Up, Jun— Jyn) 20, VyeC,
! (1.17)
Cri1={z€Cpn:d(z,un) <P(z,x4)},

xn+1 = | |x/
C

n+l
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where ] is the duality mapping on E. Then, {x,} converges strongly to Ilrs)ngp(f)x, where
ITr(s)nep(f) is the generalized projection of E onto F(S) N EP(f). Qin and Su [25] proved the
following iteration for relatively nonexpansive mappings T in a Banach space E:

xo € C, chosen arbitrarily,
Yn=J (an]xn+ (1 - a,)JTz,),
zn =] (BuJxn + (1= Bu) JTxn),
Co={v€C: (v, ¥n) < anp(v,xn) + (1 - an)p(v,zn) },
Qn={veC:(Jxo—Jxn,xn—v) 20},

Xn+l = | | X0,

CVI nQn

(1.18)

the sequence {x,} generated by (1.18) converges strongly to ITgryxo.
In 2009, Wei et al. [26] proved the following iteration for two relatively nonexpansive
mappings in a Banach space E:

xp €C,
Jzn = an]xn + (1 - an) JTxy,
Jun = (BuJxn + (1= Pn)JSzn),
H, = {veC:d(0,un) < Pudp(0,x,) + (1= B)p(0,20) < Pp(0, %)},
Wn={z€C:(z-x, Jxo - Jx,) <0},

(1.19)

Xn+1 = QH,nW, X0;

if {a,} and {p,} are sequences in [0,1) such that @, < 1 - 67 and B, < 1 — 6, for some
61,62 € (0,1), then {x,} generated by (1.19) converges strongly to a point QFr)nr(s)Xo, Where
the mapping Qc of E onto C is the generalized projection. Very recently, Cholamjiak [27]
proved the following iteration:

Zy = l_IC]‘l(]x71 - M Axy),
Yn = ]_1 (an]xn + ﬂn]Txn + Yn]szn)/
1
uy € C such that f(u,,y) + Z(y — U, Jun— Jyn) 20, VyeC, (1.20)

Ce1 = {2 €Cr: p(z,un) < P(z,x0)},

Xn+l = X0,
Cn+1

where ] is the duality mapping on E. Assume that a,,, B, and y,, are sequences in [0,1]. Then
{x,} converges strongly to g = I[1rx, where F := F(T) N F(S) NEP(f) N VI(A,C).
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Motivated and inspired by liduka and Takahashi [21], Takahashi and Zembayashi [23,
24], Wei et al. [26], Cholamjiak [27], and Kumam and Wattanawitoon [28], we introduce
a new hybrid projection iterative scheme which is difference from the algorithm (1.20) of
Cholamjiak in [27, Theorem 3.1] for two relatively quasi-nonexpansive mappings in a Banach
space. For an initial point xop € E with x; = Il¢,xp and C; = C, define a sequence {x,} as
follows:

wy = I—[C]71 (]xn - /\nAxn)/
Zn = ]_1 (,Bn]xn + (1 - ,Bn)]Twn)/

Yn = ]_1 (anJxn + (1 —an)]Szy),

uy €C such that f (e, y) + -~ (y ~ s, Ji— Jya) 20, Wy e, (121)

Cpi1 = {Z €Cy: 4)(2/ Up) < an‘i)(zrxn) +(1- an)‘;b(Zr Zy) < ¢(z,xn)},

Xnel = | |xo, Vn>1,
Cn+1

where | is the duality mapping on E. Then, we prove that under certain appropriate
conditions on the parameters, the sequences {x,} and {u,} generated by (1.21) converge
strongly to [T (s)nr(T)nEP(f)nvI(A,C)-

The results presented in this paper improve and extend the corresponding results
announced by liduka and Takahashi [21], Wei et al. [26], Kumam and Wattanawitoon [28],
and many other authors in the literature.

2. Preliminaries
We also need the following lemmas for the proof of our main results.

Lemma 2.1 (Beauzamy [29] and Xu [30]). If E is a 2-uniformly convex Banach space, then, for all
x,y € E we have

(2.1)

2
lx -yl < C—2||]x—]y

7

where ] is the normalized duality mapping of E and 0 < ¢ < 1.
The best constant 1/¢ in the Lemma is called the p-uniformly convex constant of E.

