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We define and investigate a new subclass of Salagean-type harmonic univalent functions.
We obtain coefficient conditions, extreme points, distortion bounds, convolution, and convex
combination for the above subclass of harmonic functions.

1. Introduction

Let & denote the class of functions of the form:
f(z) = Z+Zakzk (1.1)
k=2

which are analytic in the open unit disk U = {z € C: |z] < 1}.

We denote the subclass of A consisting of analytic and univalent functions f(z) in the
unit disk U by S.

The following classes of functions and many others are well known and have been
studied repeatedly by many authors, namely, Sdldgean [1], Abdul Halim [2], and Darus [3]
to mention but a few.

(i) So = {f(z) e H#:Re{f(z)/z} >0, z€ U}.
(ii) B(a) = {f(z) e A :Re{f(z)/z} >a, 0<a <1, zeU}.
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(iii) 6(a) = {f(z) e A :Re{f'(z)} >a, 0<a <1, ze U}
(iv) Bu(B) = {f(2) € 4 : Re(D"f(2)f/2P} >0, z€ U, ne Ny =N U {0}, f>0).

In 1994, Opoola defined the class Tf (a) to be a subclass of A consisting of analytic functions
satisfying the condition

n p
Re { D"f(z)
2F

}>cx, zelU neNy, 0<a<l, >0, (1.2)

where D" is the Salagean differential operator defined as follows:

Df(z) = f(2),
D'f(z) = Df(2) = zf'(2), (1.3)
D"f(z) = D(D"-1 f(z)> = z(D"-l f(z)>.

We note that Tf (ar) is a generalization of the classes of functions Sy, B(a), 6(«), and B, (f).
Some properties of this class of functions were established by Opoola [4] namely,

i) Tg () is a subclass of univalent functions;
(if) T} (@) C Th(a);

(iii) if f(z) € Tf (a), then the integral operator
e -5 #pera 20 (14)
z 0

is also in Tf(a).

Now, by Binomial expansion, we have

f(z)ﬂ =28 + BayzP* + [ﬂa3 + pB-1) ag] ZP+2

2!
(1.5)
) [M MY, SN ] e
Hence, we define
f(z)ﬂ =z 4 i ﬁakzﬂ”‘*l, p>0,
- (1.6)

D”f(z)ﬂ =z 4 Z ﬁk"akz’”k*l, neNy.
k=2
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2. Preliminaries

A continuous function f = u + iv is a complex-valued harmonic function in a domain D ¢ C
if both u and v are real harmonic in D. In any simply connected domain, we can write

f=h+3g, 2.1)

where h and g are analytic in D. We call h the analytic part and g the coanalytic part of f. A
necessary and sufficient condition for f to be locally univalent and sense-preserving in D is
that |K'| > |¢'| in D.

Denote by S the class of functions f of the form (2.1) that are harmonic univalent
and sense-preserving in the unit disk U. The subclasses of harmonic univalent functions have
been studied by some authors for different purposes and different properties (see examples
[5-12]). In this work, we may express the analytic functions h and g as

h(z)f =20 + 3 paczP*7,  g(2)P = D pozP™ !, o] < 1. (2.2)
k=2 k=1
Therefore,
f(@) =h(z) +g(2)F. (2.3)

We define the modified Salagean operator of f as

D"f(z)P = D"h(z)” + (-1)"D"g(2)F, (2.4)
where
D'h(z)f =2F + 3 pk"apzP™*!,  Drg(z)f = > pk"bzFt (2.5)
k=2 k=1

We let H(n, p, a) be the family of harmonic functions of the form (2.3) such that

n+ p
Re{m}>a, p>1,0<a<1, nely, (2.6)
D f(z)f

where D" f(z)* is defined by (2.4).

It is clear that the class H(n,f, a) includes a variety of well-known subclasses of
Su. For example, #(0,1,a) = S’ () is the class of sense-preserving, harmonic univalent
functions f which are starlike of order a in U, thatis, d/00{arg(f (re®))} > a, and #(1,1,a) =
HK(a) is the class of sense-preserving, harmonic univalent functions f which are convex of
order a in U, that is 8/00{arg(d/00f (re?))} > a. Note that the classes Sy (a) and HK(a)
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were introduced and studied by Jahangiri [5]. Also note that the class #(n,1,a) = KK (a) is
the class of Salagean-type harmonic univalent functions introduced by Jahangiri et al. [13].

