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We consider g-Euler numbers, polynomials, and g-Stirling numbers of first and second kinds.

Finally, we investigate some interesting properties of the modified g-Bernstein polynomials related
to g-Euler numbers and g-Stirling numbers by using fermionic p-adic integrals on Z,.

1. Introduction

Let C[0, 1] be the set of continuous functions on [0, 1]. The classical Bernstein polynomials of
degree n for f € C[0, 1] are defined by

B (f) =§f(§>3k,n(x), 0<x<1, (1.1)

where B,,(f) is called the Bernstein operator and

Bon() = () e 1" (1.2)
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are called the Bernstein basis polynomials (or the Bernstein polynomials of degree )
(see [1]). Recently, Acikgoz and Araci have studied the generating function for Bernstein
polynomials (see [2, 3]). Their generating function for By ,(x) is given by

thp-0tyk  ®

tTl
(k) - - = _
FYW(t,x) = Z = ngzo By n(x) ol (1.3)

where k =0,1,...and x € [0, 1]. Note that

n
xF(1-x)"F, ifn>k,
Biax) = <k> 4= (14)
01 if n< k,

forn=0,1,... (see [2,3]).

Let p be an odd prime number. Throughout this paper, Z,, Q,, and C, will denote the
ring of p-adic rational integers, the field of p-adic rational numbers, and the completion of
the algebraic closure of Q,, respectively. Let v, be the normalized exponential valuation of C,
with |p|, =p~L.

Throughout this paper, we use the following notation:

1-g*
1-q’

1_ _ X
[x]_, = —1(+ Z) (1.5)

[x], =

(cf. [4-7]). Let N be the natural numbers and Z, = N U {0}. Let UD(Z,) be the space of
uniformly differentiable function on Z,,.

Let g € C, with [1 - g|, < p/#") and x € Z,. Then g-Bernstein type operator for
f € UD(Zy,) is defined by (see [8, 9])

_ S k n k n-k _ L k
Bug(f) = kZ_Of(;) SRR AR WIS e (16)
for k,n € Z,, where
Bin(x,q) = (Z) [x]5[1 - x]) " (1.7)

is called the modified g-Bernstein polynomials of degree n. When we put g — 1 in (1.7),
[x]’q‘ — xk,[1- x]Z"k — (1- x)"_k, and we obtain the classical Bernstein polynomial, defined
by (1.2). We can deduce very easily from (1.7) that

By (x,q) = [1 - x],Bin-1(x,q) + [x];Bi-1,n-1(x, q) (1.8)
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(see [8]). For 0 < k < n, derivatives of the nth degree modified g-Bernstein polynomials are
polynomials of degree n — 1:

d In
aBk,n (x,q9) = n(quk—l,n—l (x,9) = 4" Biu-1(x, q)) q—_ql (1.9)

(see [8]).

The Bernstein polynomials can also be defined in many different ways. Thus, recently,
many applications of these polynomials have been looked for by many authors. In the recent
years, the g-Bernstein polynomials have been investigated and studied by many authors in
many different ways (see [1, 8, 9] and references therein [10, 11]). In [11], Phillips gave many
results concerning the g-integers and an account of the properties of g-Bernstein polynomials.
He gave many applications of these polynomials on approximation theory. In [2, 3], Acikgoz
and Araci have introduced several type Bernstein polynomials. The Acikgoz and Araci paper
to announced in the conference is actually motivated to write this paper. In [1], Simsek
and Acikgoz constructed a new generating function of the g-Bernstein type polynomials
and established elementary properties of this function. In [8], Kim et al. proposed the
modified g-Bernstein polynomials of degree n, which are different g-Bernstein polynomials of
Phillips. In [9], Kim et al. investigated some interesting properties of the modified g-Bernstein
polynomials of degree n related to g-Stirling numbers and Carlitz’s g-Bernoulli numbers.

In the present paper, we consider g-Euler numbers, polynomials, and g-Stirling
numbers of first and second kinds. We also investigate some interesting properties of the
modified g-Bernstein polynomials of degree n related to g-Euler numbers and g-Stirling
numbers by using fermionic p-adic integrals on Z,.

