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We will consider a pole assignment problem for a class of linear neutral functional differential
equations in Banach spaces. We will think of the neutral system studied as that of involving no time
delays and reduce the study of adjoint semigroups and spectral properties of neutral equations to
those of Cauchy problems. Under the assumption that both the control and eigenspace of pole are
finite dimensional, we establish the rank conditions for finite pole assignability.

1. Introduction

Consider the linear system on some Banach space X

dz—(tt) =Ay(t), t>0,y(0)=x€X, (1.1)

where A is the infinitesimal generator of a Co-semigroup e'#, t > 0. A mild solution of (1.1) is
defined as y(t) = e'4x € X for any t > 0. The null solution of (1.1) is said to be (exponentially)
stable if, for any initial x € X, the corresponding mild solution, is y(f) — Oast — oo. It may
be shown that the null solution is stable if and only if there exist positive numbersa > 1, > 0
such that, for all t > 0, ||e'|| < ae™#. If the null solution of system (1.1) is unstable,then it is
important to consider stabilizability problem of its linear control system

dy(t)

= Ayt + Mu(t), t>0,y(0)=x€X, (1.2)
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where M is a bounded linear operator from some Banach space U of control parameters into
X. The mild solution of (1.2) is well defined for every locally integrable control function u(t),
t >0, and is given by the form

t
y(t) = ex + I e Mu(s)ds, t>0. (1.3)
0

System (1.2) is said to be feedback (exponentially) stabilizable if there exists a bounded linear
operator K from X into U such that the system

dyait) =(A+MK)y(t), t20,y0)=xeX, (1.4)

is exponentially stable.

Stability and feedback stabilization problems of the above systems and relevant
nonlinear extensions, which play an important role in control theory and related topics,
have been studied extensively by many researchers over the last two decades. The reader
is referred to, for instance, the monograph of Luo et al.in [1] for a comprehensive statement
about this topic and its applications.

If we incorporate extra structure into A, the stability and stabilizability problem would
become complicated. One of the most important situations is to perturb A appropriately
by a time-delay term so as that a strongly continuous family of bounded linear operators
G(t) satisfying proper quasisemigroup properties completely describes the dynamics of the
system studied. This idea therefore leads to the consideration of a class of linear time-delay
systems

d 0
YO aye)+ [ an@yo+n, 10, (1.5)

where r > 0, A generates a Cy-semigroup e'4, t > 0, and 7 is the Stieltjes measures given by
m 0
n(r) = —ZX(_w,_,i](T)Ai —f Ap(6)dO, Te][-r0]. (1.6)
i=1 T

Here A;,i=1,...,m, and Ay(6), 0 € [-r,0], are properly defined linear, bounded operators
from X into X (cf., Wu [2]).

To our knowledge, very little paper has been done on feedback stabilization of
infinite-dimensional control systems with memory. The only papers in this area are those
by Yamamoto [3], Nakagiri and Yamamoto [4], Da Prato and Lunardi [5], and Jeong [6],
all of which are devoted to retarded systems. In [4], the rank condition for exponential
stabilizability in terms of eigenvectors and controllers was established.
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In the present paper, we will study the finite pole assignability problem for a class of
neutral linear control system

d 0 0
E[y(t)— [ d§<6>y<e+t>]=Ay<t>+ [ anow@ -+ Mu, e20
B L (1.7)

y0) =¢o,  yo()=¢1(),

where ¢ = (¢o,$1) is some initial datum to be identified later. Generally speaking, for
neutral systems as above it is quite difficult to study stabilizability problem and there are
few satisfactory results in this respect. The reason is that, as pointed out in the study by
Salamon in [7], it is generally required a memory feedback involving derivative terms for
the purposes of stabilization of (1.7) even in finite-dimensional cases. Thus we shall study in
this work a weaker concept, finite pole assignability, for (1.7) by means of state feedback law
which does not necessarily contain derivative terms. To this end, the whole paper is divided
into five sections. After reviewing some useful notions and notations, we will establish in
Section 2 a semigroup theory which enables us to reduce the neutral systems (1.7) to a class
of control systems involving no delays in an appropriate infinite-dimensional space. In order
to formulate systems (1.7) in the L? product space setting, we restrict ourselves to the case
that the neutral delay term on the left-hand side of (1.7) does not involve discrete delays.
The associated semigroup is well defined by a solution state (y(t),y:), where y; denotes a
t-segment of solutions, a situation which is different from that in-Burns et al. in [8]. The
infinitesimal generator of this semigroup is explicitly described and its relationship with
neutral resolvent operators is explored. In Section 3, we will establish an adjoint theory
which will play an important role in the study of the usual controllability and stabilizability.
Sections 4 and 5 are devoted to the investigation of spectral properties and pole assignability,
respectively. Under suitable conditions such as the finite dimensionality of spectral modes,
we will establish useful criteria of finite pole assignability.

The real and complex number vector spaces are denoted by R” and C", n > 1,
respectively. Also, R, denotes the set of all nonnegative numbers. For any A € C!, the symbols
Re A and Im A denote the real and imaginary parts of complex number ., respectively. Let X
and U be complex, separable Banach spaces and X*, U* their adjoint spaces with norms || - ||x
and || - [l and the dual pairings (-, -)x x- and (-, -);;;+, respectively. We use £(U, X) to denote
the space consisting of all bounded linear operators T from U into X with domain U. When
X = U, £(X,X) is denoted by £(X). Each operator norm is simply denoted by || - | when
there is no danger of confusion. For any operator T, we employ 9(T) to denote the domain of
T, and the symbols Ker T and Im T will be used to denote the kernel and image of operator
T, respectively. For any fixed constant r > 0, we denote by L2 = L?([-r,0]; X) the space of
all X-valued equivalence classes of measurable functions which are squarely integrable on
[-7,0]. Let X denote the Banach space X x L2 with the norm

e = \/ligoll% + Idnll7, Y = (do, 1) € X (1.8)

Let W'2([-r,0]; X) denote the Sobolev space of X-valued functions x(t) on [-r,0] such that
x(t) and its distributional derivative belong to L*([-r,0]; X).
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2. Neutral Control Systems

Consider the following neutral linear functional differential equation on the Banach space X:

d 0 0
T [y(t) - f_r dg9)y(6 + t)] = Ay(t) + f_r dn(@)y(0+t), t>0, o
y(0)=¢o, yo()=P1(), ¢ = (o, P1) € X,

where A generates a Cp-semigroup e, t > 0, y0(0) = y(6), 6 € [-1,0], and 7, { are the Stieltjes
measures given by

m 0
1(T) = =D X(coo,-r] (T) Aj —f Ag(0)de, te[-r0],
i=1 T
(2.2)

0
¢(T) = —’[ By(6)d6, Tt e [-r,0].

