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We show that the energy to the thermoelastic transmission problem decays exponentially as time

goes to infinity. We also prove the existence, uniqueness, and regularity of the solution to the
system.

1. Introduction

In this paper we deal with the theory of thermoelasticity. We consider the following
transmission problem between two thermoelastic materials:

piuy — p1Au— (p1 + A1)V divu—mVO=0 in Q; x [0, ), (1.1)
P20y — o Av — (pp + A2) Vdivo -mpVO =0 in Q) x [0,00), (1.2)
710, — 11 A0 — my diviy =0 in Q; x [0, 00), (1.3)

70—k AO —mydivey =0 in Q;p x [0, o0). (1.4)
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Figure 1: Domains £;and €, and boundaries of the transmission problem.

We denote by x = (x1,...,x,) a point of Q; (i = 1,2) while ¢ stands for the time variable.
The displacement in the thermoelasticity parts is denoted by u : Q; x [0,+0) — R", u =
(w1, un) (Ui = ui(x,t),i=1,...,n)and v =: Qp x [0,+0) — R", v = (vy,...,0) (v; =
vi(x,t),i=1,...,nm),0 : Q x[0,+0) — R, and 0 : Q, x [0,4+00) — R is the variation
of temperature between the actual state and a reference temperature, respectively. k1, x; are
the thermal conductivity. All the constants of the system are positive. Let us consider an n-
dimensional body which is configured in Q C R" (n > 1).

The thermoelastic parts are given by ©; and €y, respectively. The constants m;y, m, >
0 are the coupling parameters depending on the material properties. The boundary of €
is denoted by 0Q; = I'1 UI, and the boundary of €, by 0€2, = I';. We will consider the
boundaries I'y and I'; of class C? in the rest of this paper. The thermoelastic parts are given by
Qq and €, respectively, that is (see Figure 1),

Qo ={xeR":|x|<r}, Q={xeR':r<lxl<r}, 0<ry<n. (1.5)

We consider for i = 1,2 the operators

Ai = ‘HIA + (//ll + )LI)V diV, (16)

ou

ou .
m =pi 5 + (i + i) (divu)v, (1.7)

where p;, \; (i = 1,2) are the Lamé moduli satisfying p; +A; > 0.
The initial conditions are given by

u(x,0) = up(x), w(x,0)=ui(x), O(x,0) =6(x), x€Q, (1.8)

v(x,0) =vo(x), ©v:(x,0)=v1(x), O6(x,0)=0p(x), x€Lp. (1.9)
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The system is subject to the following boundary conditions:

u=0, 6=0 onlIy, (1.10)
u=v, 6=60 onl, (1.11)
and transmission conditions
mVu+ (u +)L1)divu+m1§:y2Vv+ (2 +Xy)diveo +my0 onTy, (1.12)
0o
=0 Iy. .
v on I (1.13)

The transmission conditions are imposed, that express the continuity of the medium and the
equilibrium of the forces acting on it. The discontinuity of the coefficients of the equations
corresponds to the fact that the medium consists of two physically different materials.

Since the domain Q C R" is composed of two different materials, its density is
not necessarily a continuous function, and since the stress-strain relation changes from the
thermoelastic parts, the corresponding model is not continuous. Taking in consideration this,
the mathematical problem that deals with this type of situation is called a transmission
problem. From a mathematical point of view, the transmission problem is described by a
system of partial differential equations with discontinuous coefficients. The model (1.1)—
(1.13) to consider is interesting because we deal with composite materials. From the
economical and the strategic point of view, materials are mixed with others in order to
get another more convenient material for industry (see [1-3] and references therein). Our
purpose in this work is to investigate that the solution of the symmetrical transmission
problem decays exponentially as time tends to infinity, no matter how small is the size of
the thermoelastic parts. The transmission problem has been of interest to many authors, for
instance, in the one-dimensional thermoelastic composite case, we can refer to the papers
[4-7]. In the two-, three- or n-dimensional, we refer the reader to the papers [8, 9] and
references therein. The method used here is based on energy estimates applied to nonlinear
problems, and the differential inequality is obtained by exploiting the symmetry of the
solutions and applying techniques for the elastic wave equations, which solve the exponential
stability produced by the boundary terms in the interface of the material. This methods allow
us to find a Lyapunov functional .£ equivalent to the second-order energy for which we have
that

%1(1&) < —yL(1). (1.14)

In spite of the obvious importance of the subject in applications, there are relatively
few mathematical results about general transmission problem for composite materials. For
this reason we study this topic here.

This paper is organized as follows. Before describing the main results, in Section 2,
we briefly outline the notation and terminology to be used later on and we present some
lemmas. In Section 3 we prove the existence and regularity of radially symmetric solutions to
the transmission problem. In Section 4 we show the exponential decay of the solutions and
we prove the main theorem.
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2. Preliminaries

We will use the following standard notation. Let Q be a domain in R*. For 1 < p < oo, LP(£2)
are all real valued measurable functions on Q such that ||’ is integrable for 1 < p < oo and
sup, qess|u(x)| is finite for p = co. The norm will be written as

1/p
||u||Lp<Q>=(fQ|u<x>|de) , ey = Sup esslu(). 2.1)

xeQ

For a nonnegative integer m and 1 < p < oo, we denote by W™?(Q) the Sobolev space
of functions in L7 (£2) having all derivatives of order < m belonging to LF(€2). The norm in
WP (Q) is given by [ullyms (@) = (Zjaien ID U, 0, dx) 7. WP2(Q) = H™(Q) with norm
| 1l ggmqy, WOA(Q) = LA(Q) with norm || - [|2(q)- We write C*(I, X) for the space of X-valued
functions which are k-times continuously differentiable (resp. square integrable) in I, where
I C Ris an interval, X is a Banach space, and k is a nonnegative integer. We denote by O(n)
the set of orthogonal 11 x n real matrices and by SO(n) the set of matrices in O(n) which have
determinant 1.

The following results are going to be used several times from now on. The proof can
be found in [10].