2. g-Euler Numbers and Polynomials Related to
the Fermionic p-Adic Integrals on Z,

For N > 1, the fermionic g-extension y, of the p-adic Haar distribution praar,

‘u,q<a+pNZp> = [ (2.1)

is known as a measure on Z,, where a + pNZp ={xeQ|lx—-al < p N} (cf. [4, 12]).
We will write dp_4(x) to remind ourselves that x is the variable of integration. Let UD(Z),)
be the space of uniformly differentiable function on Z,. Then p_, yields the fermionic p-adic
g-integral of a function f € UD(Z,):

1+

q A x
v 2 f0)(=q) (2.2)
x=0

Ly(f) = J;p flo)du_4(x) = ]&iinool e
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(cf. [12-15]). Many interesting properties of (2.2) were studied by many authors (see [12, 13]

and the references given there). Using (2.2), we have the fermionic p-adic invariant integral
on Zj as follows:

lim I, (f) = I.(f) = f f(a)dp (x). (2.3)
q— Z,
For n € N, write f,(x) = f(x + n). We have
n-1
Li(fa) = (D" (f) +2 3 ()" F D). (2.4)
1=0

This identity is obtained by Kim in [12] to derive interesting properties and relationships
involving g-Euler numbers and polynomials. For n € Z., we note that

NERE jzp (X1 dp1(x) = B, (25)

where E, ; are the g-Euler numbers (see [16]). It is easy to see that Eg, = 1. For n € N, we
have

(7 )aEa - % (1) tim. p:Z__: (] (-D)*

1=0

=11mZ(1( )

N —

(2.6)
= lim Z -D* x+1

N—>oo

-~ lim Z( (1t o))

= —E,,

From this formula, we have the following recurrence formula:

Eoy=1, (GE+1)"+E,; =0 ifneN, (2.7)

with the usual convention of replacing E' by E; . By the simple calculation of the fermionic
p-adic invariant integral on Z,, we see that

2
(1-9)"

M:

Eng= < )(— ) 1+ql, (2.8)

Iy
o
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where (7) = n!/ll(n-1)! = n(n—-1)---(n -1+ 1)/I'. Now, by introducing the following
equations:

Wty =l g =3 - (T 1) (] (29)

m=0 m

into (2.5), we find that
n+m-1
Evig=4q" Z 1-9" < )En+m,q- (2.10)

This identity is a peculiarity of the p-adic g-Euler numbers, and the classical Euler numbers
do not seem to have a similar relation. Let F,(t) be the generating function of the g-Euler
numbers. Then we obtain that

©, 2 1
= (T > (—1)’<l>1 i (2.11)

From (2.11), we note that

E (i‘) 2t/ (1-9) Z( 1) no(=q"/(1=q)t — ZZ( 1)” [nlgt (2.12)

It is well known that

Li([x+y]") = f [x + y]"dp1 (v) = Eng(x), (2.13)

p

where E, ;(x) are the g-Euler polynomials (see [16]). In the special case x = 0, the numbers
E, 4(0) = E, 4 are referred to as the g-Euler numbers. Thus, we have

fp [x +y]"dpa(y) =§)<Z> I ""f [v]"du-1(y)
Z( ) 1" g5 Ey, (2.14)

(qu + [x]q>n.
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It is easily verified, using (2.12) and (2.13), that the g-Euler polynomials E, 4(x) satisfy the
following formula:

[ tn X

P

8

n /n qlx n
<1-q>n§<—”<z>1+qza %

— ZZ ( 1)n [n+x

5

Using formula (2.15), when g tends to 1, we can readily derive the Euler polynomials, E, (x),
namely,

2xt 0

X e tn
f e (y) = e Z‘)En(x)m (2.16)
P n=

(see [12]). Note that E,(0) = E, are referred to as the nth Euler numbers. Comparing the
coefficients of " /n! on both sides of (2.15), we have