T

Here 0 < rp <1 < -~ <1, <1, A € £X),i=1,...,m, Ay(:) € L*([-r,0]; £(X)), and
Bo(-) € L*([-7,0]; £(X)). Unless otherwise specified, we always use f(_)r dn@)yt+0): ye
L% ([-r,T]; X) — X, T >0, to denote the bounded, linear extension of the mapping

0 m 0
f dn@)y(t+6) = > Aiy(t—ri) + j Ao(@)y(t+0)ds, vyeC([-r,T];X), (2.3)
-r i=1 -

for any t > 0, and the same remark applies to f?r d¢@)y(t+0): yeL*([-r,T];X) —» Xinan
obvious way.
We also wish to consider the hereditary neutral controlled system of (2.1) on X:

d 0 0

T [y(t) - J dg(0)y (0 + t)] =Ay(t) + J‘ dn@)y(0 +t)+ Mu(t), t>0,
- - (24)

]/(O) = 4)0/ ]/0() = 4)1(')/ (i) = (¢0/ 4)1) € 'x/ ue Lz([ol OO), u)/

where M € £(U, X). A mild solution y(t, §, u) of (2.4) is defined as the unique solution of the
following integral equation on the Banach space X,

0 0
vbdu) = [ i@ (+e,4,m) +e“‘[¢o— [ d§<6>¢1<e>]

t 0 0
+ f elt=94 U dn(0)y(s+0,¢,u) + f Adg(0)y(s+6, ¢,u)] ds (2.5)
0 -r -r

¢
+ f e Mu(s)ds, V>0,
0

with ¥(0, ¢, u) = go, yo(-, P, u) = $1(-), and § = (do, $1) € X.
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To ensure the uniqueness and existence of mild solutions, we further assume that, for
eachi,i=1,...,m,and 0 € [-r,0], Im(By(0)) C D(A) such that ABy(-) € L*>([-r,0]; £(X)).
Under these conditions, it has been shown in the study by Liu in [9] that there exists a unique
mild solution y(t, ¢, u) for (2.4) with y(0, ¢, u) = ¢o and yo(-, P, 1) = P1(-).

Note that, for any ¢ € X, the mild solution y (¢, ¢) is continuous for t > 0. To see this, it
suffices to notice that, for any s, t > 0,

0 0
[ awerespde- | dxeretpas

x (2.6)
< NBollz2(g-r01;2000) 1Y (-) = ye ()l 2 ([-r,01,%)
We define a mapping S(t) on A, t > 0, by
309 =(y(t.9).y(-9)), t20, (27)

where y;(-, ¢) = y(t + -, $) for any t > 0. It turns out that S(t), t > 0, is a strongly continuous
semigroup on X.

Proposition 2.1. Forany t > s > 0and ¢ € X, the following relation holds:

St=-5)(y(s8)ys(9)) = (y(td), (- §))- (2.8)

That is,

S(t-5)S(s)p = S(t)¢. (2.9)

Moreover, S(t) is a Co-semigroup of bounded linear operators on X.

Proof. The linearity of S(t) is obvious. Strong continuity of S$(t) on X follows from the fact
that y(t,¢) — ¢oin X ast — 0+ by virtue of (2.5) and (2.6), and on the other hand, it is easy
to see that y;(-,¢) — ¢1 in L?>([-7,0]; X) ast — 0+. In order to show the semigroup property
(2.8),lett > sand

D(s) = S(s)p = (y(s,9), ys (. §)) € X. (2.10)
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Then from (2.5), it is easy to verify that
0
y(t-5,0() - [ de@yt-s+6,0(5)
0
_ ot <y(s,¢) -[ aeve- s,4>>>
t 0 0
+ J' 1A [J‘ dn(@)y(u—s+6,d(s)) + j AdgO)y(u—s+ 9,(1)(5))] du
0
= plt-9)A [ESA <¢0 _ f d§(9)¢1 (9)>
s 0 0
. f oo U dn(O)y (u+6,) + f Adg(©)y(u+6, eb)]du
0 -r -
+ It e(t—u)A I:J‘O dTl(G)y(u - S+ 9,(1)(5)) + IO Adé(e)y(u -5+ 9,@(5))]]6111

0 s 0 0
=eth <¢o - f ] d§(6)¢1(6)> + fo elt-A U dn@)y(u+06,) + f Adi@)y(u+6, ¢>]d”

t 0 0
+f oA I:f dn(@)y(u—s+6,D(s)) +f Ad@(G)y(u—s+9,<D(S))]du.

(2.11)
On the other hand, we have for f > s that
0
vt.d)- [ dxew+o.9)
0
=et <<])0 - I d§(9)¢1(9)>
. . (2.12)
+f el U dn(0)y(u+6,9) +I Ad0)y(u+ 9,¢)]du
0 -r -r
t 0 0
+ f elt-A U dn@)y(u+6,9) + f Ad@)y(u+6, ¢)] du.
Thus, by the uniqueness of solutions of (2.5) with M = 0, it implies that
y(t—s,@(s)) =y(t,¢), for almostall t>s. (2.13)

Hence, [S(t — 5)S(s)$ly = [S(t)P], for all t > s, and so [S(t — s)S(s)p]; = [S(t)¢]; in
L%([-r,0]; X). The semigroup property (2.8) is thus proved and the proof is complete. O
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Let of be the infinitesimal generator of S(t) and denote S(t) simply by e'~’. The next
theorem explicitly describes the operator .

Theorem 2.2. The infinitesimal generator o4 of e' is described by

D(A) = {¢ = (¢o, ¢1) € X : p1 € WH([-1,0]; X), po = $1(0) € %(A)},

0 0 (2.14)
4P = <A¢o “[ @@ dneg <9>,¢’1<9>>,

forany ¢ = (o, P1) € D(A).