Lemma 2.1. Let G = (Gjj) ,u, € O(2) for n =2 0r G = (Gjj) x, € SO(2) for n > 3 be arbitrary but
fixed. Assume that ug, ui, 50, vo, U1, and Oy satisfy

up(Gx) = Guo(x), wu1(Gx) = Gui(x), 6p(Gx) = GOy(x), VYxeQ,

(2.2)
00(Gx) = Gug(x), ©v1(Gx) = Goi(x), 6p(Gx) = GOy(x), Vx e Q.
Then the solution u, 0, v, and 0 of (1.1)—(1.13) has the form
Ui (x/ t) = xid)(r/ t)/ Vx € ﬁl/ t>0, (23)
O(x,t) = ¢(r,t), YxeQy, t>0, (2.4)
vi(x,t) = xin(r,t), 0i(0,t)=0,i=1,2,...,n, Vx€ Q,, t>0, (2.5)
O(x,t) = ¢(r,t), VxeQ,, t>0, (2.6)

where |x| = r, for some functions ¢, ¢, 1, and .
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Lemma 2.2. One supposes that u : £ — R" is a radially symmetric function satisfying ulr, = 0.
Then there exists a positive constant C such that

IVl < C Ildivu(®)llzg,, 0. 2.7)
Moreover one has the following estimate at the boundary:

2 ou

(n-1)
To

2
+

[u* on T;. (2.8)

Remark 2.3. From (2.3) we have that

Vdivu = Au. (2.9)

The following straightforward calculations are going to be used several times from now on.
(a) From (1.8) we obtain

Ou = Vu-vo, + (u + A1) (divu)vg,,
aVAl
(2.10)
ov .
T " Vo - vr, + (p + A2 (div o) vr,.
VA,
(b) Using (1.10) and (1.11) we have that
- ~ ~2
k1| 0ABdQ; =-x; | 6VO-vrdl, —Klf |v9| Aoy, (2.11)
Qq I Q
ko | 0A0dQ =x, | OVO-vr,dl; - K, f VO dQ,, (2.12)
Qy I Q
my J. Vo .- urdQq + 11 J. (div ut)édﬁl =-m 0v; - vr,dl, (2.13)
Q Q I
my f Vo - Utdgz + my (diV vt)G sz = Mmyp 97Jt . Vrzdrz. (2.14)
Q) Q) I
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(c) Using (1.6) we have that
f [ Au+ (p1 + A1)V divu] - u,dQy
Q
= ‘ulf Au-udQq + (i +A1)I Vdivu - u,dQ;
Qq Q'1

= | (div Vu)u,dQq + (p1 + A1) Vdivu - u,dq
Qq Ql

= f Vo (uVu)dQq — iy f Vu - VudQ (2.15)
Ql Ql

+ (1 + 0) V- (updivu)dQy — (pn + )q)f (div u) (div uy)dy
Ql Ql

1 d
= f uVu -vo, dlo, — -p1— f |Vu|2d£21
Ul 2 dt Q

+ (1 + M) (divu)u; - vo,dlq, — 1(‘ul +\ if |div u|2d£21.
Tul, 2 dt o))

Thus, using (1.10) and (1.11) we have that

1 d 1 d,. .
i (A1) dQy = _Eﬂlm”wn;@l) - E(yl + )q)mﬂdlvu”%z(gl)
1

- (u1+ A1) f (div u)ug - vr,dly — iy f Vu - vr,udl,
I I

(2.16)
1 d 1 da, ..
= _Eﬂlmnvuniygl) - 5(#1 + M)mlldwulliz(gl)
- (p1+ A1) fr (div w)uy - vr,dls — fr Vu - vr,udl.
Similarly, we obtain
1 d 1 da, ..
5 (A20)vdC2, = —EHZEHVUH@@) —5 (2t AZ)E”le Vll20)
(2.17)

+ (2 + A2) f (divo) - vr,dl; + ﬂzJ. Vo - vr,udl;.
I I

Throughout this paper C is a generic constant, not necessarily the same at each
occasion (it will change from line to line), which depends in an increasing way on the
indicated quantities.
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3. Existence and Uniqueness

In this section we establish the existence and uniqueness of solutions to the system (1.1)-
(1.13). The proof is based using the standard Galerkin approximation and the elliptic
regularity for transmission problem given in [11]. First of all, we define what we will
understand for weak solution of the problem (1.1)-(1.13).

We introduce the following spaces:

H%l = {w eHl(Ql) cw=0o0n Fl},

v={(f.g) e Hl, x H'Q): f = g on T2 Y
forx e QCR" and t > 0.
Definition 3.1. One says that (u, v, 0, 0) is a weak solution of (1.1)—(1.13) if
ue W1’°°<[O,T] : L2(91)> N L°°<[0, T]: Hﬁ),
ve w1/°°<[o, T]: LZ(QZ)> N L°°<[0,T] : Hl(Qz)>,
(3.2)

fe L°°<[O, T]: L3(Q0) nL2([0,T] : HY, ),
0 L°°<[O, T]: LZ(QZ)> N L2<[0, T] : H1(92)>,
satisfying the identities
T ~
f f [plu “pu + i VuVe + (1 + A) divudivg + mi0 div (p] dQqdt
0 Q
T
+ f f [p20 - X1t + w2 VoV + (2 + A2) divo div y + m0 div x| dQ,dt (3.3)
0Je
- f o1 [11p(0) — 1o (0)] AL + f p2o1(0) - voxs (0)] A,
Ql QZ
T ~ ~
f f [—Tleﬁ} +x1V0 - Vi — my7 div ut]dﬁldt
Q

0

T
+ f [-126m + k2 VO - Vi — myn div v ] dQo dt (3.4)
0Jo,

= 607(0)dQ; + | 6o7(0)d,
Ql QZ
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for all (¢, x) € V, 7 € CY([0,T] : H%l), n € CY([0,T] : H'(Q,)), and almost every t € [0, T]
such that

@(T) = ¢:(T) = x(T) = :(T) =0, 7(T) =n(T) = 0. (3.5)

The existence of solutions to the system (1.1)—(1.13) is given in the following theorem.

Theorem 3.2. One considers the following initial data satisfying

(uo, u1,§> € Hp (@) x L*(Q1) x L*(Q1), (v, 01,0) € H'(Qy) x L* () x L*(Q). (3.6)

Then there exists only one solution (u,v, 0, 0) of the system (1.1)—(1.13) satisfying

ue W1’°°<[O,T] : L2(91)> N L°°<[0, T]: Hﬁ),

ve W= ([0,T]: L3(Q)) n L=([0,T] : H'(Q)),

(3.7)
fe L°°<[O, T]: L2(Q0) nL2([0,T] : HY, ),
0e L°°<[O, T]: LZ(QZ)> N Lz([O,T] : H1(92)>.
Moreover, if
(o, 11,60) € (HA(@1) N HY ) x HE x (H*(Q0) nHY, ),
(3.8)
(v0,v1,60) € H*(Q2) x H' (Q2) x H*(Q)
verifying the boundary conditions
uy =0, 50:0 on Ty,
(3.9)
uy=v9, 6p=6y only
and the transmission conditions
Vi + (1 + M) divu+m0 = Vo + (o + o) divo + my0  on Ty,
(3.10)

