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The existence of multiple periodic solutions of the following differential delay equation x'(t) =
—f(x(t - r)) is established by applying variational approaches directly, where x € R, f € C(R,R)
and r > 0 is a given constant. This means that we do not need to use Kaplan and Yorke’s reduction
technique to reduce the existence problem of the above equation to an existence problem for a
related coupled system. Such a reduction method introduced first by Kaplan and Yorke in (1974)
is often employed in previous papers to study the existence of periodic solutions for the above
equation and its similar ones by variational approaches.

1. Introduction

We are concerned in this paper with the search for 4r-periodic solutions (r > 0) of a class of

differential delay equations with the following form

xX'(t) =—f(x(t-71)),

where x € R, f € C(R,R), and r > 0 is a given constant. Equation (1.1) occurs in variety of
applications and describes many interesting types of phenomena. Taking f(x) = -6 + sinx,

then (1.1) with the form

X'(t)=6-sin(x(t-r)), t>0,6>0,r>0
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arises in the study of phase-locked loops which are widely used in communication systems
[1]. Furthermore, many equations occurring in other fields of applications can be changed to
the form of (1.1) by changing variables. For example, letting x(t) = () - 1, then the equation

xX'(t) = ax(t-1)(1 + x(t)) (1.3)

can be changed to the form of (1.1). Equation (1.3) was first proposed by Cunningham [2]
as a nonlinear population growth model. Later Wright in [3] mentioned it as arising in the
application of probability methods to the theory of asymptotic prime number density. For
applications of (1.3) and its similar ones on ecology, one may see [4].

Because of extensive applications, (1.1) and (1.3) have been studied by many authors
through various methods [1-3, 5-23]. In 1962, Jones in his paper of [13] considered (1.3) and
obtained the existence of periodic solutions of (1.3) by applying fixed point theory. Nussbaum
[14] also used fixed point theory [24] for the truncated cones of Krasnosel’skii to give an
existence result on periodic solutions.

Besides various fixed point theorems, the global Hopf bifurcation theorem for
differential delay equations introduced by Chow and Mallet-Paret [25], qualitative theory
of ordinary differential equations, some well-known results on the existence of closed orbits
for Hamiltonian vector fields, coincidence degree theory introduced by Mawhin [26, 27], and
the Poincaré-Bendixson theorem are proved to be very useful tools in searching for periodic
solutions of differential delay (1.1) and (1.3).

A different approach for establishing the existence of periodic solutions for the
differential delay (1.1) was introduced by Kaplan and Yorke in their paper in [7]. Employing
the method, they could reduce the search for periodic solutions of (1.1) to the problem of
seeking periodic solutions for a related system of ordinary differential equations, which is
called the coupled system to (1.1). Following the reduction idea of Kaplan and Yorke, Li and
He [17, 18] were able to translate (1.1) with more than one delay to a coupled Hamiltonian
system. Then they used variational approaches to study the coupled Hamiltonian system and
obtained some existence results of multiple periodic solutions of the equations. This proves
that variational approaches [28, 29] also are very powerful tools to study periodic solutions
of (1.1), (1.3), and their similar ones.

Recently, Guo and Yu [19] do not use Kaplan and Yorke’s reduction technique and
apply variational methods directly to study the existence of multiple periodic solutions of
(1.1) with x and f being vectors in R". That is to say they do not reduce the existence problem
of (1.1) to an existence problem of a related coupled Hamiltonian system. By applying
the pseudo-index introduced by Benci in [30], they obtained a sufficient condition on the
existence and multiplicity of periodic solutions for (1.1). To the author’s knowledge, this is
the first time in which the existence of periodic solutions of (1.1) is studied by variational
methods directly.

Let us say some words about the two methods. The advantage of direct variational
method is that the function f could be a vector in R” while f is only being a scalar in Kaplan
and Yorke’s reduction method. But Kaplan and Yorke’s reduction method can deal with (1.1)
with more than two delays while direct variational method used by Guo and Yu only admits
one delay in (1.1).

Motivated by the work of Guo and Yu, in this paper we will also use variational
approaches directly to study the existence of periodic solutions of (1.1). But our arguments
are quite different from theirs. Throughout this paper, we make the following assumptions.
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(H1) f(x) € C(R,R), and for any x € R, f(x) + f(—x) =0, thatis, f(x) is odd.
(H2) f(x) satisfies
o ) o £

m——-=-ay €R, m=——==-a, €R. (1.4)

x—0 X x—o X

In order to state our main result, we need the following definition.