We let the subclass (1, B, a) consist of harmonic functions f, = h+g, in #(n, , &) so
h and g are of the form

W(z) = 2= 3 la 2, gh(z) = ()" Y bl 2P0 2.7)
k=2 k=1

In 1984, Clunie and Sheil-Small [14] investigated the class S as well as its geometric
subclasses and obtained some coefficient bounds. Since then, there have been several related
papers on S and its subclasses such that Silverman [15], Silverman and Silvia [16], and
Jahangiri [5, 17] studied the harmonic univalent functions. Jahangiri [5] proved the following
theorem.

Theorem 2.1. Let f = h+g where h =z + 370, axz* and g = X2, biz*. If

ik—ala IJrk
k
k=11_a 1

b <2, (0<a<l), (28)

then f is sense-preserving, harmonic, and univalent in U and f € S*,(a). The condition (2.8) is also
necessary if f € TH(a) = H(0,1,a).

In this paper, we will give the sufficient condition for functions f# = h? + gf where hf
and g# are given by (2.2) to be in the class H#(n, f,a) and it is shown that these coefficient
conditions are also necessary for functions in the class I(n, P, a). Also, we obtain distortion
theorems and characterize the extreme points for functions in H(n, P, a). Convolution and
convex combination are also obtained.

3. Main Results

In this section, we prove the main results.

3.1. Coefficient Estimates

Theorem 3.1. Let f = hP + gP, where hP and gP are given by (2.2). If

Dk = a)|ak| + (k + a)|bi|]pk" < (1+ B) (1 - a), (3.1)

k=1

wherea; =1, ne Ny, f>1,and 0 < a < 1, then fﬂ is sense-preserving, harmonic univalent in U,
and f € H(n, B, a).
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Proof. 1f zf # zg, then

Zk 1ﬂbk< k+p-1 12<+ﬁ—1>
<Zf - zﬁ) + 0 2ﬁak< b1 _ k+ﬂ_1>

f(z1) - f(z) 51
h(z1)P = h(z2)f | ~

(1) - g(z)’| _
h(z1)P - h(zo)

S k+p-Dbe . Sk +a)pk"/(1 - a) |y

1 - 4
TSk Da T 1= k- ok /(- a)lad -
(3.2)
which proves univalence. Note that f is sense-preserving in U. This is because
W 2F| ﬁ<|z|ﬂ1 - i(k +p- 1)|ak||z|’<+ﬂ2> > p<1 i (k- “)ﬁk" >
k=2 k=2
(3.3)
k kn 0
> ﬂ(Z %Ib |> > > Blk+p- DIkl > |2
k=1 k=1
By (2.6),
n+ p T+ B 1\t B
N Ol Y
D" f(z) Dh(z)? + (-1)"Drg(z)*

Using the fact that Re(w) > a if and only if [1 — a + w| > |1 + a — w)|, it suffices to show that

n+ p n+ B
an(z)ﬂ an(z)ﬁ
D™ f(2) + (1= )D"f(2)| - | D™ f(2)f - (1 + ) D" f(2)" | 2 0. (3.6)

Substituting for D" f(z)?, D" f(z)” in (3.6), we have

D" h(z)f + (-1)"' D+ g(2)f + (1 - a) [D"h(z)ﬁ + (—1)”Dng(z)ﬂ] ‘

— D™ h(2)P + (-1)"' D1 g(2)P — (1 +a)

D"h(z) + (-1 DgY |
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= o) -
— Z‘B + Z ﬂkn+1 akzﬂ+k—1 + (_1)n+1 Z ﬂkn+1bkz‘g+k71
k=2 k=1

+(1-a) [zﬂ + i Bk a1+ (-1)" i ﬁk"W]

k=2 k=1

b4 Z ﬂkn+1 apzPl 4 (_1)n+1 Z ﬂanW
k=2 k=1

~(1+a) [zﬁ + i Pk ar P 4 (-1)" i ﬁk"W]

k=2 k=1

=|@2-a)zf + D plk+1-a)k"axzP*1 = (-1)" D f(k - 1+ a)k"byzP !
k=2 k=1

—|(~a)2? + i Bk -1 - a)k"apzP*1 — (-1)" i B(k +1+ a)k"bzP 1

k=2 k=1

>2(1-a)|zf - i 2Bk (k — a)|a] |zﬂ+’<-1| - i 2Bk (k — o) |bx| |zﬂ+’<-1|
k=2 k=1

—2(1- a)[l Zﬂk”(k “) k|—Zﬁk"%|bk|].
k=1

(3.7)
This last expression is nonnegative by (3.1), and so the proof is complete. O
The harmonic function
B _ —a k+p-1
f(z)f =z +Z[5 )ﬂk”xkz +Zﬁ(k+cx)ﬁk"ykz (3.8)
where n € Ny, f > 1,0 < a < 1, and X, x| + 252 lyx] = 1, shows that the

coefficient bound given by (3.1) is sharp. The functions of the form (3.8) are in H(n, §, a)
because

Z[l sl + 1ia|b"|]ﬂkn =P+ Dbl + D lye| = p+ 1. (3.9)
“a a k=2 k=1

k=1

In the following theorem, it is shown that the condition (3.1) is also necessary for

functions ff =hf+ gf where hf and gﬁ are of the form (2.7).
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Theorem 3.2. Let f,f =hP + 2 be given by (2.7). Then f,‘f € H(n,p,a), if and only if
>k —a)|ag| + (k + a)|b|1pK" < (1+ B) (1 - a), (3.10)
k=1

wherea; =1, neNy, p>1,and0<a < 1.