Lemma 2.2 (Beauzamy [29] and Zalinescu [31]). If E is a p-uniformly convex Banach space and
p is a given real number with p > 2, then for all x,y € E, ] € J,(x),and J, € J,(y),

cP
(x-y, Jx—Jy) > 2P—2p”x_y

7 (2.2)

where ], is the generalized duality mapping of E and 1/ c is the p-uniformly convexity constant of E.
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Lemma 2.3 (Kamimura and Takahashi [6]). Let E be a uniformly convex and smooth Banach space
and let {x,} and {y,} be two sequences of E. If ¢(x,, y») — 0 and either {x,} or {y,} is bounded,
then ||x, — yu|| — 0.

Lemma 2.4 (Alber [4]). Let C be a nonempty closed and convex subset of a smooth Banach space E
and x € E. Then, xo = Ilcx if and only if

(xo—-y, Jx—Jx0) >0, VYyeC. (2.3)

Lemma 2.5 (Alber [4]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed and convex subset of E, and let x € E. Then

¢(y, Tex) + ¢(Ilex, x) < P(y,x), VyeC. (2.4)

Lemma 2.6 (Qin et al. [8]). Let E be a uniformly convex and smooth Banach space, let C be a closed
and convex subset of E, and let T be a closed relatively quasi-nonexpansive mapping from C into itself.
Then F(T) is a closed and convex subset of C.

For solving the equilibrium problem for a bifunction f : CxC — R, let us assume that
f satisfies the following conditions:

(Al) f(x,x) =0forall x € C;
(A2) f is monotone, thatis, f(x,y) + f(y,x) <0forall x,y € C;
(A3) foreach x,y,z € C,

1%1 fltz+ (1-t)x,y) < f(x,y); (2.5)

(A4) for each x € C, y — f(x,y) is convex and lower semi-continuous.

Lemma 2.7 (Blum and Oettli [9]). Let C be a closed and convex subset of a smooth, strictly convex
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (Al)—(A4), and let
r > 0and x € E. Then, there exists z € C such that

f(zfy)+%<y—z,]z—]x>zo, Yy eC. (2.6)

Lemma 2.8 (Combettes and Hirstoaga [10]). Let C be a closed and convex subset of a uniformly
smooth, strictly convex and reflexive Banach space E and let f be a bifunction from C x C to R
satisfying (A1)—(A4). For r > 0 and x € E, define a mapping T, : E — C as follows:

Trx:{zeC:f(z,y)+%<y—z,]z—]3C>20, VyEC}, (2.7)
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forall x € C. Then the following holds:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive-type mapping, for all x,y € E,

(Tyx - Ty, JT,x - JT,y) < (Trx - Tyy, Jx - Jy); (2.8)
(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.9 (Takahashi and Zembayashi [24]). Let C be a closed and convex subset of a smooth,
strictly convex, and reflexive Banach space E, let f be a bifunction from C x C to R satisfying (Al)—
(A4), and let r > 0. Then, for x € E and q € F(T,),

#(q, Trx) + ¢(Trx, x) < (g, x). (2.9)

Let E be a reflexive, strictly convex, and smooth Banach space and ] the duality
mapping from E into E*. Then | -1 is also single value, one-to-one, surjective, and it is the
duality mapping from E* into E. We make use of the following mapping V studied in Alber
[4]:

V(x,x") = [ll® = 2(x, x*) + [l (2.10)
for all x € E and x* € E*, thatis, V(x,x*) = ¢(x, J71(x*)).

Lemma 2.10 (Alber [4]). Let E be a reflexive, strictly convex, and smooth Banach space and let V
be as in (2.10) . Then

V(x,x*)+2<]*1(x*)—x,y*> <V(x,x*+y*) (2.11)

forall x € E and x*,y* € E*.
Let A be an inverse-strongly monotone of C into E* which is said to be hemicontinuous
if for all x,y € C, the mapping F of [0,1] into E*, defined by F(t) = A(tx + (1 - t)y), is

continuous with respect to the weak™ topology of E*. We define by N¢(v)the normal cone for
C ata point v € C; that s,

Nc() ={x* € E*: (v-y,x*) >0, Yy € C}. (2.12)
Theorem 2.11 (Rockafellar [32]). Let C be a nonempty, closed and convex subset of a Banach space

E, and A a monotone, hemicontinuous mapping of C into E*. Let T C E x E* be a mapping defined as
follows:

Av+ Nc(v), veC;
To = (2.13)

0, otherwise.