00

aVrz

=0 only,
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then the solution satisfies
we L= ([0,T] - HX(Q1)) n W' ([0, T] : H'(Q1)) W2'°°<[O,T] FLAQ)),

ve L°°([0,T] : HZ(QZ)> n W1'°°<[O,T] : Hl(Qz)> N W2'°°<[O,T] : L2(92)>,

(3.11)
fe L°°<[0,T] t H(Q1)) N W1'°°<[0, T]: (@),
0c L°°<[0, T]: H(Q2)) N W1'°°<[0, T]: L))
Proof. The existence of solutions follows using the standard Galerking approximation.
Faedo-Galerkin Scheme
Given n € N, denote by P, and Q,, the projections on the subspaces
span{ (i, xi)}, span{(7;,m)}, i=1,2,...,n (3.12)
of V and Hlll, respectively. Let us write
n - n
)= > ai(t) (i, xi), (9", 9"> = > bi(t) (i, mi), (3.13)
i=1 i=1
where u" and v”" satisfy
f [plu;’t i+ V"V + (1 + M) div " div g; + m, 0" div (pi] dQ,
Q
(3.14)
+ f [p2v]} - xi + 2 VUV xi + (p2 + A2) div 0" div y; + mp0™ div x;]dQ, =0,
Q)
J‘ [Tlé?ﬁi + K1V§n . Vﬁi - mlﬁi div u?] dQ1
Q
(3.15)
+ f [120}' i + 12V O" - Vij; — mam; div o) |dQp =0,
Q)
with
w'(0)=uy, 0"(0)=vo, w0 =w, VO0)=v, 0"(0)=0, 6"0)=
(3.16)

for almost all t+ < T, where ¢o, o, 1o, and 7o are the zero vectors in the respective

spaces. Recasting exactly the classical Faedo-Galerkin scheme, we get a system of ordinary
differential equations in the variables a;(t) and b;(t). According to the standard existence
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theory for ordinary differential equations there exists a continuous solution of this system, on
some interval (0, T,). The a priori estimates that follow imply that in fact ¢, = co.

Energy Estimates

Multiplying (3.14) by a;(t), summing up over i, and integrating over Q; we obtain

Lenty+m [ 0 divgdey +ms [ 0" divopdo, =0, (3.17)
dt o) Q,

where

1 .
&) = 5 [Plnu?”izml) +P‘1||Vun||%2<gl) + (1 + )Ll>||d1Vun||%2<gl)]
(3.18)

1 )
*+5 [PZ”UZ1 220y *+ H2ll V0" 720,y + (2 + A2) [l dliv U"”fZ(Qz)]-

Multiplying (3.15) by b;(t), summing up over i, and integrating over €, we obtain

d n An 2 n2 no1: n n i n _
S+ 1<1||V9 ey TRV gy —m fg 6" div u"dQy — my . 0" div o'dQ, = 0,
(3.19)
where
1 ~ 112 1
&1 =3[0 L, + 3 10" - (3.20)
Adding (3.17) with (3.19) we obtain
d n an 2 2
Z€'0 +K1||v9 vy 2 IVl = O, (3.21)
where
E(t) = EY(u", t) + E5 (0", 1)
1 a2 a2 oI’ 0" |12
=5 pr||ui ”LZ(Ql) +p2||7} ”LZ(QZ) + Tl” 2@ +T2|0" (|72 ()
(3.22)

1 2 2 . 2
+ 3 [Vl @y + 1l VO [y + G + A1) lldiv e g

+ (2 + 12) ldiv 0" [ g, |-
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Integrating over (0,t),t € (0,T), we have that

t t
EM(t) + 11 f ||v9" o 72 f V6" |22, dt = £7(0). (3.23)
0 1 0

2
L(
Thus,

(", é”) isbounded in L® <[o, T] : H! (Qg) x L <[0, T] : L2(91)> x [ <[o, T]: (Q)),

(v", 00", ") isbounded in L ([o, T]: H! (Qz)> x[® ([o, T] : L2(92)> x[® ([o, T]: L2(92)>.
(3.24)

Hence,
u' = uweakly” in L*([0,T] : H'()),
v" — v weakly® in L°°<[O, T]: Hl(Qz)>,
u = weakly” in L= ([0, T] : [3(1)),
(3.25)
v} — vy weakly® in L°°<[O, T]: LZ(QZ)>,
" — 6 weakly® in L°°<[O, T] : L*(Q)

0" — 0 weakly* in L*([0,T] : L*(Q)
In particular,

u" — u strongly in L2<[O, T]: L2(91)>,
(3.26)
v" — v strongly in L2<[O, T]: L2(92)>,

and it follows that

u" — u a.e.in Qq,
(3.27)
" — v a.e.in Q.

The system (1.1)—(1.4) is a linear system, and hence the rest of the proof of the existence of
weak solution is a standard matter.

The uniqueness follows using the elliptic regularity for the elliptic transmission
problem (see [11]).We suppose that there exist two solutions u!,v!,0,0Y), (u? v?, 62 60%),
and we denote

U=u'-42, V=ov'-¢), ©=0'-0, 0=0"-6 (3.28)
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Taking

t t t t
u:f Udr, U:I Vdr, G:J. Qdr, G:I Odr (3.29)
0 0 0 0

we can see that (1,v,0,0) satisfies (1.1)-(1.4). Since (ul,v!,0%,0Y), (u? v 62,6%) are weak
solutions of the system we have that (1, v, 0, 0) satisfies

wer=(0,T:HL), wel*(0,T:HL), unel?(0,T:L*Q)),

velL® <O,T : H1(92)>, v €L (o,:r : Hl(Qz)>, vy € L2<0,T : LZ(QZ)>,

(3.30)
6er?(o, T:HY), 6er?(0T:HL)=8er*(0,T:H}),
0e L2<O,T : Hl(Qz)>, 0 € L2<0,T : H1(92)> —0¢c L2<O,T : H1(92)>.
Using the elliptic regularity for the elliptic transmission problem we conclude that
uelL® (o,T L HL N H2(£21)>, veL” (o,:r t HY(Q) N HZ(QZ)>,
(3.31)

feL <O,T L H{ N H2(91)>, 0c L°°<0,T : H2(92)>.

Thus (u, v, 6, 0) satisfies (1.1)-(1.4) in the strong sense. Multiplying (1.1) by u;, (1.2) by vy,
(1.3) by 0, and (1.4) by 6 and performing similar calculations as above we obtain &(t) = 0,
where

1 2 2 L2 511
€)= 5 [l + il Tl + G+ ) vty +m 8]

(3.32)

1 2 2 . 2 2
+ 5 [pzllvt”LZ(Qz) + .MZHVU”LZ(QZ) + (.“2 + )LZ)”leU”LZ(QZ) + 7'2||9||L2(92)]/

which implies that u! = 12, 0! = 62, 0! = v2, and 0! = 2. The uniqueness follows.