En,q<x>=2§0(—1>m[m+x1: e Z(—)()

Tod (2.17)

We refer to [n] 4 as a g-integer and note that [n]
obvious way we also define a g-factorial,

¢ is a continuous function of g. In an

-11.---11., N,
[ﬂ;={mhm lg o[y me (2.18)
1, n=0,
and a g-analogue of binomial coefficient,
N T G M Ve e R
<n)q REEDR iR [, 219
(cf. [14, 16]). Note that
. [x x x(x=1)---(x-n+ 1)
im(2), = ()= 20

It readily follows from (2.19) that

O gEQ e e

q
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(cf. [7,16]). It can be readily seen that

g = ([x1,(a - 1)+1) i( >q )" [x]g

m=0

Thus, by (2.13) and (2.22), we have

fz (n) A (0 = (: 1<)2>Zq <) )lf:;<n;i>(q—1)j51,q-

P q ]

From now on, we use the following notation:

[x],!
[x k q CI Zslq(k l) q’ keZ,,
n 3] [X]q!
x|? = 2'sy (N, k)——~—, nez,
[ ]q %q 2,11( )[x—k]q'

(see [7]). From (2.24), and (2.22), we calculate the following consequence:
v %) K g9 1)} glGek+1)
[x]q - Z q Sz,q(nr ) k Z q ( )

i( > (L PHA-0 gyl

Therefore, we obtain the following theorem.

Theorem 2.1. Forn € Z,,

n

Sk ek (KN (Dsian (1
£uy= 303 St a-0" () 4400 (L))
k q

=0 m=0I=m

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)
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By (2.22) and simple calculation, we find that

Z (Z) (9-1)"Emgq = fz,, g dp-1(x)

m=0

n vk /n k-1 .
:kz:é(q_g q(2><k>qf TT0x - il,dues ()

x o (2.27)
O \k(n "
@ <k>q%31"’(k'm)f It
Z_<Z (g-1) < > S1q(k,m)>Em,q.

Therefore, we deduce the following theorem.

Theorem 2.2. Forn € Z,,

2 () @0 Ena= 35 33 =0 () srate 22

m=0 k=m

Corollary 2.3. For m,n € Z, withm < n,
<:1> @-1)"=> (q-D" (Z) s1,4(k, m). (2.29)
k=m q

By (2.17) and Corollary 2.3, we obtain the following corollary.
Corollary 2.4. Forn € Z,,

n

n ! i /n qlx
(1 q)nl é( ]‘ (q_l) <k>q51,q(k11)1+—ql. (230)

It is easy to see that

<Z> =Y g=u (2.31)

q  lp+-+lk=n-k

(cf. [7]). From (2.31) and Corollary 2.4, we can also derive the following interesting formula
for g-Euler polynomials.

Theorem 2.5. Forn € Z,,

n

u " 1 Ix
Enq(x) =23, > gl 51 (K, l)(—l)k#qr (2.32)

n+l-k
120 k=l o+ thomn—k (1-9)
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These polynomials are related to the many branches of Mathematics, for example,
combinatorics, number theory, and discrete probability distributions for finding higher-order
moments (cf. [14-16]). By substituting x = 0 into the above, we have

n o n - 1 1
=233 D> 4> Z‘Wsl,q(k,n(—l)km, (2.33)

20 kel lptetl=n—k (1-g

where E, ; is the g-Euler numbers.

3. g-Euler Numbers, g-Stirling Numbers, and g-Bernstein Polynomials
Related to the Fermionic p-Adic Integrals on Z,

First, we consider the g-extension of the generating function of Bernstein polynomials in (1.3).
For g € C,, with |1 - g, < p™/~D, we obtain that

ke[l—x]qt [x]k

q
k!

] Z<"+k> [1-x Z(ntiﬂ;c)‘
n=k <Z> [x]5[1 - x]Z*k:z_n!