Definition 1.1. For each a € R, define

He) = ;{0 |73 @m=1 - -0 (1M}, .
v(a) = ;oo [(—1)m2£r(2m ~1) - a], |

where the two functions o~ (t) and ¢°(t) are given by

1, t<0, 1, t=0,
o (t) = o'(t) = (1.6)
0, t>0, 0, t#0.

It is easy to see that pu(a) and v(a) are well defined. Let po = p(ao), poo = p(as),
v = v(ag), and v, = V(). Then our main result states as follows.

Theorem 1.2. Suppose that f satisfies (H1) and (H2). Then the following conclusions are true.

(i) Ifae & (or/2r)(2Z—-1), then (1.1) possesses at least max{pto— oo, hoo — Ho— Vo } nontrivial
geometrically different 4r-periodic solutions.

(ii) If ags € (o /2r)(2Z 1), | f (x) + Ao x| is bounded, and fgf(y)dy +(1/2)agx? converges
to —oo as |x| — oo, then the conclusion of (i) also holds.

Remark 1.3. We say that two solutions of (1.1) are geometrically different if one cannot be
obtained by time rescaling of the other. We will use [31, Theorem 2.4] to prove the main
result.

2. Variational Functional on Hilbert Space

In this section, we will construct a variational functional of (1.1) defined on a suitable Hilbert
space such that finding 4r-periodic solutions of (1.1) is equivalent to seeking critical points
of the functional.

We work in the Hilbert space H = H'/22(S!,R) which consists of those functions
x € L2(S!,R) having weak derivative x' € L?(S!, R). The simplest way to introduce this space
seems as follows. Each function x € L?(S?, R) has the following Fourier expansion:

+oo

a . T
x(t) = ap + Z <am cos th + b, sin th), (2.1)

m=1
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where a,,, b, € R. H is the set of those functions satisfying

+00
x> = 4rad +2r Y m(a, + b2,) < +oo. (2.2)

m=1

With this norm || - ||, H is a Hilbert space with the following inner product:

(x,y) = 4rapay + Zer(ama;n +bpbl,), (2.3)

m=1

where y = ay + 3., % (a), cos(or /2r)mt + b, sin(or /2r)mt).
For each x € H, we define a functional I : H — R by

4r

I(x) = Jir%x’(t +7)x(t)dt + L F(x(t))dt, (2.4)

where F(x) = [} f(y)dy.
By Riesz representation theorem, H identifies its dual space H*. Then we define an
operator | : H — H* = H by extending the bilinear form
4r

(Jx,y) = f X' (t+r)y(t)dt, Vx,y € H. (2.5)
0

In fact, defineamap L : H x H — H by L(x,y) = (Jx,y). Then L is linear in x and y,
respectively, and there exists a positive number M > 0 such that

IL(xy) 1l < Mixll [l (2.6)

Thus L is a bilinear form from H x H — H. So ] is a bounded linear operator on H and
ker] = R.
For any x € H, define a mapping K: H — Ras

4r
K(x) = IO F(x(t))dt. (2.7)

Then the functional I can be rewritten as

I(x) = =(Jx,x) + K(x), Vxe€H. (2.8)

N —

According to a standard argument in [30], one has, for any x,y € H,

dr 4r
(I'(x),y) = fo %(x'(t +1)—x'(t=71))y(t)dt + ) fx(#)y(t)dt. (2.9)
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Moreover K' : H — H is a compact operator defined by
4r
(K'(x),yy = f(x(®)y(t)dt. (2.10)
0

Our aim is to reduce the existence of periodic solutions of (1.1) to the existence of critical
points of I. For this we introduce a shift operator I' : H — H defined by

Tx(t) =x(t+71). (2.11)
It is easy to compute that I' is bounded and linear. Moreover I is isometric, that is, ||I'x|| = ||x||
and I'* = id, where id denotes the identity mapping on H.
Write
E= {x € H:x(t) = —x(t)}. (2.12)

By a direct computation, solutions of the Euler equation of I in E are exactly solutions of (1.1).