To obtain more regularity, we differentiate the approximate system (1.1)—(1.4); then
multiplying the resulting system by a! (t) and b}(t) and performing similar calculations as in
(3.23) we have that

EM(t) < EM(H) + F = E"(0) = &"(t) < CEX(0), (3.33)
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where
n(t) = 5 ot + Pl + 78+ mellE I
2 ttllrz@) tll12(0,) 2y t 2y
+1[ IV ][220y + Hll VO 2y + (i1 + M) [l div e |1}
2 [PV Hella@y T H21 VO Ty + W MDAV 20y
o (3.34)
+(p2 + \p) || div o] ||L2(£22)]’
t -2 t )
F=r fo ||v97 1y AT+ R fo V6212, dr.
Therefore, we find that
uy;, éf are bounded in L* <O,T : L2(91)>,
vy, 0] are bounded in L% <O,T : L2(92)>,
u! is bounded in L% (o, T:H' (Ql)>,
(3.35)

oft is bounded in L*(0,T : H'(Q)),
é? is bounded in L% <O,T : Hl(Ql)>,
( )

O is bounded in L®(0,T : H'(Q,)

Finally, our conclusion will follow by using the regularity result for the elliptic transmission
problem (see [11]). O

Remark 3.3. To obtain higher regularity we introduce the following definition.

Definition 3.4. One will say that the initial data (1, v, éo, 0o) is k-reqular (k > 2) if

uje HJ(Q))nHE, j=0,...,k=1, wuel*(Q),

N ‘ N (3.36)
6, € H*/(Q)nH}, j=0,...,k-1, 6€Ll*(Q),
where the values of u; and 5] are given by
plu]-+2 - Alu]- - m1V§,- =0 in Ql X [0, OO),
p2177'+2 - AzU]' - mzvej =0 in Qz X [0, OO),
(3.37)

T1§7'+1 - K1A§j — mq divu,-+1 =0 in Ql X [0, OO),

T29j+1 - K2A9]' — Mmy div U]'+1 =0 in Qz X [0, OO),
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verifying the boundary conditions

u,-=0, 9720 Ol’lrl,

- (3.38)
u]- = ’U]', 9] = 9] on Fz
and the transmission conditions
Vi + (1 + A1) divi+m0 = paVo + (o + o) divo + my0  on Ty,
30 (3.39)

=0 r
aVrz onloy

for j =0,...,k—1. Using the above notation we say that if the initial data is k-reqular, then we
have that the solution satisfies

k
u,8 e W= <O,T t H*1(Q) n H111>,
= ) (3.40)
v,0 e W™ (o,:r . HF (Qz)>.
j=0

Using the same arguments as in Theorem 3.2, the result follows.

4. Exponential Stability

In this section we prove the exponential stability. The great difficulty here is to deal with the
boundary terms in the interface of the material. This difficulty is solved using an observability
result of the elastic wave equations together with the fact that the solution is radially
symmetric.

Lemma 4.1. Let one suppose that the initial data (1o, vo, GNO, 6o) is 3-reqular; then the corresponding
solution of the system (1.1)—(1.13) satisfies

déq(t) 117 2

ar _’“”V@ vy~ VOl 4
dés(t) 117 2

dt ="<1||V Uiz, ~ VoL@, (4.2)

where &1(t) = &1(4,0,0,0,t) = EL(E) + E3(t) with

7

1 ~
&)= ; [l + 8

2
v IV, + G + A1) div wlfz g
(4.3)

1 .
E® = ;5 [pallonliz,) + T2lONF 2y + 12l VoI, + (2 + 12) iV ol |

and &5 (t) = &1 (ug, vy, ét/ 01, t).
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Proof. Multiplying (1.1) by u;, integrating in €, and using (2.16) we have that

2 [Pl ) + |Vl + (i + ) ldiv g |

N —
Q..|;,_‘

(4.4)
+ f [‘uqu + (p1 + A1) divu + mlé]ut vr,dl + my 0 div u,dQ; =0
I Ql

Multiplying (1.2) by vy, integrating in Q,, and using (2.17) we have that

- [P2lonlEz ) + 111901y + (2 + A2) Idiv ol g, |

N —
Q..|m_‘

(4.5)

- f [12Vo + (p2 + 2) divo + mi0]u; - vr,dl + my 0 divo,dQ, = 0.
I Q'1

Multiplying (1.3) by 9, integrating in Q;, and using (2.11) we have that

=0, (4.6)

- my J. 0 div 0 dQs + Ko f ovo - vr,dly + K2|

2 dt || L2() L2(Q)
Multiplying (1.4) by 6, integrating in Q,, using (2.11), and performing similar calculations as

above we have that

™ d .
22 T, ”9”L2(§21) m f 0 div u;dQq + k1 ) oveo - vr,dlh + 1<1||V9||%2(Ql) =0. (4.7)
1 2

Adding up (4.4), (4.5), (4.6), and (4.7) and using (1.12) and (1.13) we obtain

dé, (t)

~12
f |v9| A, + Kzf IVOPdQ, =0, (4.8)
—ar o o

where

1 ~112
b =5 [muutniZ(Ql) +palonlaey + 0], +mllOle,

L2(Q1)

1 2 2 S o2
) [#1||Vu||Lz(gl) + 12l VOl 12, + (i + M) Idivulliz g, + (42 + J\2)”d1VU”L2(QZ)]'
(4.9)
Thus

déq(t)
dt

- ]

2
ey~ X2l V6l (4.10)

In a similar way we obtain (4.2). O
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Lemma 4.2. Under the same hypotheses as in Lemma 4.1 one has that the corresponding solution of

the system (1.1)—(1.11) satisfies

2 6(2[41 + 1\1)

dés(t) mi, . 2 Ky 5 2
TR —?Hle utllr2q,) + 2—ml”A9 ey dp Aull72q,)
6 2 2 ~
+ h Lam " ”V@ ’ (4.11)
p1 (2/41 + J\1> P1 25p1 (2[41 + J\1> L2(Q1)
+7 §utt ~vr,dlh -6 ut%dl"z,
> > ovr,
dés(t)  mo . 5
ar < _?”dlv vt”iZ(Qz) + 2_1;2”A9||i2(92)
5(2uy + A 612 2
_ MIIAU”@@Z) + L opm, ™ V61,
4P2 P2 (2[42 + )LZ) P2 26P2 (2/12 + .)Lz)
-7 | Ovy-vr,dlh - 5 vt%drz,
> > ovr,
(4.12)
where 6, 8 are positive constants and
&s(t) = —f (T1édiV uy + ouy - Au)dQl,
Q
(4.13)
&) =-| (mOdivo + 6v; - Av)dQ,.
Q
Proof. Multiplying (1.1) by —Au, integrating in Q;, and using (1.10) we have that
-p1 f st - AudQy + (2p + A1) f [Aul?dQq + my f VO - AudQ =0. (4.14)
Q Q ©
Then
d 2
- plE Uy - Au dQ1 + p1 Uy - Autdﬁl + (2‘1/{1 + )Ll) |Au| dQ1
Q Q Q
(4.15)

