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Existence and Lyapunov stability of periodic solutions for a generalized higher-order neutral
differential equation are established.

1. Introduction

In recent years, there is a good amount of work on periodic solutions for neutral differential
equations (see [1-11] and the references cited therein). For example, the following neutral
differential equations

T ft) ~ ku(t =) = 1 (u(®) + gt~ 1)) + (1),

(x(t) +cx(t—1))" + f(x' (1)) + g(x(t - T(t))) = p(t), (1.1)

0
(x(t) —cx(t—0))™ + f(x(t)x'(t) + g<f x(t+ s)da(s)> =p(t)

have been studied in [1, 3, 8], respectively, and existence criteria of periodic solutions were
established for these equations. Afterwards, along with intensive research on the p-Laplacian,
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some authors [4, 11] start to consider the following p-Laplacian neutral functional differential
equations:

(pp(x(t) —cx(t-0))) + g(t, x(t - 7(t))) = p(t),

(1.2)
(Pp((x(t) —cx(t=0)))) + f(X' (1) + g(x(t = T(t))) = e(t),

and by using topological degree theory and some analysis skills, existence results of periodic
solutions for (1.2) have been presented.

In general, most of the existing results are concentrated on lower-order neutral
functional differential equations, while studies on higher-order neutral functional differential
equations are rather infrequent, especially on higher-order p-Laplacian neutral functional
differential equations. In this paper, we consider the following generalized higher-order
neutral functional differential equation:

(px) = extt=on®) " = E(1,x(0), '), ..., 20 0), (1.3

where ¢, : R — Ris given by ¢,(s) = |s|P"2s with p > 2 being a constant, F is a continuous
function defined on R! and is periodic with respect to t with period T, that is, F(t,-,...,-) =
F(t+T,...,), F(t,a,0,...,0)#0forall a € R, and ¢, o are constants.

Since the neutral operator is divided into two cases |c|#1 and |c| = 1, it is natural
to study the neutral differential equation separately according to these two cases. The case
lc] = 1 has been studied in [5]. Now we consider (1.3) for the case |c|#1. So throughout
this paper, we always assume that |c|#1, and the paper is organized as follows. We first
transform (1.3) into a system of first-order differential equations, and then by applying
Mawhin’s continuation theory and some new inequalities, we obtain sufficient conditions
for the existence of periodic solutions for (1.3). The Lyapunov stability of periodic solutions
for the equation will then be established. Finally, an example is given to illustrate our results.

2. Preparation

First, we recall two lemmas. Let X and Y be real Banach spacesand let L : D(L) C X — Y bea
Fredholm operator with index zero; here D(L) denotes the domain of L. This means thatIm L
is closed in Y and dim Ker L = dim(Y/ Im L) < +oo. Consider supplementary subspaces Xj,
Y; of X, Y, respectively, such that X = Ker L& X;, Y =Im Lo Y;. Let P : X — KerL and
Q : Y — Y; denote the natural projections. Clearly, Ker L N (D(L) N X;) = {0} and so the
restriction Lp := L|p()nx, is invertible. Let K denote the inverse of Lp.

Let Q be an open bounded subset of X with D(L)NQ#@. Amap N : Q — Y is said to
be L-compact in Qif QN(Q) is bounded and the operator K(I - Q)N : Q — Xis compact.

Lemma 2.1 (see [12]). Suppose that X and Y are two Banach spaces, and suppose that L : D(L) C
X — Yisa Fredholm operator with index zero. Let Q C X be an open bounded set and let N : Q — Y
be L-compact on Q. Assume that the following conditions hold:

(1) Lx#ANx, for all x € 0QND(L), L € (0,1),

(2) Nx¢ Im L, forall x € 0QNKer L,
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(3) deg{JON,QnKer L,0} #0, where | : Im Q — Ker L is an isomorphism.
Then, the equation Lx = Nx has a solution in QnD(L).

Lemma 2.2 (see [13]). Ifw € CY(R,R) and w(0) = w(T) = 0, then

T P T
fo lw(t)|Pdt < <I1> fo |/ (t)|Pdt,
p

where p is a fixed real number with p > 1 and

2j<p—1>/p ds 27 (p-1)"""
I, = = : .
s 0 (1-s/(p-1))"?  psin(x/p)

(2.1)

(2.2)

For the sake of convenience, throughout this paper we denote by T a positive real number,

and for any continuous function u, we write

uly ;= max |u(t)|.
julo := max fu(t)

(2.3)

Let A: Cr — Cr be the operator on Cr := {x € C(R,R) : x(t + T) = x(t) for all t € R}

given by

(Ax)(t) =x(t) —cx(t-0), VxeCr, teR.