Then T is maximal monotone and T™10 = VI(A, C).
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3. Main Results

In this section, we establish a new hybrid iterative scheme for finding a common element of
the set of solutions of an equilibrium problems, the common fixed point set of two relatively
quasi-nonexpansive mappings, and the solution set of variational inequalities for a-inverse
strongly monotone in a 2-uniformly convex and uniformly smooth Banach space.

Theorem 3.1. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from C x C to R satisfying (Al1)—(A4) and let A be
an a-inverse-strongly monotone mapping of C into E* satisfying || Ay|| < ||Ay — Au||, forall y € C
and u € VI(A,C) #0. Let T,S : C — C be closed relatively quasi-nonexpansive mappings such that
Q:=F(T)NF(S)NEP(f) NVI(A,C) #@. For an initial point xo € E with x1 = I1¢c,x0 and C; = C,
we define the sequence {x,} as follows:

wy = HC]_l (]xn - )LnAxn)/
Zn = ]_1 (ﬂn]xn + (1 - ,Bn)]Twn)/

Yn = ]_1 (anJxn + (1 —an)]Szy),

un €C such that f(u"’y) + %(:‘/_ unr]un - ]yn> >0, Vy eC, (3'1)

Cus1 = {Z €Cy: ¢(Zrun) < an‘l)(zrxn) +(1- an)¢(zl zy) < (])(z,xn)},
Xna = | [x0, Yn>1,

Cn+1

where | is the duality mapping on E, {a,} and {B,} are sequences in [0,1] such that a, <1 - 61
and P, < 1 - 6y, for some 61,6, € (0,1), {r,} C (0,2a) and {\,} C [a,b] for some a,b with
0 < a<b < ca/2 where 1/c is the 2-uniformly convexity constant of E. Then {x,} converges
strongly to p € Q, where p = Igxy.

Proof. We have several steps to prove this theorem as follows:

Step 1. We show that C,,1 is closed and convex.
Clearly C; = C is closed and convex. Suppose that C,, is closed and convex for each
n € N. Since for any z € C,, we know that

$(z,un) < $(2,xn) (3.2)
is equivalent to
2(z, Jxn = Jun) < ||xn||2_ ”un”z‘ (3.3)

So, Cy41 is closed and convex. Then, by induction, C,, is closed and convex for all n > 1.
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Step 2. We show that {x,} is well defined.

Putu, = T,,y, for all n > 0. On the other hand, from Lemma 2.8 one has T;, is relatively
quasi-nonexpansive mappings and Q C C; = C. Supposing Q C Ci for k € N, by the convexity
of || - ||*, for each g € Q C Cy, we have

$(q,ux) = $(4, Tryx)
< $(q, yk)
_ ¢(q, T g Jxe + (1 - ak)]SZk)>
= lgll* - 2(q, axJxx + (1 - a) JSzk ) + llaw Jxx + (1 — ) J Sz (34)
< |qlI* - 2ax(q, Jxi) = 2(1 - ax){(q, J Szi) + axllxicl® + (1 - ax) 1Sz |1
= ardp(q, xx) + (1 - ax)$p(q, Szx)
<ard(q,xx) + (1 - ar)$(q, zk),

and so

$(a,21) = (a7 (BJxc+ (1 - Bi) I Twy) )
= l|9lI* = 2(q, Bexi + (1= B) JTwi) + || BT xic + (1= pi) JTewi||*
< [lgll” - 2B(q, Jxi) = 2(1 = Bi) (4, JTw) + pell ol + (1 - p) | TP )
= P (g, xx) + (1 - P)p(q, Twy)
< P (g, xx) + (1= Pr)p(q, w)-

For all g € Q, we know from Lemma 2.10, that

$(q,wi) = 4’(‘1/ e ™' (Jxk - )tkAxk)>
<9(a.)7 Uxi = MAx0))

= V(q, ]xk - )LkAxk)

(3.6)
< V(q, (Jxk — McAxg) + .)LkAxk) - 2<]_1 (Jxx — AMcAxy) — g, )LkAxk>
= V(g Jxk) = 20(J 7 U = WAxi) = g, Axi )

= ¢(q, xk) = 2\ (xx — g, Axic) + 2<]71(]xk — M Axy) = xp, — A Axy >
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Since g € VI(A, C) and from A being an a-inverse-strongly monotone, we get

=2\ (xk — q, Axi) = =20 (xk — g, Ax — Aq) — 2\ (xk — g, Aq)
< 2N (o — q, Axi — Aq) (3.7)

= 20\ || Axy — Aq||2.
From Lemma 2.1 and A being an a-inverse-strongly monotone, we obtain
2(J7 (0 = MeAxi) = 2, ~eAxi ) = 2(J7 (i = M Axi) = J7 (), ~A A )
< 2|7 U = 1eAxi) = 7 ) | Ik Al
< S - Ao - 177 0o IneAx
= 7w Az Tl 8)
= lhAx?