+m1f VO - AudQ, =0.
Q
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Hence
d 2
- P15 up - AudQq + pr V- (uVu)dQq — pr |Vu|~d€
dt ) g, o o)
(4.16)
+Qu+ M) | 1AuPd +my f VO - AudQ =0.
Qq Ql
Thus
d AudQq + 2u1 + M) ||Aul?
TPar ) AT (2 + 1)l Aulz,
(4.17)
- p1||Vut||%2(Ql) -p1 f uVuy - vr,dl + my f VO - AudQ =0.
I Q'1
Hence
d (2 + 1)
i AudQ = —T”Au”%z(gl) + | Vauel|72
(4.18)
+f w24 ar, - @f V- AudQ.
Ty VFZ Pl Qq
Therefore
2u1 + A m ~12
—EJ‘ u - AudQq < —M ||Au||iz(Q )+ S ||V9
dt o) 2p1 ! 2p1 (2/41 + .)Ll) L2(C)
(4.19)

8ut
+ ||V +I u drs,.
|| t”LZ(Ql) N tavrz 2

Similarly, multiplying (1.2) by —Av, integrating in Q,, and performing similar calculations as
above we obtain

d (242 + 12) 2 m3 2
-— cAvdQy < ——= ||A +—————||VO
dt fgz o avata = 2p> 1821z g, 205 (2p2 + \2) 1VOliz
(4.20)
6vt
Voil 72, — ~——dI,.
+[IVOil|12(q,) LZ v Br, 2
Multiplying (1.3) by —div u; and integrating in Q; we have that
-7 9~t div u;dQq + %1 f AQ div udQq + 1 f |div ut|2d£21 =0. (4.21)
Ql Ql Ql
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Hence

—Tlit 0, div w,dQ + 7 0 div uydQ; + my||div utlliz(gl) + K f AB div u;dQ; = 0.
Q

d Ql Ql
(4.22)
Then
d ~ . ~ 5
- T — 0 divu;dQq + 1 V. <9utt> dQi —m VO - uydQq
dt ) o, Q o
(4.23)
+ my ||div ut||%2(gl) + K1 f AQ div udQq = 0.
Q
Using (1.10) and (2.9) and performing similar calculations as above we obtain
d 5 o . 2 ~
—T] — 0 div u;dQq = —my||div ut||L2(Q +7 VO - uydQq
dt Q ) Q
(4.24)

+ T §Utt . Vrzdrz - K1 J‘ AédiV utdﬁl.
F2 Ql

Replacing (1.1) in the above equation we obtain

—T1% éle utdgl = _m1||diV utH%Z(Ql) + E(2/’11 + -)Ll) J. VéAu dQl
foh P1 foh

~12 ~ ~
nm f |v8] de - f A diviudQy + 7 | Ouy - vrdTs.
1 Jo, o) I,
(4.25)
On the other hand
K f AGdiv ind0, < (X L™ iy P (4.26)
"o, = omy @) 2 2@ '
Therefore
d 51 my o 2 T ~112 ] o
—T]— 6d dQ; <-——|d + — Ve —
T1 at ) o, WV Updsar = > l IVut“LZ(Ql) lelH @) 2m ” 12(Q1) w27)

+ E (2/41 + 1\1) f VéAu dQl + T §Uﬁ . Vrzdrz.
P1 Q I,
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Multiplying (1.4) by —div vy, integrating in €,, and performing similar calculations as above
we obtain

d . my .. 2 T2 2 % 2
—Ty— 0div o dQ, < — 7||d1vvt||L2(Qz) + EmZHVQHLZ(Qz) + 2_mz ||A9”L2(§22)

dt
o (4.28)

+ 2 (2/12 + .)Lz) J‘ VOAv sz — T tht . vrzdl"z.
P2 @ I,

Adding (4.19) with (4.27) we have that

6ut

dés(t) <
aVrz

ar = ar;

my . 2 A
—7||d1V utlle(Ql) + T f Ouy - vr,dl) + f Uy
I I

~112

2
2 2 Ky
lAultag,) + IVulz ) + 5|48

C(@um+ ) KT
27111

2p1

2
T ~ T1h ny ~
+ —(2u1 + A VOAudQ + + \Y¢)
Pl( pi+h) fgl Hes < p1 2p1(2m +)L1)>||

(4.29)

L*(Qq)

2

Q)

Adding (4.20) with (4.28) we have that

6vt
aVrz

d&s(t)

T dl,

m .
< —72||le 'Ut”iZ(Qz) - Tzf Ovy - vr,dl> - f vy
T, T,
(2p2 + 12) 2 2 K3 2
- 2—Pz||AU”L2(QZ) + ”Vvt”LZ(Qz) + 2_7112 ”AQ”LZ(QZ) (4.30)

2

™ T n, 2
+ —=2u + A f VOAv dQ; + + Ve .
p2 (242 + 12) o, ’ < P2 2p2(2uz + A2) > 1VOl2 @y

Moreover, by Lemma 2.2, there exist positive constants C;,C; such that

. 2 .
IVadlzay < Cilldividag,,  1Vorl, < Calldivorlp - (431)

Therefore we obtain

dé&s(t) < 2

at

2
m . 2 3 BV
——||divu +71 | Ouy - vr,dls + ”AQ
3 [ t”LZ(Ql) 1fr2 V002 2my L2(Q))

2

6(2 A 672 -
_ Mnmnim + ho o nm 1 ||V9
4p ! p1(2p1 + A1) p1 26p1 (21 + A1)

Q)
(4.32)
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Similarly
A&ty m. . x3
- S - lldiv il 2, — T2 . Oy - vr,dly + 52 ||A9||L2(Q )
5(2u2 + A2 o672 Tm m3
_ QHMHQ(% + 2 + 22 2 V6117 -
4p2 p2(2p2+X2) P2 26p2 (22 + A2)

(4.33)

The result follows. O

Lemma 4.3. Under the same hypotheses of Lemma 4.1 one has that the corresponding solution of the
system (1.1)—(1.13) satisfies

déu(t) _
at  ~

K2 P1

(2 +)Ll)||A ———(2uz+Az>||A9||Lz ()

L2(€1)

- p1(2p1 + A1) f utt_drz +p1(2p2 + A2) f Utt_drz (4.34)

C 2 : 2
LZ(Q ) E_3||V9”L2(Q2) +2¢||div Vil (ry)

with
E4(t) = (2 + M) EL(H) + P—l(zyz +A0)EX(),

£ty = [Pl”vut“Lz(Ql) F 2+ M) Aul g, + T ||v9

4.35
ol (4.35)

éz(t) [Pz”vvt”LZ(gz) + (2/42 + ~)LZ)”AU”LZ(QZ) + TZHVG”LZ Qz)]

where €, C = C(my, p1, M) and C= é(mz,‘uz, Ay) are positive constants.