Lemma 2.3. The operator A has a continuous inverse A~! on Cr satisfying the following:

f()+ icff(t -jo), forle| <1, Vf € Cr,
=1

W [a'f]o-
t - 1
SRS (o), frld >, v €c,

@ |[a7f]w]|< ,Jf l{;”f vf €Cr,

3) J‘§|[A_1f](t)|dtﬁu_le‘(ﬁf(t)ldt, Vf e Cr.

(2.4)

(2.5)

(2.6)

(2.7)

Remark 2.4. This lemma is basically proved in [3, 10]. For the convenience of the readers, we

present a detailed proof here as follows.
Proof. We split it into the following two cases.

Case 1 (|c| < 1). Define an operator B : Ct — Cr by

(Bx)(t) :=cx(t—0), YxeCr, teR.

(2.8)
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Clearly, Bix(t) = c/x(t - jo) and A = I — B. Note also that ||B|| < |c| < 1. Therefore, A has a
continuous inverse A™! : Cr — Crwith A1 = (I-B)™ = 3,729 B/; here B'x(t) := x(t). Hence,

[a7f]® = S [Bif|® = £t + S f(t-jo), (2.9)
j=0 j=1
and so
[ fo]| = |§é (7] )] = |2l (=) < 1'{ ||?:| :
]‘ a (2.10)
T . oo T ; oo T ; ) 1 T
J; HA f] (t)idt < ]ZO fo |<B f) (t)|dt - ;Z; fo |c £(t —]a)ldt Ty J; |f(t)|dt.
Case 2 (|c| > 1). Define operators
E:Cr—Cy, (Ex)(t) = x(t) - 1x(t +0),
¢ 2.11)
By :Cr — Cr, (B1x)(t) := %x(t +0).
From the definition of the linear operator B;, we have
i 1
(BLf) () = 5f(t+jo),
- _ » (2.12)
>(Bif ) = ft)+ >~ f(t+ o).
=0 i€
Since ||B|| < 1, the operator E has a bounded inverse E~! : Cr — Cr with
E'=(I-B)'=1I+ iBj, (2.13)
j=1
and so, for any f € Cr,
(E7F) ) = fFoy+ 3 (BIf) ®). (2.14)
=1

On the other hand, from [Ax](t) = x(t) — cx(t — ), we have

[Ax](t) = x(t) —cx(t—0) = - [x(t -0) - %x(t)] . (2.15)



Boundary Value Problems 5

That is,

[Ax](t) = —c(Ex)(t - O). (2.16)

Now, for any f € Cr, if x(t) satisfies

[Ax](t) = f(1), (2.17)
then we have
—c(Ex)(t - 0) = f(1), (2.18)
or
(Ex)(t) = —@ = fi(t)- (2.19)
So, we have
w0=(E"0)0 = A0+ SEA0 =D - SEEED g

So, A1 exists and satisfies

t = i f(t t 1
4 f] 0 = - L2 jng;f 2= LD S s G400,

(2.21)
ft+ 0') 21 |f|
|[a7f| )] = =S i+ Do) < 1y
j=1
This proves (1) and (2) of Lemma 2.3. Finally, (3) is easily verified. O

By Hale’s terminology [14], a solution x(t) of (1.3) is that x(t) € C'(R,R) such that
Ax € CY(R,R) and (1.3) is satisfied on R. In general, x(t) does not belong to C'(R, R). But
we can see easily from (Ax)'(t) = Ax'(t) that a solution x(t) of (1.3) must belong to C*(R, R).
Equation (1.3) is transformed into

(q;,, <<Ax(l)> (t)))("fl) - F(t, x(t), X' (t), ..., x"D (t)). (2.22)

Lemma 2.5 (see [4]). Ifp > 1, then

f (A7 f) )] at < alf |f()|Pdt, VfecCr. (2.23)
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Now we consider (2.22). Define the conjugate index g € (1,2] by 1/p +1/q = 1.
Introducing new variables

n) =xt), @) =xt),  y) =x"),..., ) = xD@),

ya®) =9 (Ax0®0),  ya®) = (pp(AxO®)) - v = (9 (AxO 1))

(n-1-1)

(2.24)

Using the fact that ¢, o ¢, = id and by Lemma 2.3, (1.3) can be rewritten as

yi(t) = ya(b),
va(t) = ys(h),

y;q (t) = ]/l(t)/
y)(t) = Ay (y1n (1)), (2.25)

y;+1 (t) = Yie2 (t)/

Yt () = ya(t),
Yu(t) = F(t, y1(8), y2(t), ..., yi(t)).