4
= gf\iHAkaZ

IN

4 2
20 Axe - AqlP.
Substituting (3.7) and (3.8) into (3.6), we have
2 4 2
$0,00) < p(a,%1) - 20| Axi - Aql]* + 2| Axe - Aq
2

= (;b(q,xk) +2.)Lk<§)tk—a) ||Axk —Aq”2 (39)

< (g, xk)-
Replacing (3.9) into (3.5), we get

¢(q,2x) < $(q, xx)- (3.10)

Substituting (3.10) into (3.4), we also have

¢(q,ux) < arp(q,xx) + (1 - a)Pp(q, xx),

(3.11)
= ¢(q, xx).-

This shows that g € Cg.1 and hence, Q C Ci.1. Hence, Q C C,, for all n > 1. This implies
that the sequence {x,} is well defined.
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Step 3. We show that lim,, _, ¢ (x,, xo) exists and {x,} is bounded.
From x,, = I'lc, xp and x,41 = I1c,., xo, we have

n+l

¢(xl”l/ xo) S ¢(xn+1/x0)/ vn 2 1 7 (312)
and from Lemma 2.5, we have

¢ (xn, x0) = p(Ic, (x0), x0)
< (p,x0) ~ p(pr ) (313)
<p(p,x0), VpeQ.
From (3.12) and (3.13), then {¢(x,, xo)} are nondecreasing and bounded. So, we obtain that

limy, -, o»p(x, x0) exists. In particular, by (1.6), the sequence { (||x,| - lIx0l1)?} is bounded. This
implies that {x,} is also bounded.

Step 4. We show that {x,} is a Cauchy sequence in C.
Since x,, = Ilc,,x0 € Cp, C Cp, for m > n, by Lemma 2.5, we have

¢(xm/ Xp) = ‘i)(xm/ Ic, x0)
< ¢(xm, x0) — ¢(IT1c,x0, X0) (3.14)
= ¢ (xm, x0) = P(xn, X0)-

Taking m,n — oo, we have ¢(x, x,) — 0. We have lim, _, xp(x4+1,x0) = 0. From
Lemma 2.3, we get lim,, _, o, ||x1 — X0|| = 0. Thus {x,} is a Cauchy sequence.

Step 5. We cliam that || Ju, — Jx,|| — 0,asn — oco.
By the completeness of E, the closedness of C and {x,} is a Cauchy sequence (from

Step 4); we can assume that there exists p € C such that {x,} — pasn — oo.
By definition of I'lc, xp, we have

¢(xn+1/ xn) = ¢(xn+1/ chxo)
< ¢(xni1, x0) — ¢(Ilc,x0, X0) (3.15)

= ¢(xn+1/ xO) - ¢(xn/ xO)'
Since lim,, ., P (x5, x) exists, we get
nh_l)lgoﬁb(xnﬂz xn) = 0. (3.16)

It follow form Lemma 2.3, that

Jim [l2cs1 = ]| = 0. (3.17)
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Since x,,.1 =I¢, ., x9 € Cpy1 C Cp, and from the definition of C,,,1, we have

n+l

G (Xni1, un) < P(xns1,xn), Yn2>1 (3.18)

and so
T (e, ) = 0. (3.19)

Hence
Him [l — | = 0. (3.20)

By using the triangle inequality, we obtain

ltn = x|l = |Un = Xns1 + Xps1 — Xa|
(3.21)
<l = xXpaa || + 1xns1 = Xl
By (3.17), (3.20), we get
Jim ey = ) =0. (322)
Since ] is uniformly norm-to-norm continuous on bounded subsets of E, we have
Tim [|Juy = J x|l = 0. (3.23)

Step 6. Show that x,, — p € EP(f).
Applying (3.4) and (3.11), we get ¢(p, y») < ¢(p, x,). From Lemma 2.9 and u,, = T, vy,
we observe that