Proof. Multiplying (1.1) by —(2u1 + A1) Auy, integrating in €, using (2.9), and performing
straightforward calculations we have that

1 d
5P (2p1 + M) a”vutﬂiz(gl) +p1(2u1 + M) | ueVuy - vr,dl
r.
’ (4.36)

1 d ~
+ —(2‘1/11 + 1\1)2—||Au||%2(g ) + mq (2[41 + )Ll) f Vo - Autdﬁl =
2 dt 1 o
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Using (1.10) we obtain

1 d
5 um+ )2 [p1||Vut||§2(Ql) + (2 + A1)||Au||i2(gl)]
(4.37)

1) ~
=—p1 (2‘1/{1 + )Ll) J. uﬁaidl"z —my (2[41 + 1\1) Vo - Autdﬁl.
1"2 vr2 Ql

Multiplying (1.2) by —(p1/p2)(2u2 + A2)Av;, integrating in €, and performing similar
calculations as above we obtain

1 d
5%(2,42 +12) = [p2ll VorliE g, + @z + 1) 1801 g |
5 (4.38)
v
=p1 (2‘1/12 + ./\,2) f ’(Jtta ! drz - 7112& (2‘1/12 + ./\,2) f Vo - AvtdQZ.
I VFZ PZ Qz
Multiplying (1.3) by —(2u1 + 11)A0 and integrating in €;, we have that
~ o~ ~|2
—-T1 (2‘1/11 + .)Ll) J. QtAQ dQl + K1 (2/11 + ./\,1) ||A9
o 12(Q)
(4.39)

+ mq (2‘1/11 + ./\,1) f diVMtAédgl =0.
Q

Performing similar calculations as above we obtain

1 dn_~n2 ~12 ) ~
ETl (2/41 + J\1>E||V9 @) = —-Kq (2‘1,11 + .)Ll) ||A9 2@ — (2/41 + .)Ll) J‘Ql d1vutA9 dQl
~ 30
-7 (2‘1/11 + .)Ll) - Qavr drz
2 2

(4.40)

Multiplying (1.4) by —(p1/p2)(2u2 + A2)AD, integrating in €;, and performing similar
calculation as above we obtain

1 p d 2 . p 2
ETZB (2u2 + 12) E”VGHLZ(QZ) = _KZP_z (2p2 + 12) ||A9||L2(Qz)

— mz& (2‘“2 + -)LZ) f div ’UtAQ sz (441)
p2 Q

08
+ T2(2/42 + )Lz) fr Gﬁdrz
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Adding (4.37), (4.38), (4.40), and (4.41), using (1.13), and performing straightforward
calculations we obtain

déu(t) _

P1
— = F@m o "%, (242 + 1) V0|72,
6vt
- p1(2p1 + A1) utt—df 2+ p1(2p2 + A2) L3 (4.42)
+ mq (2/11 + .)Ll) drz - mp (2‘1/12 + .)Lz) drz,
Fz vFZ 1"2
with
Ea(t) = (2 + 1) EL(t) + P—:(zﬂz +A2)EX(H),
HOE [plnwtuy(m + @+ 1) |Bulf g + 11| 8 o (4.43)
éz(t) [Pz”VUtHLz(QZ) + (2/42 + ~)LZ)”AU”LZ(QZ) + TZHVG”LZ Qz)]
Using the Cauchy inequality we have that
~ 12
1 00 . 2
divudl; < — dly+e | |divu dly, (4.44)
1“2 avrz 4 rz avrz 1“2
and, from trace and interpolation inequalities, we obtain
3 1/2 1/2
~12
% iy wpdry < C— f |v9| Ao, f |A9| ao| o+ gf \div 1, 2dT
r, Ovr, o r,
(4.45)
~12
< = |v9| Ao +gf |A9| Ao +gf \div 1, [2dT>.
Q I,
Similarly
9 div 0:dl; < < f |VO|*dQ; + sf |AB]2dQ; + sf |div v, |*dT,. (4.46)
1"2 avFZ 83 Ql Ql 1"2
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Replacing in the above equation we obtain

dés(t) =112 p1 2
ar <~k (2p1 + A1) ”AQ @) KZZ(z.”Z + )‘Z)HAQHLZ(QZ)
ou 0o,
- p1 (2/11 + .)Ll) J‘ Uyt ! drz + p1 (2‘1/12 + ./\,2) f Ot ! drz
r, o, r, O
c (4.47)
~2 ~12
+ = |v9| Ao, ”_[ |A9| A, +sf |div u]?dT
53 Q Q T,
C
+= | IVOPde + sf |AB)2dQ; + gf |div v [*dT,.
3 Ql Ql lH2
The result follows.
We introduce the following integrals:
L =f prun(q - V)udQi,
Q
' (4.48)
Iz = plutt(h . V)utdgl,
€
where
— — 3 v ifxe I,
g€ [C2<Ql ugz)] . gx) =
0 ifxeQ U,
(4.49)
_ _ 3 0 ifxe Ql \ Q?,,
he[(@ud)|,  hx) -
x if x €y,
with Q3 = Q) U [Uxer, B: (x)], where B, (x) is a ball with center x and radius . O

Lemma 4.4. Under the same hypotheses as in Lemma 4.1 one has that the corresponding solution of
the system (1.1)—(1.13) satisfies

dL (1) ou ||° ( 2 2 [ >

<k (v A Vo , 4.50
dat = " v, LZ(F2)+ o\ IVtliz,) u”LZ‘QI)+” ez (#.50)
dL(t) 10 ou; 2

<——1(2
<o (2p1 + A1) Bor, Lz(r2)+P1”uﬁ“L2(Fz)

(4.51)

(n-1) 5
+ = 2+ 1) el + € ||Vut||iz(gl)+||Au||iz(gl)+||v9t

2
L2<Ql>>’

where kg, Cy,, and C are positive constants and ry = |xo| , xo € I'5.
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Proof. Using Lemma A.1, taking h as above, ¢ = u;, f = my VGNt, and Q = Q;, we obtain

db(t ) 0 "
;() < (2u 1+A1)f o <Zh ”t>dr+2p1f |utt|2<§hivir>dl"

n
- %(2/11 + .)Ll) J. |Vut|2 <Z hivir>d1"
r

i=1

(4.52)
1 2 2 Oh;
— 5 J.91 <p1|utt| - (2//[1 + .)L])lvutl ><§ ax >dQl
Z E)ut
— (2m + ) fQ Vut<z Vhim— >d£21 +my f V6, <Z;‘ him— PP >d£21
Applying the hypothesis on h and since
h=-rovr,, 1 =|x|, Vx €Iy, rg =diam Q,
(4.53)
h= 0, VxeIy,
we have that
dly(t) ou; | 1o f )
<-1ro(2u1 + A dr, — — uy|dl’
T ( H1 1) 5 ovr, 2 2/01 FZ| tt] 2
T
+ 50(2/11 + .)Ll) J‘ |Vut|2d1"2
" (4.54)

1
“3 . (o = 21 432) 92
]

—Qu+ M) | |Vuld + m1f VO, (h - Vuy)dQ.
Ql Ql

Using (2.8) and the Cauchy-Schwartz inequality in the last term and performing straightfor-
ward calculations we obtain

dl,(t T ouy |?
2(H) <2 (2pu1 + A1) — + p1lug)* | dT
dt 2 T, aVrz
(4.55)
n-1 ~12
i ! > ) (21 + 1) f |us2dT> + cf <|uu|2 + V2 + |v9t| )dQl.
1"2 Ql
Finally, considering (1.1) and applying the trace theorem we obtain

lluell 2,y < C”Vut”LZ(Ql)/ (4.56)

with C > 0; there exists a positive constant C which proves (4.51). O
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We now introduce the integrals