= ZBkn(x 61)

k
F(t,x) =

(3.1)

[\/]8

8

which is the generating function of the modified g-Bernstein type polynomials (see [9]).
Indeed, this generating function is also treated by Simsek and Acikgoz (see [1]). Note that

limqﬁlF,gk) (t,x) = F®(t, x). It is easy to show that

- xnkzi"‘kcm 1)( >( [ (g - 1), (32)

=0 1=0

From (1.6), (2.3), (2.15), and (3.2), we derive the following theorem.

Theorem 3.1. For k,n € Z, withn > k,

P m=0 [=0

where E, 4 are the g-Euler numbers.
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It is possible to write [x]’; as a linear combination of the modified g-Bernstein

polynomials by using the degree evaluation formulae and mathematical induction. Therefore,
we obtain the following theorem.

Theorem 3.2 (see [8, Theorem 7]). Fork,n€ Z,,i € N,and x € [0,1],

n k X n—i
3 W o) = el (o, + - 21,) " 64)

& ()
Leti—1 < n. Then from (1.7), (3.2), and Theorem 3.2, we have

LS (/) -
[x]} = . i
Ll (1+ (- x1,/1¢],))

:i Z mi—ki(lf()?()lré)<l+;;—1><m+;l—k> (3.5)

(n—i+m—1
X

l+p+m i—-n—-m+k+p+l
>(_1) +p+ ql(q_l)P[x]q P .

Using (2.13) and (3.5), we obtain the following theorem.

Theorem 3.3. Fork,n€ Z, andi € Nwithi—1<n,

Eig= i i 'S ki (l;()ril()z)<l+r;—l><m+;1—k>

m=0 k=i-1 1=0 p=0

(3.6)

n—-i+m-1
X ( >(_1)l+p+mql (q - 1)pEi—n—m+k+p+l,q-

The g-String numbers of the first kind is defined by

n

H(l + [k] qz> = i Sy (n,k;q)=~, (3.7)
k=0

k=1

and the g-String number of the second kind is also defined by

n

1‘[(1 + [k]qz>_1 = Z Sy(n, k; q)z* (3.8)
k=0

k=1

(see [9]). Therefore, we deduce the following theorem.
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Theorem 3.4 (see [9, Theorem 4]). Fork,n€ Z, andi € N,

Zz:l—l((f)/(?))Bk/"(x’q) — i i Sl<k,l,q)52(k,l _ k,q) [x]lq (39)

(el + 11 -1,)" =0 50

By Theorems 3.2 and 3.4 and the definition of fermionic p-adic integrals on Z,, we
obtain the following theorem.

Theorem 3.5. Fork,n € Z, andi € N,

E ( ’l< Bk/n (x’ q)
Eig= Z

Ty —dp-1(x)
k=i—1 (i Zy, <[x]q+ [1_x]q>n 1
(3.10)
ik
= Si1(k,1;q)S2(k,i—k;q)Eyq,
k=0 1=0
where E; 4 is the q-Euler numbers.
Leti—1 < n. Itis easy to show that
Ll (1], + 1= x1,)
S/n-i i i
-3 ("] ety
1=0
n—i n—i-l . i1 (311)
_ n_l> (1’1—1— )(_1)m mp . mitl _—mx
= q"[x]g""q
1=0 m=0 < ! m 1
n—-i n—i-l o . .
n-— <n_l_l><m+s_1>( 1)mm S ym+itl+s
= -1)"q"(1-q)"[x] :
5 35 ) ;
From (3.11) and Theorem 3.2, we have the following theorem.
Theorem 3.6. Fork,n € Z, andi € N,
& (5) ol e i\ /m—-i-1\/m+s-1
O [ g =5 5 ST ()
k;l (1) Jz, ; e Zo ! m s (3.12)

X (_1)mqm(1 - Q)SEm+i+l+s,q/

where E; 4 are the g-Euler numbers.