¢ (tn, yn) = §(Tr,Yn, Yn)
<P yn) = (P, Tryn)
<¢(pxn) = (P, Tr,Yn)
= ¢(p,xn) = P(p, tin) (3.24)
= [IplI” = 2(p, Jxa) + lleal® = (P 1* = 2(p, Jutn) + lluall)
= [ltull® = lluall® = 2(p, Jxtn = J1an)

< Nxtn = wnll (1 + uall) +2{|p || 1730 = Juall.
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From (3.22), (3.23) and Lemma 2.3, we get
1im [|uy — | = 0. (3.25)
Since | is uniformly norm-to-norm continuous, we obtain
Tim || Jun — Jyul| = 0. (3.26)
From r,, > 0, we have || Ju, — Jy,||/7» — 0Oasn — oo and
£t y) 4y =t Tt~ ) 20, Vy €C. (3:27)

By (A2), that

=gl
Tn

1
||y_u"| a<y_un/]un_]yn>

>~ (tny ) (3.28)

> f(y,un), VyeC

and u, — p,weget f(y,p) <0forally € C.For 0 <t < 1, define y; = ty + (1 - t)p. Then
yt € C which implies that f(y:, p) < 0. From (Al), we obtain that

0=f(yuy) <tf(yoy) + A=t f(yp) <tf (Yo y)- (3.29)

Thus f(y:, y) > 0. From (A3), we have f(p,y) >0 for all y € C. Hence p € EP(f).

Step 7. We show that x,, — p € F(T) N F(S).
From definition of C,, we have

anP(z,x,) + (1 —an)P(z, 2,) < Pz, x,) &= P(z,2,) < P(2, xp). (3.30)

Since x,,.1 = I'lc  x9 € Cpp1, we have

n+l

‘;b(xnﬂ/ Zn) < ¢(xn+1/ xn)- (331)
It follows from (3.16) that
nh_)rr;o(i)(xnﬂz zn) =0, (3.32)

again from Lemma 2.3, we get

Jim i1 = 2| = 0. (3.33)



16 Abstract and Applied Analysis

By using the triangle inequality, we get
zn = xnll < l1zn = Xnarll + X1 = xnll.
Again by (3.17) and (3.33), we also have
lim ||z, — x,|| = 0.
n— oo
Since J is uniformly norm-to-norm continuous, we obtain
Him [[]z, = Jxa]| = 0.
Since
v = zall <y = sall + letn =l + 1 = zull,
from (3.22), (3.25), and (3.35), we have
i [l - 2] = .
Since ] is uniformly norm-to-norm continuous, we also have
tim 7, - 2] =
From (3.1), we get

”]yn _]Zn” = lan(Joxn = Jzu) + (1 = an)(JSzn — Jzu) |l
= ”(1_an)(lszn_]Zn)_an(jzn_]xn)”
> (1= an)llJSzn = Jznll = anllJzn — Jxull;

it follows that
(1 =an)||JSzn = Jza| < ”]yn - ]Zn” +au|[Jzn = Jxull,
and hence

1
1JSzn = Jzall < 1-a,

(1 yn = Tzall + anll Jzn = Jxull)-

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Since a,, < 1 - 6; for some 61 € (0,1), (3.36), and (3.39), one has lim,, ., ||JSz, — Jz.|| = 0.
Since J!is uniformly norm-to-norm continuous, we get

1im [|Sz, - z,| = 0. (3.43)

Since

1Sxn = xull < |Sxn = Szl + 1Szn = zall + (120 = xal|

(3.44)
<xn = zall + 1520 = zull + 1120 = xall,
from (3.35) and (3.43), we obtain
lim [|Sxty — x| = 0. (3.45)
Since S is closed and x, — p, we have p € F(S).
On the other hand, we note that
rXn) ~ s Un =||xn||2_||un”2_2 ,JxXn = Jun
¢(q,%n) = P(q,un) (q ) (3.46)
< “xn - un”(”xn + un”) + 2||q|| ”]xn - ]un“-
It follows from ||x, — uy|| — Oand ||Jx, — Ju,|| — 0, that
$(q,xn) = P(q,un) — 0. (3.47)
Furthermore, from (3.4) and (3.5),
$(q,un) < $(q, Yn)
< an (g, x0) + (1 - an)p(q, zn)
< and(q,2n) + (1= an) [Pu(q,xn) + (1= Pu)P(q,0n)]
= a,$(q,xn) + (1= @) fup (g, xn) + (1 = an) (1 = fu) (g, wn)
< an(q,xn) + (1= an)fudp (9, xn) + (1 = an) (1= fn)
2 (3.48)

x [(j)(q, Xn) = 2Ay (oc - C—21n> || Ax, — Aq||2]
= anP(q,2n) + (1= an)fup(q, xn) + (1 = an) (1 = ) $(q, xn)