(n-1)

I(t) = pzf vy (x - V)0 dQy, D(t) = I3(t) + > pzf Ut - v dQs.
Q)

Q)
Lemma 4.5. With the same hypotheses as in Lemma 4.1, the following equality holds:

do(t
e Tz—o[(zﬂz +2)

aUt
vr

0

2
+ PZHU”HLZ(FZ)]

2 L2(r)

(n=1)(2u2 + 12) vy (n-1)Qu2+X2) >
" 2 L o 2t 2 el e

(n-1)

1
) PZHUtt“%Z(QZ) + (2/42 + /\2) ||Vvt”%2(gz)] + Tmzf vy - VO;dQs.
Q

Proof. Differentiating (1.2) in the t-variable we have that

p2om = (2p2 + A2) Avy + my V6,

Multiplying the above equation by v; and integrating in £, we obtain

sz v - o dQ = (24 + 1)
Q)

Qz QZ

Hence

d
P f vr - vpd = pa f [0y |2 dQ + pa f v; - VA
t Qz QZ

2

= PZJ‘ |Utt|2d92 + (2[/12 + )Lz) U - AvpdQo
Q Q)

+ mzj‘ Uy * VQtdQZ
Q)

2 2
= p2llvulliziq,) = (242 + 12) VOl 12 )

+ (2‘1/{2 + .)Lz) J‘ vt%dl} + mzj‘ Ut - VthQZ
1"2 avFZ Qz

U - Aopd Qo + mzf v - VO, dQy.

25

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)
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On the other hand, using Lemma A.1 for h = x, ¢ = v;, f =0, and Q = €, we obtain

dl;(t) _

10 0v;
a2 [(2”2 +h2)

aVrz

2
+ p2||vtt||L2(r2)]
L2(T2)

(n=1)(2p2+ o) (n-1)
- 0l + T [z + 1) IVl — p2lloulf |

1
-3 |1+ 22) V011 ) + p2lonlF |

(4.62)
Multiplying (4.61) by (n — 1) /2 and adding with (4.62) we obtain
d 70 ovy 2
afb(t) =5 I:(Z#z +12) dr, . +P2||Utf“L2(FZ)
(n-1)(2u2 + 12) vy (n-1)Qu2+X2) 5
+ 7 . U ovr, dary + 5 lotll72r,) (4.63)
1 -1
5 [P2||Utt||%z(gz) + (2p2 + \2) ||VUt||%z(Qz)] + (nT)mz fQ vy - V0 dCy.
The result follows. O
We introduce the integral
2u1 + A 2Ur +\y) ~
(1) = Eat) + "“(57111) &) + %Z”eg(t) YO+ 6ab(t),  (464)

where 61 and 6, are positive constants.

Lemma 4.6. Under the same hypotheses as in Lemma 4.1 one has that the corresponding solution of
the system (1.1)—(1.13) satisfies

dAn(t)
dt

P _kp
@) 4 pp

< —%(2/41 +1) ”Aé

(242 + 12) 1 86|72 q,)

6C,c

- [Cl = 61Cy, — 620 - :I”Vut”%ugl) - C2||V7Jt||%2(gz)

3 61111 (2/11 + .)Ll)z
32P1K1

| @(

61112 (2/12 + .)Lz)z p1

P A2
32pax2 Pz” oMz

2
”Au”LZ(Ql) -

2 2

2 2
LZ(Q») ' C5<”V9”L2<Qz> " Hvef”LZ@z))

[¥0] 0, * 98

L*(Qq)
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rop1 2 (21 + M
- P ”Utt”LZ(rz) %”Utlly(rz)
N 62(2‘1/11 +)Ll> —@+C+61K0 avt )
2 2 4 avrz 12(T»)

(4.65)

Proof. From (4.11), (4.12), and (4.34), using the Cauchy-Schwartz inequality and performing
straightforward calculations we have that

d m (21 + A1) my(2p2 + A2)
T |:5 (t) + 75 a(t) + 2—K2<53(t)]

K K2 P1
<-7 @+ e CERE D LU
2
mi(2p+ ) 2 m5 (2u2 + 02) pu
_ 6—K1||d1VUt||L2(Ql) T ”leUt”Lz (@)
Cem (2 + )’ Al Brma (2p2 + 12)” p1 ”A 2 (4.66)
8p1x L2(Q) — 8paky L2(Q)

+65<||vé’||;(gl) ||v9t LZ(QI)> + C (10112 0, + 1V0U ) )

. 2 2
+el|div oz, + ellvnliz g,

drl,

3 omm (2‘1/11 + )Ll) N 51”12’1‘2 (2‘1/12 + )Lz) & J‘ 0v;
2k 21, pa | ), o,

where C,, C,, and ¢ are positive constants. By Lemma 2.2, there exist positive constants C;
and C; such that

m2 (2/11 + .)Ll) .
_1T||d1v ut||%z<gl) < _C1||Vut”iz(gl),
(4.67)

m (2/11 +.)L1) 1
Z—Z Idiv o1[122 0,y < ~Call VorllZ2 -

6K
Then
d mq (2[41 + 1\1) my (2/42 + 1\2)
g [54(t) + 7 &s(t) + 7 &)
Kz pP1

< _%(2‘;41 + A (2,112 + )LZ>||A9“L2

(€1)
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2 2
- C1||Vut”L2(Ql) - CZHVUt”LZ(QZ)

3 61111 (2/11 + .)Ll)z
8p1K1

* 65<||V§”i2(91) * ” Vét

. 2 2
+l|div vrlra ) + ellorllza )

sz (2/12 + /\2)2 &
8paka P2

2 ) 5
L2<91>> " C5<”V9”L2<92> " ”Vef”LZ@z))

2 2
”Au”LZ(Ql) - ”AU”LZ(QZ)

drs.