In the same manner, we can obtain the following theorem.
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Theorem 3.7. Fork,n € Z, andi € N,

u & j k+ 1 i— m _i— m
J Bin(x, q)dpa (x) = Z( )( )(7 mm )(—1)’ g = 1) " Emsig,
Zyp j=k m=0
(3.13)
where E; 4 are the g-Euler numbers.
4. Further Remarks and Observations
The g-binomial formulas are known as
n-1 AN ST
(a:9), = (1—a)(1—aq)---(1—aq > :Z i g2 (-1)'d,
i=0
! 4.1)

1 1 L& (n+i-1\
(a;q)n_(1—a)(1—a4)'~(1—aQ“)_-Z< i >qa.

i=0

Forh € Z, n € Z,,and r € N, we introduce the extended higher-order g-Euler polynomials as
follows [16]:

E(hr)(x) f q 1 (h=j)x; [X+X1 +"'+xr];ld[/l—1(xl)"'dlfl—l(xr)' (42)
Then,
r n Ix
(hr) 2 n 1 q
(x) = Z( >(—1) o
_\" 1 _qh-1+l. 41
(1-9)" 15 (-q"4q7),
(4.3)
27'

N
M=
<3
N
|
—_
~
—~
X
QN
=

) (1-9)" 13

Let us now define the extended higher-order Norlund type g-Euler polynomials as follows
[16]:

(h -r) z PN qlx
( )_ (1 q)n§< >( 1)f . T (h=1)x: . (4.4)

. "fzp g+ gZiaoDXiqy (o) -+ dpas (%)
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In the special case x = 0, Eff[{r) = Eg’[{r) (0) are called the extended higher-order Norlund type

g-Euler numbers. From (4.4), we note that

E (x) = zr(ll_ > i( >( 1)lqlx< —y q>r

1=0

1 & my r
L5 g geon(7) el
m=0 q

A simple manipulation shows that

)
m, [T g2 [rly-[r-m+1] m-
q(2)<m> - ], t= H( [l - [K],),
q

k=0

n-1 n-1

<z— )=z"1'!<1——> ZSl(n 1,k;q) (-1)Fz"*.

k=0

Formula (4.5) implies the following lemma.

Lemmad4.l. ForheZ, ne€Z,,andr €N,

<

m

ES (x) = ] ' g"mSy (m - 1,k; q) (<1< [r]"*[x + m]"
q° m=0 k=0

From (2.22), we can easily see that

e ml} = q>nii(;?)({)<-1>f+l<1-qumf[x]z.

j=0 =0

Using (2.13) and (4.8), we obtain the following lemma.

Lemma 4.2. Form,n € Z,,

Epq(m) = (- q)n zn: i(;l) ({)(_1)]41(1 - q)lqul-jl,q.

j=0 1=0

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

By Lemma 4.2, and the definition of fermionic p-adic integrals on Z,, we obtain the

following theorem.
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Theorem 4.3. Forhe Z,n € Z,,andr € N,

J' EL () dpo (x) = e Z Zq(h MGy (m =1, k; q) (<1 [r]1F En g (m)
Zyp q m=0 k=0
1 14 m
= (h=rymg_ (11 — 1,k; I AL
2r[m] gt 2= k:oq 1 DEV; (10
LSS0t
(1-q9)" FE\I/\I g
Put h = 0in (4.4). We consider the following polynomials ES,);;) (x):
. L-9)"(H(D'q"
= R P g E Py (x) -+ dp ()
Then,
0,-7) _ 1 < r ("™y=rm
Enq " (x) = > mz_0<m>q 27 m + x]j. (4.12)
A simple calculation of the fermionic p-adic invariant integral on Z, shows that
T S r ™ —rm
[ B @t = 5 3 (2 )a ). @13)
Z, m=0

Using Theorem 4.3, we can also prove that
—r r

j ES ) (x)dpr (x) = > 3 a™S1(m -1,k q) (~1)*[r]7 *Enq(m). (4.14)
Z, [m],! mlt o= &

Therefore, we obtain the following theorem.
Theorem 4.4. Form e Z,,r e Nwithm <r,

m 1 n m
<;>q<2>”’": Tl 29 "1 0m = L) GO (415)
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