It is clear that, if y(t) = (y1(f), y2(t), ... ,yn(t))T is a T-periodic solution to (2.25), then v (t)
must be a T-periodic solution to (1.3). Thus, the problem of finding a T-periodic solution for
(1.3) reduces to finding one for (2.25).

Define the linear spaces

X=Y={y=m0)y0) . ya() € CORRY :y(t+T) = y(b)] (2.26)
with norm [|y|| = max{{[y1|], [ly2ll,-- ., lyxll}. Obviously, X and Y are Banach spaces. Define

L:D(L):{yeCl(R,R"):y(t+T)=y(t)}CX—>Y (2.27)
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by
;
Y2
Ly=vy = y; : (2.28)
7
Moreover, define
N:X—Y (2.29)

by

/ va(t) \

y3(t)

Ny = Ay, (.ym t)) ) (2.30)
yl+2(t)

\F(t,y1(6), v, (1))

Then, (2.25) can be rewritten as the abstract equation Ly = Ny. From the definition of L,
one can easily see that Ker L = {y € C'(R,R") : y is constant} = R" and Im L = {y : y €
X, fOT y(s)ds = 0}. So, L is a Fredholm operator with index zero. Let P : X — Ker L and
Q:Y — Im Q be defined by

T T
py=1[ voas, Q-1 v @31)

It is easy to see that Ker L = Im Q = R". Moreover, for all y € Y, if we write y* = y — Q(y),
we have fOT y*(s)ds=0and so y* € Im L. Thisistosay Y =ImQ ®Im L and dim(Y/Im L) =
dim Im Q = dim Ker L. So, L is a Fredholm operator with index zero. Let K denote the
inverse of L|ker pnp(z), then we have

0

T T T T
[Ky](t) = <f0 Gi(t, s)y1(s)ds, .[0 Ga(t, s)yz(s)ds,...,J‘ Gal(t, s)yn(s)ds> , (2.32)
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where

Gi(t,s) = i=1,2,...,n (2.33)

From (2.30) and (2.33), it is clear that QN and K(I — Q)N are continuous, and QN (Q) is
bounded, and so K(I - Q)N(Q) is compact for any open bounded Q C X. Hence, N is L-
compact on Q. For the function y(t) = (y1(t), y2(t), ... ,yn(t‘))T defined as (2.24), we have the
following.

Lemma 2.6. If y(t) € CY(R,R") and y(t + T) = y(t), then

T 1 T p(l-i) T q(n=1) .1
‘Wfdt < ——( — — f ()| dt, (2.34)
Jyoras i (5) (7)ol

where1/p+1/qg=1,p>2,i=12,...,1-1

Proof. From y1(0) = y1(T), there is a point t; € [0, T] such that y;(t1) = 0. Let wi (t) = y; (t+11).
Then, w1 (0) = w1(T) = 0. From y2(0) = y(T), there is a point ¢, € [0,T] such that y;(t,) = 0.
Let wy(t) = y5(t + t2). Then, w>(0) = wy(T) = 0. Continuing this way, we get from y;_1(0) =
y1-1(T) a point t;1 € [0,T] such that y;_,(t-1) = 0. Let w1 (t) = y;_, (t + t1-1). Then, w;1(0) =
wi-1(T) = 0. From y;(f) = yi(t + T), we have [} (Ay))()dt = [J (Ay) (Hdt = (Ay) (D[ = 0,
so there is a point t; € [0, T] such that Ay;(t;) = 0; hence, we have ¢,((Ay))(t;)) = 0. Let
wi(t) = @p((Ay)(t + 1)) = yra(t + t). Then, w;(0) = wi(T) = 0. Continuing this way, we
get from y,,1(0) = y,1(T) that there is a point t,.1 € [0,T] such that y, ,(t,.1) = 0. Let
wn-1(t) =y, _(t+t,1). Then, w, 1(0) = w,_1(T) = 0. By Lemma 2.2, we have

T T
f Iyi(t)l”dt=f |ewy () Pt
0 0

P T
J | (#) |7 dt

0

P T
j s (8) Pt

0

2p T
[ worar
0
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(1)
T\ JT
<= W (1) |Pdt
(%) [l
p(l-1)
=< > f P

(2.35)

By Lemma 2.5 and Lemma 2.2, we have

T T p
L lyi )| dt = fo | A7y (yia (1)) |t

1 T

< A-raP jo lpg(yra (1) [Pt
1 T _

= R j |y ()PP dt
1

= WJ‘ |]/l+1(t)| dt

1
T j wn(b)|7dt

< (3,) [ wiora
1
=W< > J |yl+2(t)| dt

(2.36)

1 q(n-1)

< m< > f ), (8)|"dt
1 q(n-1)

== < > f |y, ()| "dt.