Lemma 2.1. As a closed subspace of H, E has the following property:

+00 a oo
E = {x(t) = mZ=1<112m—1 cos Z(Zm — 1)t + byyy-1 sin 2—r(2m - 1)t> } (2.13)
Proof. It is easy to see that E is a closed subspace of H. For any x(f) = ap +

w2 (am cos(or /2r)mt + by, sin(or/2r)mt) € E, T?x = —x implies that x(t + 2r) = —x(t). Then
one has

ay=-ay,  am=(-1)""an,  bn=(-1)"by, (2.14)
that is,
am =by, =0 for even m. (2.15)

Thus, for any x(t) € E,

+co a . a
x(t) = Z (azm,l cos Z(Zm — 1)t + byy—1 Sin Z(Zm - 1)t>. (2.16)

m=1

Hence we get the conclusion. O
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If we restrict | on E, a direct check shows that J over E is self-adjoint. For any

x € E, let Jx(t) = 3.7 (a2m jcos(or/2r)(2m — 1)t + me 1 sin(r/2r)(2m — 1)t). Let y =
S (ay, cos(r/2r)(2m - 1)t + b, sin(or/2r)(2m —1)t). Then

X(t+r)= f [(—1)m£(2m -1) <a2m,1 cos £(2m — 1)t + by sin £(2m - 1)t)] ,
fona} 2r 2r 2r

(2.17)
fjrx'(t +r)y(t)dt = (-1)" [r(2m - 1)aym-1d,,, | +7(2m - 1)bry1bs, ]
According to the definition of the inner product in E, we have
aZm 1= (= 1) a2m 1 2m =" me 1, (2.18)
that is,
Jx(t) = g [(—1)’"% (az,,,_l cos ;”—r(zm “ 1)t + bype_i sin ;T—r(Zm - l)t>] . (2.19)

Let I|g denote the restriction of I on E. Then we have the following lemma.
Lemma 2.2. Critical points of I|g over E are critical points of I on H.

Proof. Note that any x € E is 4rperiodic and f is odd. It is enough for us to prove that
(I'(x),y) =0 for any y € H and x being a critical point of I in E.
For any y € H, we have

<1"2[’(x),y> = <F2]x,y> + <F2K’(x),y>
= <]x,1"‘2y> + <K'(x),l"‘2y>

4r 4r
= j x'(t+r)y(t—2r)dt + f(x(t))y(t - 2r)dt (2.20)
0

4r
-—[ wenywar- f(x(t))y(t)dt
=(-I'(x),y).
This yields I?I'(x) = —I'(x), that is, I'(x) € E.
Suppose that x(t) is a critical point of I in E. We only need to show that (I'(x),y) =0
for any y € H. Writing y = y1 @ y» with y; € E, ¥, € E* and noting that I'(x) € E, one has

(I'(x),y) = (I'(x),y1) + (I'(x),y2) =0+ 0 = 0. (2.21)

The proof is complete. O
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Remark 2.3. By Lemma 2.2, we only need to consider I|g. Therefore in the following I will be
assumed on E.

For any a € R, we define an operator L, : H — H by
4r
(Lax,y) = f ax(t)y(t)dt. (2.22)
0

It is not difficult to see that L is a bounded self-adjoint linear mapping on
E. Furthermore, for any x(t) € E, let Lyx(t) = ;f;’l(aéfnfl cos(or/2r)(2m — 1)t +
sz:n_l sin(or/2r)(2m—-1)t). Lety = 3, (a,, , cos(or/2r)(2m—1)t+b), . sin(xr/2r)(2m—-1)t).
Then

4r
f ax(t)y(t)dt = 2raasy,1a,,, | +2raby, 1b;,, . (2.23)
0

Similar to (2.19), we have

L 24 L a

g = m—1 A2m-1, b2:n_1 = mem—lr (2.24)
that is,
+00 a T .
Lyx(t) = Z — [aszl cos — (2m — 1)t + byy,—1 sin — (2m — 1)t] . (2.25)
=l 2m -1 2r 2r
Set

E(m) = {x € E: x(t) = ayy-1 cos ;r—r(Zm — 1)t + byyyy1 sin ;-—r(Zm - 1)t},

(2.26)
E,=E(1)®EQ2)®---®E(n).
Let P, be the orthogonal projection from E to E,, then one has
P,x(t) = Zn: (az _1COS £(2m — 1)t + byy_1 Sin £(2m - 1)t>. (2.27)
" " 2r " 2r '

m=1

Denote by M* (] —L,), M~ (] —L,), and M°(J - L,) the positive definite, the negative definite,
and the null subspace of the self-adjoint operator | — L,, respectively. Then we have the
following lemma.
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Lemma 2.4. For m > 1, let A, = (=1)"(or/2r)(2m — 1) — a. Then the following conclusions hold:
M*(J-La)= € E(m),

M (J-La) = é E(m), (2.28)

Moreover for m large enough,

dimM" (Po(] - L)) = 20(a) + 230" (1)),
j=1 (2.29)
dimM°(P,,(J — Ly)P,) = 2v(a).