2
—(1—a,)(1-pn)2A, (a - z)%) || Ax, — Aq”2

2
= ¢(q,xn) = (1= an) (1= ) 24n <a - C—m) || Ax, - Aq]l?,
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and hence

61622a<a - i—‘;) || Ax, - Aq”2 < (1 -an)(1-pPn)24, <a - %An> | Ax, - Aq”2

(3.49)
< ¢(9,2n) = ¢ (4, ttn)-
From (3.47) and (3.49), we have
||Ax, — Ag|| — O. (3.50)
From Lemma 2.5, Lemma 2.10, and (3.8), we compute
$(xn,w0n) = ¢ (0, Tl T (T = 1 AX,) )
<@ (0 T Ut = LuAx,))
= V(xn, Jxn — AnAxy)
<V (i, T = LnAX) + An Ax) = 2( 7 (Jn = AnAX) = Xty L AX )
= §Cn, 1) + 217 (Tt = Ay Ax) = 3, ~Ln A, ) (3:51)
= 2(J7 e = An %) = X, ~An A )
<) ax, - Aql?
< 2w - gl
Applying Lemmas 2.3 and (3.50), we obtain that
ll2¢n = wn|| — 0. (3.52)
Again since | is uniformly norm-to-norm continuous on bounded set, we have
1Jxn = Jw,| — 0. (3.53)
Since
1zn = wall < l1zn = Xnll + |l2xn — whll, (3.54)

by (3.35) and (3.52), we have

lim |z, - wn|| = 0, (3.55)
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and hence

i [[Jzy = Jewy|| = 0. (3.56)

From (3.1) we obtain that

1]z = Jwn|l = ”,Bn]xn + (1 _,Bn)]Twn - ]wn”

(3.57)
> (1= Pu)lJTwn = Jwall = Pull Jwn = Jxall
and hence
(1= Pu) I Tewn = Jtoul| < 1T zn = Jwull + Pall Jwon = Jxull, (3.58)
SO
17T, = Jeoul < gz = Jeol + Bll T = T, (359)
By (3.53), (3.56) and condition f3, <1 — 6, for some 6, € (0, 1), we obtain
I/ Tw, - Jw,| — 0. (3.60)
Since J~! is uniformly norm-to-norm continuous on bounded set, we obtain
ITwy, = wy| — 0. (3.61)

Since x, — wy, then ||Tx, — x,|| — 0. Thus by the closedness of T and x, — p, we get
p € F(T). Hence p € F(T) N F(S).

Step 8. We show that x, — p € VI(A,C).
Define T C E x E* by Theorem 2.11; T is maximal monotone and T~!0 = VI(A, C). Let

(v,w) € G(T). Since w € Tv = Av + Nc(v), we get w — Av € N¢(v).
From w,, € C, we have

(v—wy,w—-Av) >0. (3.62)

On the other hand, since w,, = I1cJ ' (Jx, — A\, Ax,), then by Lemma 2.4, we have

<U - Wy, Jwy, — (]xn - )LnAxn)> >0, (363)

and hence

<v — Wy, M - Axn> <0. (3.64)
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It follows from (3.62) and (3.64), that

(v—wy,w) > (v—wy Av)

> (v —wy, Av) + <v - Wy, M - Axn>

= <U_wn/AU—Axn> + <U—me>

An

Jxu = Jwy

- > (3.65)

= (v —wy, Av — Awy) + (v — Wy, Aw, — Axy) + <v — Wy,
|, — x4]| _ 1]y = Jwn||

[0 = |
a

2> || - w,|

> _M<||wn — Xl + ||]xn_]wn“>.

a a

Where M = sup,,.,[|[v — wyl|. Taking the limit as n — oo and (3.53), we obtain (v — p,w) > 0.
By the maximality of T, we have p € T~!0; that is, p € VI(A, C).

Step 9. We show that p = ITqxo.
From x,, = I'lc, x9, we have (Jxo— Jx,, x, —z) >0,Vz € C,. Since Q C C,, we also have

(Jxo = Jxn, xn—y) 20, YyeQ. (3.66)

By taking limit n — oo, we obtain that

(Jxo-Jpp-y) 20, VyeQ. (3.67)

By Lemma 2.4, we can conclude that p = Iloxy and x, — p asn — oo. This completes the
proof. O

Setting S = T in Theorem 3.1., so, we obtain the following corollary.