Proof. We denote by o4 and 9(<4) the infinitesimal generator of e and its domain,
respectively. Let ¢ = (¢o, p1) € D(#) and

A = (po,¢1)- (2.15)
Since the second coordinate of e'¥¢ is the t-shift y(t + -), it follows immediately that

y(0) = ¢1(0) € W ([-r,0];X), O € [-r,0],

" (2.16)
[7pt] 25 (8) = $1(6) = ¢1.(8), in LA([-1,0];X), 6 € [-1,0],

where d*/df denotes the right-hand derivative. By redefining on the set of measure zero, we
can suppose that y(6) = ¢1(0) is absolutely continuous from [-r,0] to X by Theorem 2.2, p.
19, of [10]. Since y(0) = ¢y, this implies that ¢1(0) = ¢o and y(-) : [-1,00) — X is strongly

continuous. Then the functions f?r dn(0)y(t+0) and | é Ad{(0)y(t+0) are strongly continuous
in t > 0 such that

1 t 0 0
lim = e<f*5>Af dn(0)y(s +0)ds = f dn(0)¢1(0),

t—>0+t 0
(2.17)

t—0+f

1t 0 0
lim = | e#94 f ALO)y(s+0)ds = f Adg(0)91(0).
0 -r =T
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Applying (2.17) to the first coordinate of (2.15), we obtain that

1
go = lim - (y(t,¢) = do)
= fim > O de(o 0 A 0 d¢(0)¢:(0
t 0 0
+I pt=5)A I:j dq(@)y(s+9,¢) +J Adg(@)y(s+6,¢)]ds—qbo}
0 - -
0 0
- tlira% { [ f B ac@)y(t+6,¢) - L d§(9)¢1(9)]
0 0
_ I:etA j dz(6)¢1(6) —f_ dcw)qbl(@)]
+Jt p(t-5)A UO dn@)y(s +6,) +f0 Adg(é))y(s+9,<;b)]ds+ [emd)o —¢o]}
0 -r -r
0 0 0
- [ a@p - [ adgep@ + [ dn@pe

0
[ Adz@p©) + Jim [0 )

0 0 1
= f dg(0)¢}(6) + f dn(©)¢1(6) + lim - [0 - o].

(2.18)
Hence, lim; _, 0.t~ (e!A¢hy — o) exists in X; that is, ¢y € D(A), and
0 0
wo= g+ [ @@+ [ dnerpie) 1)
which shows that
@(J) CO(A), Ap=dAp, forpe 9(47). (2.20)

Next we will show the reverse inclusion. Let ¢ = (¢o, p1) € D(H#); then it is easy to see
that (-, §) € W2([-r,T]; X) for any T > 0, from which (2.17) follow. Combining this with
¢o = $1(0) € D(A), we see that

0 0
lim 2 (y(t, §) - o) = Ay + J de(6)§,(0) + f dn ()1 (6). (2.21)

t—0+1
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Noting that

y:(0,9) - $1(0) y(t+6,9)-y(6,9)
t t

- $1(0) = y'(0,9)

(2.22)

_ (%) Jo(v/' (s +6,8) —y'(6,9))ds

for 6 € [-r,0], we obtain by using Holder inequality that

|rwcor-av-0 <3 U ||y'(s+6,¢>—y’(e,¢)||§d6]ds. 223)
L2 ofJ-r

This implies that limy 0.+ (y¢(-, §) — ¢1) exists in L?([-r,0]; X) and equals ¢/. Therefore, we
prove that D(#) C %(ez) and #4¢ = J(ﬁ for ¢ € D(+4), and (2.14) are shown. O

For each A € C!, define the densely defined, closed linear operator A(A, A, 7, ¢) by
0 0
AL AN =M-A- f e*%dn(0) - f 1e*?de (o). (2.24)

The neutral resolvent set p(A,n,¢) is defined as the set of all values A in C! for which the
operator A(A, A, 7,¢) has a bounded inverse on X.

Proposition 2.3. For any A € C!, the relation
(AT = A4) (91(0), ¢1) = (g0, ¢1) € X, (2.25)

is equivalent to
0
$1(0) = 21 (0) + L ey (1)dr € WA ([-1,0]; X), (2.26)
0 0 0 0
AN A 1,0)$1(0) = o+ f dn(6) f Oy (1)dr +j 1de(6) f Oy (1)dr
—r 0 -r 0

. (2.27)
- f dg(0)y1(6)d6.

In particular, the resolvent set p(4) is equal to p(A, 1, §).
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Proof. Note that the relation (2.25) is equivalent to

0 0
o = Ap1(0) - A1 (0) - f dn(0)¢:1(0) - f d¢(0)¢,(0), (2.28)
¢1(0) = 11(0) - %, 0 € [-r,0]. (2.29)

The variation of constants formula for the ordinary differential equation (2.29) on [-,0]
shows that

0
$1(60) = ¢ (0) + f Oy (1)dT € WA ([-1,0]; X). (2.30)
6
In order to show (2.27), note that, from (2.28), we have

0 0
(ML = A)pr (0) = g + f d2(0) ) () + f dn(0)$1(6). (2.31)

Substituting (2.30) into (2.31) immediately yields the desired (2.27). The equality of resolvent
sets p(+#) and p(A, 7, {) is easily seen according to the equivalence of (2.25) and (2.26), (2.27).
The proof is now complete. O

3. Adjoint Systems

In the remainder of this work, unless otherwise specified, we always assume that X is
reflexive. As indicated in the study by Hale in [11], the adjoint theory of neutral linear
functional differential equations in C([-r,0];X) is quite complicated. However, for the
control equation (2.4), it is possible to construct an elementary adjoint theory for S(t).

Let ¢ = (¢, ¢s7) € X* and define a “formal” transposed neutral system of (2.1) on X*
by

4 [y(t) - fo de @)y (& + e)] - Aty + fo dn @)y(t+6), >0
dt - - N (3.1)

y(©0) =gy, wolt) =¢i(t), te[-r0),

where 71*(0), ¢*(0) and A* denote the adjoint operators of 7(8), {(0), and A, respectively. It is
well known that A* generates a Cy-semigroup S*(f) on X* which is the adjoint of S(t), t > 0.
For any A € C!, define

0 0
AN, A", 8") =M - A - f e'dn*(0) - f Ler?de (9). (3.2)
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Proposition 3.1. For any \ € C!, the equation
(A=) (95, 97) = (95, 91()) (3.3)

is equivalent to

0
AL A8 9= i+ I e (6)do, (3.4)

0 _ 0 _ 0 _ _
91(0) = f @“T‘“qff(T)dT—Baw)qu em‘“dn*(ﬂqbﬁf 1O By (r)drgy  (3.5)

—r —

almost everywhere for any ¢* = (¢, ¢7) € X*.