Proof. Since H(n, b, a) C H(n, B, a), we only need to prove the “only if” part of the theorem.

To this end, for functions ff of the form (2.7), we notice that the condition (2.6) is equivalent
to

Red (=@ = S (k= a)pkr ezt - ()Y S (k+ a)pkrbizt [ o
2P = 3% Bkt agzk Pl 4+ (<1)" 32, pkibrzkh-1 =

The above required condition (3.11) must hold for all values of z in U. Upon choosing the
values of z on the positive real axis where 0 < z = r < 1, we must have

1-a-372,(k-a)pk"arr* —= 35, (k + a) k" brrk!
1- 37, pkragrk=t + 32, pknbrk

> 0. (3.12)

If the condition (3.10) does not hold, then the numerator in (3.12) is negative for r sufficiently
close to 1. Hence there exist zy = 7 in (0,1) for which the quotient in (3.12) is negative. This

contradicts the required condition for f,f € j(n, A, ) and so the proof is complete. O

3.2. Distortion Bounds and Extreme Points

In this section, first we will obtain distortion bounds for functions in I(n, B, a).

Theorem 3.3. Let f,f € H(n,p,a). Then for |z| = r < 1, we have

1 /1-a 1+a
Bl < By _— _ p+1
fn(2) | < T+ [ba)r” + BR (2_a 2_aﬂlbll>r ,

1 /1-a 1+a "
Fu@ |2 (= ir? = o (5~ Taplbil )

(3.13)
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Proof. We only prove the right-hand inequality. The proof for the left-hand inequality is
similar and will be omitted. Let ff € H(n, B, ). Taking the absolute value of ff , we obtain

fn(z)ﬁ| =|2f + Z arzFP 4 (-1)" Z by zk+P-1
k=2 k=1
< U+ [bi)rP + Y (lax| + [bil)r* P!
k=2
< L+ [bi)rP + 7P Y (axl + |bil)
k=2
(3.14)
1-a & (2-a)p2r (2 a)ﬂ 21
< B p+1
< U + <,§ P i+ S ol )
1-a & (k- a)pk™ (k+a)ﬁk"
< p p+1
< (1+|bi])r +(2—a)[52”<k2=2 - |ak| + —— |be| )7
1-a l+a
<1 p 1-— p+1
< @i+ s (1= TR ),
for |bi| < 1. This shows that the bounds given in Theorem 3.3 are sharp. O

The following covering result follows from the left-hand inequality in Theorem 3.3.

Corollary 3.4. If function ff = hP + gP, where h¥ and gP are given by (2.7), is in H(n, B, ), then

. 2n+1 (pzn 1)(1 2n+1+1
{w-|w|< ﬂzn(z R Zn(z_a)lbll}cfnm (3.15)

Next we determine the extreme points of closed convex hulls of H(n,f,a) denoted by
clco H(n, B, ).

Theorem 3.5. Let fh = hP + gf, where hP and gP are given by (2.7). Then fh € H(n, p, a) if and
only if

fal2) = 3 (Xehe(2) + Yign, (2)), (3.16)

k=1

where hy (z)P = 2P, i (z)f = 2P = (1-a) / (k—a)k™") 2P (k=2,3,...), gn, (2) = 2P+ (-1)"(1 -
a)/((k + a)k™)zk+F-1 (k = 1,2,3,..), and 332,(Xk + Yi) =1, Xk > 0, Yi > 0. In particular, the
extreme points ofj(n, B, a) are {hi} and {gn, }.
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Proof. For functions ff =hf + ?, where hf and g* are given by (3.16), we have

a2 = 3 (Xehe(2) + Yiegn, (2))

k=1
= > Xk + Yi) 2 Z szk+ﬂ Ly (" Z (kli‘;‘ykzkw L
k=1
Then
e k kn [ee] k kn (o]
Z( “)ﬁ +Z( +“)ﬂ b =S X+ S ¥=1-X <1,
k=2 k=1 k=2 k=1

and so f,f € clco I(n, B, a).