Proof. For x,, = azm-1 cos(ar/2r)(2m — 1)t + byy—q sin(or /2r) (2m — 1)t, consider the following
eigenvalue problem:

(J = La)Xm = Axp. (2.30)

From (2.19) and (2.25), one has

[(— 3 am e 1] Aom-1 = Aaom-1,
(2.31)

[(— )" _r_2m 1]b2m 1= Abyp-1.

The above two equalities show that | — L, is positive definite, negative definite, and null on
E(m) if and only if A, = (-1)"(or/2r)(2m - 1) — a is positive, negative, and zero, respectively.
By Definition 1.1 and for m large enough,

dimM ™ (P (J = La)Pp) = 220 [( )™ —(2m 1) -

= 2}20‘ [(—1)m;r—r(2m -1)- a] - 2}2@((_1)]') + 2&0‘((—1)])

j=1

=2u(a) + 2%0‘((—1)]').
=1

(2.32)

The last equality of Lemma 2.4 is obvious. The proof is complete. O
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3. Proof of the Main Result

In this section, we will use [31, Theorem 2.4] to prove our main result. To state the theorem,
we need the following notation and definition. For 6 € S and x € E, define an action T on E

by

T(0)x(t) = x(t +0). (3.1)
A direct computation shows that
Pix<51> - {er:T(e)(x)=x, veesl} = {0). (3.2)

Definition 3.1. I satisfies (PS), condition on E if every sequence {x,,} C E with I(x,,) — ¢
and I'(x,) — 0 possesses a convergent subsequence.

Write Ly = Ly, and Ly, = Ly,. Then [31, Theorem 2.4] applied to I on E can be stated
as follows.

Lemma 3.2. Suppose that there exist two closed S'-invariant linear subspace of E, Vand, W and a
positive number s > 0 such that

(1) (V + W) is closed and of finite codimension in E,
Q)LW)CWuwithA=]J—-Loor A=] - Ly,
(3) there exists Py € R such that

i >
infI(x) 2 fo, (3.3)
(4) there exists P, € R such that
I(x) <P <I(0), VxeWnNBs;={xeW:|x|=s}, (3.4)

(5) I satisfies (PS), condition for By < ¢ < Peo.
Then I possesses at least (1/2)[dim(V NW) —codim(V + W)] geometrically distinct critical
orbits in I ([fo, Pos])-

Lemma 3.3. Assume that (H1), (H2), and the assumptions of (i) or (ii) of Theorem 1.2 hold. Then I
satisfies (PS), condition on E.

Proof. We first show that {x,,} C E is bounded. Assume that {x,,} is not bounded. By passing
to a subsequence, if necessary, we may assume that ||x;,|| — ccasm — oo.

Case (i). Suppose that a., ¢ (7r/2r)(2Z—1). Then by Definition 1.1, v,, = 0, which yields
M°(J - Ly) = 0. Thus J — L., has bounded inverse, that is, 3 x > 0 such that

1
|- L) ]| < = (35)
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For any x € E, define
() = K() + 2(Loxx), Lo(x) = K(x) + 5 (Lo, x). 66

Then I(x) can be written as
I(x) = %((]— Lo)x,x) + Ip(x), or I(x)= %((]— Loo)x, x) + I(x). (3.7)

By condition (H2), we have

115 ()l
[l

— 0, as ||x|| — oo. (3.8)
This means that for any 0 < y < « there exists 6 > 0 such that
[ )| < yllxll,  as flx]| > 6. (3.9)
Note that (J = L)X, — I' () = =1L, (x,). We have

6l = | = L)1 Gem) | < [ = U = L) 1|

=0 = L) (U = Loyt = T o)) |

1 (3.10)
< || = Loy Il e
1
Then by the above estimates,
K _ , x 1,
%]l < T_y”(} ~ Loo) |1 G | < el el =0, asm—eo. 31D

This contradicts ||x,,|| — oo as m — oo. Hence ||x,,|| is bounded.
Now we show that ||x,,|| has a convergent subsequence. Notice that Py : E — ker] =R
is of finite rank and K’ : H — H is compact. Therefore we may suppose that

K'(xw) — vy, DPoxm —z inE asm— co. (3.12)

Since J + P, has continuous inverse (J + D)7}, it follows from

(J+Po)xy, = I,(xm) - K,(xm) + Poxyp (3.13)
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that
Xm=(J + D)7 (I'(xm) = K'(x) + Poxm) — (J + PO)_l(z -y) asm— co. (3.14)

Thus {x,,} has a convergent subsequence.
Case (ii). Assume that {x,,} is not bounded. Since | f(x) + a,, x| is bounded, there exists
a constant C > 0 such that
| (x)|| <C, VxeE. (3.15)
Observe that (J — Ly,)x = I'(x) — I (x) and I'(x;,) — 0asm — oo,
I(J = Loo) Xl < ||I'(xm) || + || 10 (xxm)|| S C+1  as m — oo. (3.16)
Since [|xp|| — oo and F(xy,) + (1/2)a,x2, converges to —co as m — oo,

C+1
2

Lo o) = 1) = 3407 = L) o ) > TC0m) = ot ] (317)

Letm — oo, then (3.17) implies —oo > —co. This is a contradiction. Therefore {x,, } is bounded.
With the same discussion as that of Case (i), we can prove that {x,,} has a convergent
subsequence. The proof is complete. O

Now we are ready to prove our main result.