Proof. Note that (XI Y ((M - )™, so we may calculate the adjoint operator of
(Al — o) 7!, In view of (2.26), it is not difficult to see that, for any ¢ = (o, ¢1) € X,

_ =1\* * *
((go,92) (A=) (95,91 ) .

= (=0 (g0, 9), (95,97 ), .

0 0
= (¢1(0), ¢55) x x- +f <e*9¢1 0) - L ey (T)dT, g5} (9)> do

-r X, X*

= ($1(0),43)x- + fo (9910, ¢1(0)) 0~ f 0 f: (" gn(r),47(0)) | dTdb

0 _ 0 0
= <¢1(0),<p8+f ewqfi‘(e)d9> +f f <6M9_T)"’1(T)"”f(9)>XX*de9‘
-r X, X* -rJo ’
(3.6)

We reformulate the expression in (3.6), starting with the last term:

0 (0 0 (ot
f L <e)L(9—T) ¢1(T), 95 () >X,X* drdo = f j <gA(9_r) ¥1(7), ¢ (6) >X,X*d9 dr

0 o (3.7)
- J’ ) <(P1(T), J’ | eA(er)(p;(Q)d6>X,XxdT.
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Letting «* = ¢ + f?r exeqfi" (0)dO € X* and applying Proposition 2.3 to such a ¢ = (¢1(0), ¢1)
yield that

0 _
<¢1 (0), g5 + f eyt (6)d6>
-1 X, X*

= (¢1(0), K*>x,x*

0 0 0
= <A(x, An,e)”! [qfo - f By(0)g1(0)d0 + f Bo(r)f ey (0)dOdT

0 0
+ f dﬂ(r)j e)‘(T‘e)qf1(9)d9],K*>
-r T X, X*

= (v (20 AR 7) %) —fo (@), By@ (AL ARYT)w)  do

X, X* X, X*

+ fo <<F1 ), fe ("0 () + 1O By(7)dr) (A4, A7, é)_1>*x*> de.

X, X*
(3.8)

If we combine these equalities and use the fact that ¢ = (A(A, A, 7, &))" 'x*, then we obtain
“1\* * *
<((,U0,(lfl), ((M -A) ) (‘I’o/ 7] >xw
0
~ (g0 9~ | (91O B0 )y .0
-r

+ JO <(p1 ©), fe (XD (7) + X OBy (r)dr ) s + fe

-r

oM7) (T (T)d7'> do,
X,X*

(3.9)

and this proves the desired result. The proof is now complete. O

The following corollary which characterizes the infinitesimal generator «#* of the
semigroup .S*(t) on X* is a direct result of Proposition 3.1.

Corollary 3.2. The infinitesimal generator &#* of S*(t) is given by

0
B(H7) = {¢* = ($0, 1) € L7+ ¢ € D(A"), $1(6) = f dn* () = By (8) ¢ — 97 (6),

ae. 0 ¢€[-r,0] where ¢*(-) € Wl'z([—r,O];X*)},
(3.10)
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and moreover

0
S = <A*¢3 +4i0%) + B (04195, U dn (1) - $;(6) - Ba<e>¢a]>,

(3.11)
¢" = (5, 91) € D(H),
where ¢} (0+) + By (0+) @y is given by the limit limg 0, (¢7(0) + B;(0) ;).
Proof. Let A = 0in (3.4) and (3.5),then it follows that
0 0
<—A* - f_ dq*(@))d)g =g+ f_ w1(0)de, (3.12)
$10) = [° g1 (r)dr - By@)ds + [0 dn* (1), ae. 6¢€[-r,0]. (3.13)

Since the term _fi dn*(7)¢g in (3.13) is left continuous at 0 = 0, then the sum ¢7(6) + B (0)¢; is
also left continuous at 6 = 0. Then we see from (3.13) that the limit limg _o.. (¢} (0) + B;(6)$?)
exists in X and

0 0
#1090+ Bi0ng = [ gimdrs [ an @ @14

Substituting (3.14) into (3.12) yield
—¢p = A" + ¢1(0+) + By (0+) 5, (3.15)

and letting A = 0 in (3.5) and further taking derivative with respect to 6 € [-r, 0] yields
R
~41(0) = =5 U di’ ()¢ ~ 1(0) - B3<6>¢3] (3.16)

from which the desired results are easily obtained. The proof is now complete. O

The adjoint neutral resolvent set p(A*, 1", ") is defined similarly as the set of all values A
in C! for which the operator A(\, A*,7*,¢*) has a bounded inverse on X*. Then by applying
the adjoint version of Proposition 3.1, we see that p(A*) = p(A*, 11%, {").

4. Spectral Properties

In this section we investigate the spectral properties of operators «# and <#* by means of
AL, A, 7, ¢) and A(X, A*, 1%, ¢*) in preceding sections. In the remainder of this paper, we
denote A(A, A,7,¢) by A(L). Also recall that the neutral spectrum o(A(A, A,7,¢)), or simply
o(A), is defined by o(A) = C! \ p(A,7,{). The spectrum o(A) of A(), A,7,¢) can be divided
into three disjoint subsets in the following manner. The continuous spectrum oc(A) is the set
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of values of A for which A(\, 4, 7, ¢) has an unbounded inverse with dense domain in X. The
residual spectrum og(A) is the set of values of A for which A(, A, 7, {) has an inverse whose
domain is not dense in X. The point spectrum op(A) is the set of values of A for which no
inverse of A(\, A,1,¢) exists. Define the subset 0,4(A) of op(A) by

04(A) ={L: L eop(A) and dim Ker A(1) is finite}. (4.1)

Throughout this paper we suppose that og(A) = @ and 04(A) is a denumerable nonempty
set. Further we suppose on 04(A) that, for each pair Ay, \> € 0,4(A), there exists a continuous
rectifiable arcC C p(A) joining A and 1,. This condition implies that for any finite set A
in 04(A) there exists a continuous rectifiable arc Cpo C p(A) which surrounds A inside and
contains no other points in o(A).