Corollary 3.2. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from C x C to R satisfying (Al)—(A4) and let A be
an a-inverse-strongly monotone mapping of C into E* satisfying ||Ay|| < ||Ay — Aul|, forall y € C
and u € VI(A,C)#0. Let T : C — C be closed relatively quasi-nonexpansive mappings such that
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Q:= F(T) nEP(f) N VI(A, C) #0. For an initial point xy € E with x1 = Ilc,xg and Cy = C, define
a sequence {x,} as follows:

wy, =] (Jx, — M\ Ax,),
Zy = ]_1 (ﬂn]xn + (1 - ﬂn)]Twn)/

Yn = ]_1(11-,1]36,1 +(1-ay)]Tz,),

1 (3.68)
u, € C such that f(u,,y) + r—(y — U, Jun— Jyn) 20, VyeC,

Conn ={z€Cp: P(z,up) < and(z,xn) + (1 - ) P(z, 2n) < P2z, x0) },

Xpe1 = | |X(), Vn>1,
Cn+1

where | is the duality mapping on E. Assume that {a,} and {B,} are sequences in [0,1] such that
a, <1-061and B, <1 - 06y, for some 61,6, € (0,1), {r,} C (0,2a), and {1} C [a,b] for some a,b
with 0 < a < b < ?a/2, where 1/ c is the 2-uniformly convexity constant of E. Then {x,} converges
strongly to p € Q, where p = Ilgxo.

If A =0in Theorem 3.1, then we obtain the following corollary.

Corollary 3.3. Let C be a nonempty closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from CxC to R satisfying (A1)—(A4).LetT,S:C — C
is closed relatively quasi-nonexpansive mappings such that Q := F(T) N F(S) NEP(f) #0. For an
initial point xg € E with x; = I'lc,xo and Cy = C, define a sequence {x,} as follows:

Zn = ]_1 (ﬂn]xn + (1 - ﬂn)]Twn)/

Yn = ]71 (anJxn + (1 - an)]Szy),
1
uy € C such that f(u,,y) + E(y = Un, Jun = Jyn) 20, Yy €C, (3.69)

Cpi1 = {Z €Cy: (i)(Z, Uy) < and’(zzxn) +(1- an)(;b(z/ Zy) < d)(z/xn)}/

Xna = | [x0, Yn>1,
Cn+]

where | is the duality mapping on E. Assume that {a,} and {,} are sequences in [0,1] such that
a, <1-61and B, <1-06,, for some 61,6, € (0,1) and {r,} C (0,2a). Then {x,} converges strongly
top € Q, where p = Igx.
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4. Application
4.1. Complementarity Problem

Let K be a nonempty, closed and convex cone E, A a mapping of K into E*. We define its polar
in E* to be the set

K*={y*€E : (x,y*) >0, Vx € K}. (4.1)
Then the element u € K is called a solution of the complementarity problem if

Au € K*, (u, Au) = 0. (4.2)

The set of solutions of the complementarity problem is denoted by C(K, A).

Theorem 4.1. Let K be a nonempty and closed convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from K x K to R satisfying (A1)—(A4) and let A be
an a-inverse-strongly monotone of E into E* satisfying ||Ay|| < ||[Ay — Aul|, forall y € K and
u € C(K,A)#0. Let T,S : K — K be closed relatively quasi-nonexpansive mappings and Q :=
F(T) N F(S) N EP(f) N C(K, A) #@. For an initial point xy € E with x; = Ik, and K1 = K, we
define the sequence {x,} as follows:

wy =T ] (Jxn — AuAxy),
Zn = ]71 (ﬂn]xn + (1 - ﬂn)]Twn)/

Yn = ]_1 (an]xn+ (1 - ay)]Szn),

u, € C such that f(u,,y) + %(y — Uy, Jun— Jyn) >0, VyeKk, (4.3)

Cunn ={z€Cp: P(z,up) <and(z,xn) + (1 - an)P(z, zn) < Pz, x0) },

Xna = | [x0, Yn>1,
Cn+]

where ] is the duality mapping on E, {a,} and {p,} are sequences in [0,1] such that a, < 1 - 6
and B, < 1 -8y, for some 61,6, € (0,1), {rn} C (0,2a), and {\,} C [a,b] for some a,b with
0 < a<b < c?a/2 where 1/c is the 2-uniformly convexity constant of E. Then {x,} converges
strongly to p € Q, where p = Iax.