Conversely, suppose that ff € clco H(n,p, a). Setting

(k — a) K"
1-

(k + cx)ﬂk”
1-

X = lax] 0<Xk<1(k=2,3,..),

Y = bl 0<Yi<1(k=1,23,..),

and X; =1- 372, Xk - 272, Yi; therefore, f,f can be written as

fa(z)f = 2F - Zﬁ|ak|zk+ﬂ1+( 1)" Zﬁ|bk|zk+ﬂ1

-5 (e § Lot

=zf+ g(hk(z)ﬂ - zﬁ> Xk + g((gnk(z)ﬂ - zﬂ>Yk

8

=> i (2)P X + Zgnk(z)ﬂ}’k + zﬂ< Z Xk - i Yk>
k=1

k=2 k=1

M8

(hk(z)ﬂXk + Qn (z)ﬂYk>, as required.

>~
]
—_

3.3. Convolution and Convex Combination

(3.17)

(3.18)

(3.19)

(3.20)

In this section, we show that the class j(n, p, &) is invariant under convolution and convex

combination of its member.
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For harmonic functions fn(z)ﬂ = 2P, |ax| 2P+ (-1 I, IkaW and F,(z)° =
2P — S, |AklZHP + (1) S7 | Be|zk 1,

The convolution of ff and F,E is given by

( J F,‘j)(z) = fu(2) % Fu(z)f = 2 - i|ak||Ak|z’<+ﬂ-1 +(-1)" i|bk||Bk|zk+ﬂ*1. (3.21)
k=2 k=1

Theorem 3.6. For 0 < A < a < 1, let f,f € H(n,p,a) and F ¢ H(n,B,p). Then f,f * FE €
H(n,p,a) C H(n,p,1).

Proof. Let the functions fn(z)ﬂ = 2P - 30, la|ZKP T+ (-1)" 32, |bk|W be in the class
H(n, B, a) and let the functions F,,(z)F = z# — 322, |Ag|z*"P~1 + (=1)" 32, |Be|z**P-1 be in the
class j(n, f, ). Then the convolution ff * Fff is given by (3.21). We wish to show that the
coefficients of ff * Fff satisfy the required condition given in Theorem 3.2. For Fle H(n,B,\),

we note that |Ax| < 1 and |Bx| < 1. Now, for the convolution function ff * Ff, we obtain

Z( —ﬁ>ﬁ" aillAdl + Z( ﬂ)ﬂ”|b”3k|

& (k- p)pk” (k + p)pk"
< 3.22
_kz=z -5 |ak|+§ T-p 23 (3.22)
Siw i k+a)ﬁkn|b|§1,
k=2 k=1
since0 <A <a<1and f,f eH(n, B, a). Therefore, f,f * Fg e H(n, p,a) C H(n, B, ). O

We now examine the convex combination of & (n, B, a).
Let the functions fn/. (z)ﬂ be defined, for j = 1,2,..., by

fu ()P =2F - Z|ak,]-|zk+’H +(=1)" Z|bk,,-|zk+ﬂ’1. (3.23)
k=2 k=1

Theorem 3.7. Let the functions fy, (z)f defined by (3.23) be in the class H(n, , a) for every j =
1,2,...,m. Then the functions t,-(z)ﬂ defined by

ti(z)f = i cifn(z) (0<¢<1) (3.24)

j=1

are also in the class j(n, B, &) where Z;’il cj=1



Abstract and Applied Analysis 11

Proof. According to the definition of t#, we can write
[ee] m [ee] m
t(z)f = 2P - S Dlcak; )2+ ()" D D ciba, 2R (3.25)
k=2 \ j=1 k=1 \ j=1
Further, since f,, (z)P are in H(n, p,a) forevery (j =1,2,...), then by (3.1) we have

i{ [(k -a) <i c]-|ak,]-|> +(k+a) <i cj|bk,j|>]ﬂk"}
k= = i1

=26 <i [(k—a)|anj| + (k+a)|ba, |]ﬁk"> (3.26)

j=1 k=1

[y

Mz

<> c2(1-a)<2(1-a).

]

]
—_

Hence the theorem follows. O
Corollary 3.8. The class I(n, B, &) is close under convex linear combination.

Proof. Let the functions f, (z)P (j = 1,2) defined by (3.23) be in the class Mz (n, A, «). Then
the function ‘I‘(z)ﬂ defined by

W(2) = pfu, (2P + (1- 1) (2 (0<p<1) (3.27)

is in the class M5 (n, A, a). Also, by taking m = 2, t; = p, and t; = (1 — u) in Theorem 3.7, we
have the above corollary. O
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