We also denote A(A, A%, 1%, ¢*) by A*(L) and define the spectrum sets o(A*), op(A*)
and 04(A*), in a similar way to those for A(\, A, 7, ¢). The proposition below shows some
identical relations between the neutral point spectrum of &/, #* and A, A*.

Proposition 4.1. The neutral point spectrum of o# (resp., #*) satisfies that op(#) = op(A) (resp.,
op(A*) = op(A*)) and c4(A) = 04(A) (resp., oa(H4*) = 0a(A")).

Proof. Recall that, by Proposition 2.3, for any A € C! the relation (A\I — 4)p = ¢, p € D(A),
¢ € X is equivalent to the relation A(L)¢1(0) = Gi(¢), o = $1(0) € D(A), where Gy (¢) is
given by

0 0
Gi(y) = go + f dn(6) f MO g, (1) dr
—r 0

0 0 0
+I Ade(6) f )Le“@-T)q;l(T)dT—J‘ dg(0) g (0)do, (4.2)
—r 9 _r

0
$1(0) = "¢ (0) + f e*@ Dy (t)dr, 0 € [-1,0]
6
If we substitute ¢ = 0 in the above equalities, we have that Ker(AI — &) = {0} is equivalent
to KerA(A) = {0}, and hence Ker(AI — /) ={0} if and only if KerA(A) ={0}. This concludes,
by definition, op(«#) = op(A). It is easy to see that ¢ = (¢(0),p) € Ker(AI — &) if and only if
$(0) € KerA(\) and ¢(0) = e*?¢1(0). By this equivalence it is easily seen that dim Ker A(\) =
dim Ker(Al — &#). This shows 04(#) = 04(A). The other equalities op(+#*) = op(A*) and
04(#*) = 04(A*) can be proved similarly. O

In what follows we omit the symbol I for the identity operator; for example, A — &
denotes AI — . For each isolated point A € o(+#), the spectral projection P, and the
quasinilpotent operator Q, are defined, respectively, by

(z—o#)dz, Q)= L (z-AN)(z-o)ldz, (4.3)

Py
271 n

201 n
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where y; is a small circle with center A such that its interior and y) contain no points of o(<#).

Let N, = PyX be the generalized eigenspace corresponding to the eigenvalue A of A. It is
obvious that

| : - ,
Q| = yerll INCEPOUCER) 'dz, j=1,2,... (4.4)
Ta

Further, if A is a pole of (z — J)_l of order k), then we have

M=0, ImQicuy, (4.5)

Ker(A —&4) = Ny NnKerQ,, (4.6)

where O is the null operator, and the direct sum decompositions of X
My=Ker(A-oA)F, A= elm-H)k (4.7)

hold (cf. Chapter 3 in Kato [12], Chapter 8 in Tanabe [13]). The relations (4.3)—(4.7) hold for
#* and each isolated A € o(<#*). In view of Proposition 2.3, we see that

Ker(A - o) = { (go,€"g0) : A\)o = 0. (4.8)

Note that 1 is a pole and each Ker(\ — &) and W, are finite dimensional if A € o4(A).
Let A C 04(s#) be a finite set of isolated spectrum. Suppose that there exists a rectifiable
Jordan curve y, which surrounds A and separates A and C! \ A. We define the projection Py
on A by

1 -1
PA = E , (Z - e4) dz. (49)

Then the following decomposition of X holds:
X = /Np®Rp, (4.10)
where

Na=PrX, Ra=(I-Pr)X, (4.11)

and [ is the identity operator on A.
Now we introduce the bounded operator F) : X* — L?([-r,0]; X*) defined by

0 0
[Fig;] (6) = [—BS(G)+I T dn* (1) +f7 AeMT-@)Bg(T)dT]q)g, ae. 0¢[-r0]
(4.12)
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for any A € C!. Then by applying the adjoint version of Proposition 3.1, we have
Ker(X- o) = { (g5, Frgy) - A"(X) 95 =0}, (4.13)
where A*(A) = A(\, A%, 71", ¢*) and, if A € 04(<#*) = 04(A*), then

dim Ker(X—J*) = dim KerA*(X) < . (4.14)

Let A € o(<#) be an isolated point. Then, by Kato [12], e o(4*) is also isolated and the
eigenspace Ker(A — «/*) and the generalized eigenspace N = (P K = PZX* are well
defined, and

dim Ker(A - &) = dim Ker<1 - J*) < oo, dim M, = dim JU} < o, (4.15)

where Pris the projection

1
Pfr=_——

_ _ %\ —1
= T Iyx (z—A7) dz (4.16)

and y, is the mirror image of y, in (4.3). Hence, we have the following result.

Proposition 4.2. For each A € 04(A), one has X € 04(A*) = 04(#4*) and

Ker(X-o) = {(¢5, Fidp) : ¢ € Ker A (1)},
dim Ker(X—J*) = dim KerA*(X) < oo, (4.17)
dim ,/U} = dim NV, < co.

5. Pole Assignment

In general, for system (2.1) we have no ideas whether or not the associated generator < in
Theorem 2.2 satisfies the spectral determined growth condition

th
sup{Re L : L e o(4)} = tlim In u. (5.1)

Consequently, it is difficult for standard results, for example, those established by Hale [11],
to be applied to the mild solution y(-,¢) of (2.1). Instead of considering the stability and
stabilizability problem for the control system (2.4), we will study in this section the finite
pole assignment problem for (2.4) on the product space X.

We are concerned about the finite pole assignment problem of the control system (2.4):
under what conditions on M can we construct a feedback law such that any finite set in 4 (A)
is shifted to any preassigned set in the complex plane?
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To this end, first note that, by means of </, we can reformulate system (2.4) into the
space X as a control system without delay:

_dl(;ft) =AY (1) + Mu(t), t20,Y(0)=¢=(do,¢1) € X, ueL*([0,00);U), 52)

where M : U — X is defined by Mu = (Mu,0), u € U.

Definition 5.1. Let Ag = {A1,..., M1} Coq(A) and A; = {1, ..., 1} be finite sets in the complex
plane. The control system (5.2) is said to be pole assignable with respect to (Ao, A1) if and only
if there exists a bounded linear operator K € £(X,U) such that

o(A + MK) = (0(A) \ Ag) UA;. (5.3)

We remark that the operator K has the form
0
Kp=Koo+ | Ki@pr(0)d0, ¢ = (o) € X, 54)

where Ky € £(X,U) and K; € L*>([-r,0]; £(X,U)).
We will show three results which are important in the subsequent finite pole
assignability.