Proof. As in the proof of Takahashi in [7, Lemma 7.11], we get that VI(K, A) = C(K, A). So,
we obtain the result. O

4.2, Approximation of a Zero of a Maximal Monotone Operator

Let B be a multivalued mapping from E to E* with domain D(B) = {z € E : Az#(} and range
R(B) =U{Bz : z € D(B)}. A mapping B is said to be a monotone operator if (x1 -2, y1-1y2) >0
for each x; € D(B) and y; € Ax;,i = 1,2. A monotone operator B is said to be maximal if
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its graph G(B) = {(x,y) : y € Ax} is not property contained in the graph of any other
monotone operator. We know that if B is a maximal monotone operator, then B(0) is closed
and convex. Let E be a reflexive, strictly convex, and smooth Banach space, and let B be a
monotone operator from E to E*, we know that B is maximal if and only if R(J +rB) = E* for
allr > 0.Let J, : E — D(B)be defined by J, = (J + rB)™' Jand such a J, is called the resolvent
of B . We know that J, is a relatively nonexpansive (closed relatively quasi-nonexpansive for
example; see [8]), and B71(0) = F(J,) for all r > 0 (see [7, 33-35] for more details).

Theorem 4.2. Let C be a nonempty and closed convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from C x C to R satisfying (Al)—-(A4) and let A
be a-inverse-strongly monotone of E into E* satisfying ||Ay| < ||Ay — Aul|, forally € C and
u € VI(A,C) #0. Let B be a maximal monotone operator of E into E* and let J, be a resolvent of B
and a closed mapping such that Q := B™1(0) N F(S) N EP(f) N VI(A, C) #@. For an initial point
xo € E with x; = Ilc, and C; = C, we define the sequence {x,} as follows:

w, =] (Jx, — M Ax,),
Zn = ]_1 (ﬂn]xn + (1 - ﬁn)]]rwn)/
Yn = ]71 (anJxn + (1 - an)]Szy),
uy € C such that f(u,,y) + %(y — Uy, Jun = Jyn) 20, VyeC, (44)

Cpi1 = {Z €Cy: ¢(Z/ Uy) < and’(zzxn) +(1- a,,)gb(z, Zy) < d)(z/xn)}/
Xn+1 = HxOr Vn>1,
Chus1

where ] is the duality mapping on E, {a,} and {p,} are sequences in [0,1] such that a, < 1 — 6,
and B, < 1 - 6y, for some 61,62 € (0,1), {rn} C (0,2a) and {\,} C [a,b] for some a,b with
0 < a<b < ca/2 where 1/c is the 2-uniformly convexity constant of E. Then {x,} converges
strongly to p € Q, where p = Ilaxo.

Proof. Since ], is a closed relatively nonexpansive mapping and B0 = F(J,). So, we obtain
the result. O

Corollary 4.3. Let C be a nonempty and closed convex subset of a 2-uniformly convex and uniformly
smooth Banach space E. Let f be a bifunction from C x C to R satisfying (A1)—(A4) and let A
be a-inverse-strongly monotone of E into E* satisfying ||Ay| < ||Ay — Aul|, forall y € C and
u € VI(A,C) #0. Let B be a maximal monotone operator of E into E* and let J, be a resolvent of B
and closed such that Q := B™1(0) N EP(f) N VI(A, C) #@. For an initial point xo € E with x; = ¢,
and C1 = C, we define the sequence {x,} as follows:

wy =] ™ (Jotn = AnAxy),
zn =] (BuJXn + (1= Bu) T Jrwy),
Yo =T (@] xn+ (1= an) ] ]r2n),
uy € C such that f(u,,y) + %(y — Uy, Jitn = Jyn) >0, VyeC, (4.5)

Coi1 ={z€Cp: Pz un) < and(z,x,) + (1 = an)P(z,20) < P(z,x4) },

Xna = | [x0, Yn>1,
Cn+l
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where | is the duality mapping on E, {a,} and {B,} are sequences in [0,1] such that a, <1 - 61
and B, < 1 - 6y, for some 61,6, € (0,1), {r,} € (0,2a) and {A,} C [a,b] for some a,b with
0 < a<b < ca/2 where 1/c is the 2-uniformly convexity constant of E. Then {x,} converges
strongly to p € Q, where p = Igxy.
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