3 61111’1'1 (2‘1/11 + ./\,1) N 51”12’1‘2(2‘1/[2 + ./\,2) & f o - avt
2% 21 pa | ), " ovr,

(4.68)

Hence, taking 6,C < &my(2u1 + .)L1)2/16P1K1, 6,C" < (sz (2ur + Az)z/lépzxz)(pl /p2), and
e < (6rgp1)/4 we obtain

&s(t) +

my (2[41 + J\1> my (2/42 + 1\2) z
7 7 &3(t) + 621a(t)

% [54 (t) +

< —%(2‘1/[1 +.)L1)||A§ heyal

2
2
re) 4 p (242 + 121188112 )

6C,C 2 2
- |C1-6,C~ — Vel 72,y — CollVorlliz g,

3 61111 (2/11 + .)Ll)z
16p11€1

61112 (2/12 + /\2)2 &
16p2%; P2

)+ CeIV1R: ) + 1960 )

2 2
”Au”LZ(Ql) - ”AU”LZ(QZ)

~ 12 ~ 12
* CS<||V9||L2(91) * ”Vgt

L2(Q)

. rop1 52 (2/41 + 1\1)
+ 2¢||div oy [T, — T||Utt||%2<rz) + f”vtniurz)
B 627‘0(2/11 +)Ll> _ 6_C +C 6vt 2 )
2 2 aVrz LZ(FZ)
(4.69)
where we have used
el F2ry) < Coll Vitellfz i,y Cp >0 (4.70)
Using (1.10), we have that
0y 2 . 2
= ||divo, . 4.71
‘ ovr, 12(T,) | t”LZ(rZ) ( )
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Thus

mq (2[41 + 1\1)

d my (2uz + A2)
E [é4(t) + Té:;(t) + T

&) + 6L () + 6212(t)]

K2 P1
S 2P oy A2) 146172 o)

< —E(Zyl + .)Ll)”Aé ’
-4 Q) 4 po

6CPC 2 2
_ C1 - 61CK0 - 62C — T ||Vut||L2(Ql) - CZHVvt”LZ(Qz)

3 61111 (2/11 + /\1)2
32p11€1

* (Njg(”Vé”;(Ql) * ”Vét

61112 (2/12 + /\2)2 p1

P A2
32pax2 Pz” ollizc@)

2
”Au”LZ(Ql) -

2 2 2
vy + 1781y + 178 )

rop1 62 (21 + M)
- T”Uﬁ”é(rz) + f”vt”%mz)
B 6210 (2p1 + A1) e C+ S1%0 ||| 0w |7
2 2 4 aVrz LZ(FZ),

where ¢ < kyb1/2.

We define the functional

L(t) = N&i () + N&o(t) + M(E) + £0D(E),

where N and ¢ are positive constants.

29

(4.72)

(4.73)

Theorem 4.7. Let us suppose that (u, 6,0, 0) is a strong solution of the system (1.1)—(1.13). Then

there exist positive constants Cy and y such that

E1() + Ex(t) + E4(t) < Co(E1(0) + &2(0) + €4(0))e ™.

(4.74)

Proof. We will assume that the initial data is 3-regular. The conclusion will follow by standard
density arguments. Using Lemmas 4.3 and 4.5 and considering boundary conditions, we find

that

% [A(E) + egD(8)]

2 K
3 _2&(2/42 + .)Lz)”AQ“%Z(Qz)

K1 ~
< -7 (2 + )28 P
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(6 +&) C,C
- [q = 61Cr, = 62C = ————— IVtullfz(q,) = Call Vil 2,
3 61111 (2‘1/11 +.)L1>2||Au”2 3 61”12(2‘1/[2+)L2>2&”Av”2
32P1K1 L2(Q1) 32P2K2 P2 L2(Qy)
~ ~|2 ~ 112 ) )
+cg< V6] .0, * [| VO LZ@)) + Ce (V0120 + IO )
rop1 62(2p1 + 1)
- = ol + =l r,
€ eo(n—=1)2up + A
- EO [(Zﬂz +12) Vo + P0|Utt|2]d92 -2 g ot do) 10e 1l 2 ry)
Q
3 621’0(2[41 +)L1) B 6_C +C+ 611(0 _ & avt 2
2 2 4 aVFZ LZ(FZ)
(4.75)
From (4.1), (4.2), and (4.75) we have that
dL(t
J < —Co (D), (4.76)
dt
where
~2 ~ 2
= f <|Vut|2 +|AuP + | Al + Jugl + |v9| + |v9t| )d91
Q
(4.77)

+f (IVoul + 80P + | Ay + [oul + [V, ) dy.
Q

Using the Cauchy inequality, we see that there exist positive constants C, y > 0 such that

dLst)

L(t) < CN(L), T

< —yL(t). (4.78)

Then £(t) < £(0)e™"". Note that for N large enough we have that

C1 (61 (t) + éz(t) + 64(1’)) < ,Z(t) < Cz(él (t) + 62 (t) + 64(1’)) (479)

From the above two inequalities our conclusion follows. O
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Appendix

We introduce the following functional:
p.0)=p [ pn-T)pan, (A1)

where Q is a symmetric set of R”.

Lemma A.1. Let Q be a radially symmetric set of R". Suppose that f € H'([0,T] : L*(Q)) and
h € [C*(Q)]". Then for any function ¢ € H>([0,T] : L*(Q)) n H'([0, T] : H*(Q)) satisfying

pyi —bAp = f, (A2)

where p and b are positive constants, one has that

do(y,t) _ (P
It f (h- V) dF
+= pf |t | <Z h; v,r>d1" - -bf |V¢|2<Z hivl-r>dr
i=1
(A.3)
1 2 2 oh;
~3 fg(plsotl - b| Vg )(1211 s >d£2
P
—bf < x>dg+f F(h-V)de,
where I’ = 0Q.
Proof. We consider
dd (o, t)
ar =pf (Ptt(h‘V)(PdQ‘f‘PJ‘ @i(h- V) dQ
Q Q
(A4)

=f f(h-V)<de+bf A(p(h-V)(de+pf i (h - V)pdQ.
Q Q Q

Moreover

[ ptn-ipac =3[ gtnosmar—3 [ ol <z ‘;—Z> a0, (A5)

1=
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Hence
dod (e, t
(‘P ) f fh- V)(de+bf Agp(h- V)pdQ
(A.6)
1 o & 1 2 <= Oh;
+§PL(Pt <§hi‘vir>dF_EPJ‘Q|(Pt| <§ a—xi>d9
On the other hand,
f A(p(h-V)(dezf (h-Vgo)(V(p-vr)dF—f Vo-V(h-Ve)dQ. (A7)
Q T Q
Using
Xy 99 S O , 0V
_gh, o V(h-Vo) = ;( i3 T iax )
— (A.8)
poe 1 ¢
Vo-V(h-Vo) = v(va - 22 ox,
we obtain
_ : op 1, 0|V’
fQ Ap(h-V)pdQ = L(h V) (Ve -vr)drl - ; fg [V‘PVh’a_aq +5hi Py aQ
. op 1 " 8|V(p|
_J.r(h.V¢)V¢.vrdr—fQV¢<§Vh,a—xl>d§2—EI 21: .~
f(h-V v vdr—f vo( S vn 2 )ae
p)vVe-vr o p - 9%
f Vo[ Zah’ dg_lf Vol (3 hi- v, )dr
i=1 x’ 2 r i=1
_J. (h-V)Ve vrdl"——f |V<p|2<Zh1 v1r>d1"
r i=1
n n
] %\ aas L[ 1vop( s 2
LV‘P<§W”5 l>dg+2f [Vo| <; xl>d£2
(A.9)

Replacing in (A.6) the result follows. O
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