Proposition 5.2. For arbitrary A € C, the following relations are equivalent:

(i) Im(A — o4) + Im M = X;
(i) ImA(\) + ImM = X.

Proof. Relation (i) holds if and only if, for any ¢ € X, there exist ¢ = (¢o, P1) € D(+#) with
$o = $1(0) € D(A) and u € U such that

A—A)P+ Mu = g. (5.5)
This is equivalent, in view of Proposition 2.3, to

A1 (0) — A1 (0) - f?r dg(0)¢;(0) - f?r an(0)e.1(0) + Mu =y, ¢1(0) € D(A), (5.6)

A1(0) - %4’1(9) =¢1(0), 60¢€[-r0]. (5.7)
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We solve the differential equation (5.7) to obtain

0
$1(6) = ' (0) +f Oy (t)dr, 0 € [-1,0]. (5.8)
6
Substituting (5.8) into (5.6) and using Fubini’s theorem, we have
0 0 0
AN)1(0) + Mu = g + f dq(@)f 'Oy (1)dT +J d¢(0) g1 ()
-r 0 —-r
(5.9)

0 0
+j dg(e)j 1e* Dy (T)dT,  $1(0) € D(A).
-r 0

Also, condition (ii) holds if and only if, for any ¢y € X, there exist xp € ®(A) and u € U such
that

A(N)xo + Mu = ¢p. (5.10)

Assume that (i) holds and let ¢y € X be an arbitrarily given vector. If we put ¢ = (o, ¢51) =
(190, 0) € X, then by virtue of (5.9) there exist ¢ = (¢1(0), ¢1) € D(e#) and u € U such that

AN (0) + Mu=go, ¢ =(91(0),e"$1(0)). (5.11)

By setting ko = ¢1(0), we have (5.10) so that (ii) is valid. Next, we will show the implication
(ii) = (i). To this end, assume that (ii) is valid and let ¢ = (o, ¢r1) € X. If we put

0 0 0 0 0
9o = g + f, dn(6) L Oy (T)dT + J, FIC) J’G Ae* O Dy (1)dT + f ac(0)g(0),

(5.12)
then by virtue of (5.10) we have
A(M)xo + Mu = ¢q (5.13)
for some xy € D(A) and u € U. For such a vector xy, we define ¢;(08) by
0
$1(0) = e + f Oy (1)dr, 6 € [-r,0]. (5.14)
0

Then the function ¢;(0) satisfies ¢1(0) = ko € D(A), P = (¢1(0), p1(-)) € D(#) satisfies (5.6)
and (5.7), and relation (i) is therefore proved to be valid. O
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Proposition 5.3. For \ € C!, the following relations are equivalent:

(i) Ker(X — «#*) N Ker * = {0};

)
(ii) Ker A*(A) N Ker M* = {0};
(iii) Im(A —4) + Im M = X, thatis, Im(A — #) + Im M is dense in X
(iv) ImAA) + Im M = X, thatis, Im A(L) + Im M is dense in X.

Proof. We first show the equivalence of (i) and (ii). By the very definitions of adjoint operators
and operator M, we have that, for any ¢* = (¢;, $7) € X* and u € U,

(u, M*¢g) - = (Mu, §g) x x+/

(5.15)
(u/-/"*d’*)u,u* = (Mu, ¢*>x,x* = ((Mu,0), (¢8,¢I))x,x* = (Mu/‘.bf;)x,x*-

Thus, the condition ¢* € Ker M* is equivalent to the condition ¢; € Ker M*. Now assume
that (i) holds and let ¢; € Ker A*(X) N Ker M*. If we set

¥ = @590 = (91-Bi0)+ [ SOar@gs [ TR @dos) e, Ga6)

-r

then, by virtue of Proposition 3.1, we have ¢* € Ker(A — «#*) N Ker /M*, so that, by (i), ¢* =
(95, 97) = 0 and thus ¢ = 0. This proves the implication (i) = (ii). To show the converse
implication, suppose that (ii) is true and let ¢* = (¢g, P7) € Ker(A — «#*) N Ker M*. Then
again by virtue of Proposition 3.1, we have that ¢; € Ker A* (),

¥ = (#-Bi0+ [ SOares [ OB @), (6517)

-r
and ¢ € Ker M*; hence ¢; = 0 in view of (ii). Then ¢* = 0, and thus relation (i) is shown to
be true.Now we show the equivalence of (i) and (iii). Define the closed operator [A — <4, M] :

D(A)xUCcXxU — Xby

A=A, M(u) =(A—A)P+ Mu, (P,u) e D(HA)xU. (5.18)

Here X x U is a complex Banach space equipped with the norm ||(¢, 1) || xxu = ||Pllx + l|lullu
for any (¢,u) € A x U. Then by the duality theorem, condition (iii) is equivalent to
Ker[A — 4, M]* = {0}. By calculating the adjoint operator that involves duality pairings, we
can readily verify that the adjoint [A — &, M]" : X* — X* x U* is given by

-t ] "¢ = (M -o7)p7, 97), ¢ e x (5.19)
It then follows from (5.19) that Ker[\ — 4, M]* = {0} if and only if

Ker(X—J*) N Ker_m* = {0). (5.20)
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This proves the desired equivalence of (i) and (iii). We note here that the adjoint operator
A(L)" is given by A*(\). Then the equivalence of (ii) and (iv) can be shown as in the proof of
the equivalence of (i) and (iii). Hence the proof is complete.Given arbitrarily sets

AO = {)Llr---/)‘l} c Gd(A)/ Al = {,ulrn-/,ul} C (Cl/ (521)

let U = CN and the controller M : CN — X be defined by

N
Mu=>uby, u=(uy,...,uy)€CV, byeX, k=1,...,N. (5.22)
i=1

For A € 04(A), it is clear that X € ou(A4%) = 04(A) and we can thus denote the basis of the
kernel Ker A*(X) by {(p;].}j’gl, where d) = dim Ker A*(}). O

Proposition 5.4. Assume that M is given by (5.22). For any A € o4(A), the following conditions
are equivalent:

(i) Ker A*(\)n Ker M*={0};

(if) Rank({be, 9} ) xx- 1k =1, N,j=1,...,dy) = du.