Proof of Theorem 1.2. Since x(t) € E is periodic and F(x(t)) is independent of t, I is S!-
invariant and I’ is S'-equivariant according to the action T on S'.
Case (i). Assume first pg — po, > 0. Take two subspaces V and W as

V=M"(J-Lo)eM'(J-Lys), ~W=M(J-Ly). (3.18)

Since inner product is continuous and codim(V + W) = 0, the assumption (1) of Lemma 3.2
holds. Let A = J — Ly. We can check easily that A(W) C W. By Lemma 3.3, I satisfies (PS).
condition. Thus the assumptions (2) and (5) of Lemma 3.2 hold.

By the proof of Lemma 3.3, M°(J - L,,) = 0. For x € V = M*(J - L), there is a suitable
constant ¢; > 0 such that

((J = Lop)x, x) > c1|x| (3.19)
Then by (3.8), forany x € V,

1) = 200 = L)) + () 2 2ol - el (3:20)

where I, (x) is defined in (3.6). Hence there exists fjy < 0 such that the assumption (3) of
Lemma 3.2 holds.
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By (H2), we have

II
10(0) = 0, %—m as ]l — 0, (3.21)

where Iy(x) is defined in (3.6). For any x € W, we can choose a suitable constant c3 > 0 such
that

((J - Lo)x, x) < —cs|x||*. (322)
Then for any x € W N By,

1 1 1
I(x) = §<(] —Lo)x,x) + Ip(x) < —§C3||x||2 + cql|x|| = —5631’2 + ¢yt (3.23)

Choose r such that —(1/2)csr + ¢4 < 0 and take o, = max{ﬁo,—(l/Z)cer + cor}. Then the
assumption (4) of Lemma 3.2 holds.
Therefore by Lemma 3.2, I possesses at least

f#f = z[dim(V N W) — codim(V + W)] (3.24)

N| —

geometrically different critical orbits in I ([fo, Boo])-
From Lemma 2.4 and Definition 1.1, we can show that for m large enough

= % [dimM ™ (P, (] — Lo) Pyy) = dimM ™ (P, (J — Loo) P) |

- 2 u(a) - 2u(xs)] (6.25)
= Ho ~ Hoo-
Secondly, if pe, — po — vo > 0, then we replace I by —I and set
V=M (]-Ly), W= M*(J - Ly). (3.26)

With a similar argument to the case pp— o, > 0, we can show that —I satisfies the assumptions
(1)-(5) of Lemma 3.2. Then —I has at least § = (1/2)[dim(V N W) — codim(V + W)]
geometrically different critical orbits in I"*([fo, fes]). By Lemma 2.4, Definition 1.1, and for
m large enough,

#= % [dimM‘(Pm(] —Lo)Py) - dim(M‘(Pm(] —Lo)Py) & M° (P (] — LO)Pm)>]

= %[2#(%) - (2u(ap) +2v(ao))] (3.27)

= Heo — Ho — V0-
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Case (ii). Assume that pg— pio, > 0. We take the same subspaces V and W as in Case (i).
By a similar discussion, we can prove that the assumptions of (1), (2), and (4) of Lemma 3.2
hold. By Lemma 3.3, I satisfies (PS), condition on E.

By condition (ii) of Theorem 1.2, I’ (x) is bounded, that is, 3 ¢s > 0 such that

1. (xX)|| <cs, Vx€eE. (3.28)

Moreover I, (xg) — —oo as xg € MY(J — Lo,) with ||xo|| — +oo.
Write x = x; + x9 € V, where x, € M*(J — L,). We have

1) = 300 = L)y, %) + Loy + 30
(3.29)

1
> zc6||x+||2 + cs|x]| + Ioo (x0).

Thus the assumption (3) of Lemma 3.2 holds. Then by Lemma 3.2 and the proof of Case (i), I
possesses at least po—po, geometrically different critical orbits in I ([fo, Bo.]). The subsequent
proof is similar to that of Case (i). We omit the details. The proof is complete. O
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