Proof. First we note that Ker M* is given by the orthogonal complement
Ker M* = (ImM)* = {b;: 1<k < N} (5.23)

To show the implication (i) = (ii), let us suppose contrarily that the rank condition (ii) is not
satisfied. Then there exists a nonzero vector z = (z, ..., z4,) € C* such that

d),
Dz 9 )xx =0, k=1,...,N. (5.24)
j=1

If we set ¢* = Z;’:‘l Zjp); then ¢* € Ker A*(1) is nonzero and

dy
(bx, (P*>X,X* = <bk' ZEJ"/’XJ'>
=1

dy
= > zilbe ¢l xx =0, k=1,...,N. (5.25)
xx+ =
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Thus ¢* € {by : 1 <k < N}* = Ker M*. This implies that (i) does not hold. Next we will show
the converse implication (ii) = (i). Assume that (ii) is valid and let ¢* € Ker A*(A)N{bx : 1 <
k < N}*. Suppose that ¢* is represented as ¢* = Z;’l:*l Zjp}jr Zj € C!, by use of the basis {(p’i].}
of Ker A*(X), and the condition (b, ¢*) xx- =0,k=1,...,N, are written as

dy A !
<b1, sz<p}j> e <bN/ ZZﬂP}j>
j=1 X, X* j=1 X, X*

d ) T (5.26)
P

—~
=
=}
~
~
I

where B, = (<bk’(PL‘>X,X* tk=1,...,N,j=1,...,d)). Here ()T means the transpose operation
of matrices. So the rank condition (ii) implies thatz; = z; = 0,j = 1,...,d). Thus ¢* = 0, which
obviously shows (i). O

We can summarize the previous results in the following form.

Theorem 5.5. Assume that M is given by (5.22). For any A € o4(A), the following relations (i)—
(v) are equivalent:

(1) Im(A—o4) + Im M = X;

(i) ImA\) + ImM = X;

(iii) Ker(A — #*) N Ker _t* = {0};

(iv) Ker A*(\) N Ker M* = {0};

(V) Rank((bk,(p:‘\j)xrx* k= 1,. . .,N,j = 1,. . .,d)t) = d)l.
Proof. Since M is given by (5.22), Im M is finite dimensional. Whereas dim P\ X = dim _#,
is finite by A € o4(+#), from Theorem 5.28 by Kato in [12], the operator A — f is Fredholm and
hence by Lemma 1.9 by Kato in [12], the sum Im(A—<#)+ Im _# is closed. It is also clear that

Im A(1) is closed and so is Im A(X) + Im M for A € o4(A). Then the equivalences (i)—(v)
follow from Propositions 5.2, 5.3 and 5.4. O

For a finite set Ag = {Ay,..., 41} C 04(A), there exists, by assumption, a rectifiable
Jordan curve ya, which surrounds A and separates Ag and C! \ Ay. If we denote by Py, the
projection on Ay, then we can decompose the space X as

X = ,/UAO 52} RAor (5.27)
where

-/UA() = PAQ‘%/ RAO = (I - PAO)’X' (5'28)
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As Ag C 04(A), each \; € Ag is a pole of (z - 94)71 and the subspace N, is finite dimensional
by Proposition 4.2. For the mappings M and &/, we define the operators «#5, and _#,, by

An, =DPayoA,  Ma, = Pa, M. (5.29)

Since the operators «#4, and #,, are bounded and linear in the finite-dimensional space Nx,,
the exponential operator e/% = S, (t) is well defined on _W,. Let ¢ € X and u € Lr(R,; CN).
We introduce the following finite-dimensional control system on _#, by

M = JAOYO(t) +_/IlAOu(t), t> 0,
dt (5.30)

Yo(O) = PAO()b € -/UAO-

In view of the study by Wonham in [14], the dual observed system of (5.30) on the adjoint
space (My,)" C X* is given by

dZy(t) _
dr
Zp(0) = (Pa,)*¢* € (Ma,)" = JU*XO’ (5.31)

Yo(t) = M Zo(t), £20,

5, Zo(t), 120,

where (Py,)* = P%O, Ao = {Ay,..., ) is given by P%U = IYAO (z — A4*) ldz, ¥, being
mirror image of ya,, '/U*Ko = P%O X, ARO = (PpA)" = P/*\OJ* is a bounded linear operator
on ,/Ui , My, € LK, CN) is given by Mg = ,/fl*P* *,¢* € X*. And We denote by
3% (t) the exponential operator generated by < . Itis obv10us that S% (t) = 5*(t)P*

In finite-dimensional control theory it is well known (cf., Wonham [14]) that the finite-
dimensional control system (5.30) is controllable; that is,

{I Sp, (t—8) Mp,u(s)ds : u € L2<[o t]; (CN>} = My, (5.32)

t>0
if and only if the observed system (5.31) is observable; that is,
,/Ilj\USZ‘\U(t)q;* =0, t>0,¢"€ ’/U*KU implies that ¢* = 0. (5.33)

The space Ny, is decomposed as N, = Ny, ®- - -@ N, (direct sum) so that we have the similar
direct sum ‘/UKO = ,/UL@' . OGBJUL. The projection PKO is also decomposed as PKU = PL + -+PXI,
and hence

M, S, (D" = MS (P ¢" = MOS (P ¢+ + MS ()P ¢ (5.34)
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Therefore, condition (5.33) is equivalent to the statement
MS By =0, t>0,¢" € ‘/UL implies that ¢* =0 (5.35)

foreachi=1,...,1 _
Since the eigenvalue \; of &#* is a pole of (z - e4*)_1 with order k),, we have

S ()P = el (z - oA*) dz
' ¥y,

i

27ri

— 1 —
— et/\i - et(z—/\i)(z_ed*)—ldz

2 ),
kol . (5.36)
=ethi %LJ‘ <Z—)Li>](2—e4*)7ldz
=7 201 ¥,
Rty j
_ Ut * = *
=e PL+Z]'!<QA>
j=1
Hence, for ¢* € JU}_the equality
MS* (Hy* =0, t>0, (5.37)
is equivalent to
* Yk, k¥ * * j * .
MPryt =0, M(Q) g =0, j=1, k-1 (5.38)
Recall that, by virtue of Proposition 4.2, we have
d; = dim Ker(}; — o) = dim Ker(L - 4*) = dim Ker A*(X,-) < oo (5.39)

We denote the basis of Ker A*(\;) by/{ $iis---r @iy} C D(A"). Then again by Proposition 4.2,
the basis of Ker (X,- — #%)is given by

{ (o1 Fron ) (91 Fria,) | € 2 (5.40)
We set @ = (¢7;, F1,¢};,), then

(bewl)y . = ((00,0), D)) (5.41)
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holds foreachk =1,...,Nandj=1,...,d;. Indeed, we have
(B, 0), D) - = (01, 0), (5 iy ) e = (B 9 e (5.42)

In order to prove the finite pole assignability theorem we need the following
proposition on the rank condition.

Proposition 5.6. Assume that M is given by (5.22). Then the following two statements are
equivalent

(i) The equalities

* ¥,k * * ] * . N N
./KPXiqf =0, M (QX) ¢ =0, j=1,...ky,, ¢ GJUL’ (5.43)

imply that ¢* = 0.
(ii) The rank condition

Rank((bk,(pfj)xrx* k=1,...,N,j= 1,...,d,»> - 4 (5.44)

holds.

Proof. Since M is given by (5.22), it follows from standard calculations that the adjoint
operator M} € £(X*,CN) is given by

Mays = (<b1,qr3>,..-,<bw,qf5‘>), ¢, € X5, (5.45)

and M* € L(X*,CN)is given by M*¢* = Mgy for ¢* = (¢, ¢}) € X*. Hence, the equalities
(5.43) can be rewritten as

<bk’ [pi(P*] 0 >x,x* - <(bk’ 0 Pi(p* >x,w

<bk, [(Qi) jqj*]0>XX* = ((06,0,Q})9") =0 k=1..,N, j=1,. k. (547)

Il
S
=
Il
—_
S
Z

(5.46)

We first show the implication (i) = (ii). Suppose to the contrary that the rank condition (5.44),
or equivalently by the rank condition (5.41),

Rank(((bk,O),CDl*fj)x,x* k=1,...,N,j= 1,...,dl-> - d; (5.48)

is not satisfied. Then there exists a nonzero vector z = (z1,...,24,) € CN such that

d;

d;
sz<(bk,0),cbf,- > wpe = (i 0), D ZP)xx =0, k=1,...,N. (5.49)
j=1 ’ j=1
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If we set ®* = Z}tl Eth):‘j, then @* € Ker(\; — o#*) C JU}_ is nonzero and by (5.49)
((bk,0), D" )y - =0, k=1,...,N. (5.50)

Since Pi“ @* = @*, equalities (5.46) hold owing to (5.50). The relation Ker(\; — %) = ./U} N
Ker Q* (Cf (4.6)) yields Q* ®* =0, and hence (Q* Y @* = 0 for each j=1,2,.... This implies
equahty (5.47). Hence (i) does not hold, which is a contradiction. O

Next we show the converse implication (ii) = (i). Let ¢* € ,/Ui. Assume that the
rank condition (5.44), or equivalently (5.48), and equalities (5.46) hold. Since (Qi)k'*i =0
and Im Q* C _/ll* by (4.5), then ¢} = (Q* )k‘ “ly* € Ker Qi, so that ¢] € Ker(Xi—J*) by (4.6).
Then ¢ is wrltten as

d;
@t = Zz].q);j, zjeC', j=1,...,d. (5.51)
=1

Hence, it follows from (5.41), (5.45), and the last equality in (5.47) that
* * k-1 * * & *
M(Q;) " v =M 2.7
= 0

d,‘ di
= (bl,O),Zz]-qn;‘.> ,...,<(bN,0),Zz]~<D?-> )
<< = 2,10 = 2,10 (5.52)
di di
= <b1,Zz]-<p;‘j> ,...,<bN,Zz]-(p;“j>
j=1 X, X* j=t X, X*

=(0,...,0) e CN,

and thus

Bi(z1,...,z4)" =(0,...,0)7, (5.53)

where B; = ((bg, (p:.‘]. )x x+) and I denotes the transpose of the vector. Since the rank condition
(5.44) is satisfied, (5.53) implies that z; = - -- = z4, = 0. That is, ¢] = 0. Hence ¢} = (Q}‘)kh’zqy*
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is an element of Ker Q}_, so that ¢} € Ker(\; — A*) by (4.6). We can repeat this procedure via
(5.44) to obtain X

* * k)”f_s * * % * % *
93=0, (@) ¢'=0..., Qg =0 Piy'=¢ =0 (5.54)

Therefore (i) is shown.Recall notation (5.21), and for each \;, i =1,...,[, let {(p;.*j}?il C X* be

the basis of the null space Ker A*(1), where d; = dim Ker A*(1). We may further obtain the
following result by virtue of Proposition 5.6.

Theorem 5.7. Assume that M is given by (5.22) in system (5.2). Let a finite set Ag = {A1,..., M1} C
04(A) be given. For each A; € Ao, let B;,i=1,...,1, be N x d; matrices given by

Bi = ((bk,(p:f]-)xrx* k=1,...N,j= 1,...,dl~>. (5.55)

Then the control system (5.2) is pole assignable with respect to (Ao, A1) for any finite set Ay =
{ua,-.., i} in Ctif and only if the rank conditions

Rank B; =d;, foreachi=1,...,1, (5.56)

are satisfied.

Proof. Given that Ay = {p1,...,u} C C!, by Theorem 5.5 and Proposition 5.6 we have the
equivalences of (5.32), (5.33), (5.35), (5.43), (5.44) and (5.56). Condition (5.32) means that
the finite-dimensional control system (5.30) on V,, is controllable. Then by Wonham’s pole
assignment theorem [14], (5.30) on Wy, is controllable if and only if there exists a linear
operator Ky € £(Ny,, CN) such that

O(AA[) + BA()KO) =A;, on ./UAU' (557)

Define the operator K € £(X,CN) by

K s -/U 0r
Kep = { oo (558)
0, (i) € RAO-

It is clear that MK = O on Ry, and MK = My, Ko on Ny, Hence 4 + MK = 4 on Ry, and
A+ MK = A, + Ma, Ko on My, which implies that o(# + MK) = 0(s#) \ Ag on Ry, and
o(# + MK) = Aj on Ny, by (5.57). Thus, we obtain the conclusion (5.3) by the direct sum
decomposition (4.10). This completes the proof of the theorem. O
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