Combining (2.35) and (2.36), we get

T 1 T p(l-1) q(n-1)
®fdt < ——( — j (|4t (2.37)
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Similarly, we get

T 1 T p(l-i) T qn-1) 1
P — (L T f L] dt. (2.38)
fo viOldt< —7p\ 7, E ) 19O

This completes the proof of Lemma 2.6. O

Remark 2.7. In particular, if we take p = 2, then g = 2 and

@-1)/2 ds 27 (2-1)2
e 2D f == - 2.39
PETETmES), d-e/e-n R 2sin(r/2) 239
In this case, (2.34) is transformed into
T 2n—i) (T

1 T 2
(BPdt < —— (-) f L ()| dt. (2.40)

fo |y | [1=|c[|> \ o 0 |y |

3. Main Results

For the sake of convenience, we list the following assumptions which will be used repeatedly
in the sequel.

(H;) There exists a constant D > 0 such that

z21F(t,z1,20,...,21) >0, Y(t,z1,2,...,2) € [0,T] xR!, with |z;| > D. (3.1)

(H2) There exists a constant M > 0 such that

|F(t,z1,22,...,z)| <M, Y(t,z1,25,...,21) €[0,T] xR (3.2)

(H3) There exist nonnegative constants ay, ay, ..., a;, m such that

|F(t,Zl,Zz,...,Zl)|Sa]|21|+a2|22|+“'+a[|21|+m, V(t,Zl,Zz,...,Zl) € [O/T] XRZ' (33)

(Hj4) There exist nonnegative constants yi, y2, . .., y» such that

|F(t,ug,up, ..., uy) —F(t,01,02,...,04)| < 11lu1 — 01| + 2|t — 02| + -+ - + Y|ty — O (3.4)

for all (t,uy,uy, ..., uy), (t,v1,02,...,0,) € [0, T] x R™.

Theorem 3.1. If (H) and (H>) hold, then (1.3) has at least one nonconstant T-periodic solution.
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Proof. Consider the equation
Ly=ANy, 1e€(0,1). (3.5)
LetQ;={yeD(L):Ly=ANy, A€ (0,1)}. If y(t) = (yl(t),yz(t),...,yn(t))T € Qq, then
() = Aya(h),

ya(t) = Ays(8),

Y (8) = Ayi(t),
v (1) = Ay (ya (1)), (3.6)
Vi (t) = Ayna(t),

y;zfl (t) = Ayn (t)/
Ya(t) = AF (L y1(8), ya2(t), ..., ().
We first claim that there exists a constant ¢ € R such that

ly1(®)| < D. (3.7)

Integrating the last equation of (3.6) over [0, T], we have

T
L F(t,y1(t), yo(t), ..., yi(t))dt = 0. (3.8)

By the continuity of F, there exists ¢ € [0, T] such that
F&yi(@),--,y() =0. (3.9)

From assumption (H;), we get (3.7). As a consequence, we have

T
[y (t)| = <D+ -[0 ly1(s)|ds. (3.10)

t
() + L Y, (s)ds
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On the other hand, multiplying both sides of the last equation of (3.6) by y;,(t) and integrating
over [0, T], using assumption (H,), we have

T T
fo |y, (6)*dt = A fo F(t,y1(t), y2(b), ..., yi(t)) y,, (H)dt

T
< IO [F(t, ya (1), 2 (t), ..., i) | |y, (£) |t

T (3.11)
< ML |y, (1) |dt
T 1/2
< MTY? <f lyL(t) |2dt> .
0
It is easy to see that there exists a constant M, > 0 (independent of 1) such that
! 2
f v, (0)[2dt < M. (3.12)
0

From y,-1(0) = y,-1(T), there exists a point t; € [0,T] such that y,(t;) = 0. By Holder’s
inequality, we have

T T 1/2
lyn(®)] < f |y, (t)|dt < T2 <f A0) |2dt> <TV2ML” = M, (3.13)
0 0
From y,-2(0) = y,—(T), there exists a point t, € [0, T] such that y,_1(t>) = 0, and we have
T T T
a1 < [ |vir®ldt= [ [awn(Oldt < [yt <TM, = Ma. G19
0 0 0

Continuing this way for y,_o, ..., Y11, we get

|y ()| < TMysz := M. (3.15)
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Hence,

T T 1 T )
lyi)] < fo lyj(t)|dt < L |)LA 1<Pq(3/1+1(t))|dt Ao fo |yia ()| dt

1 -1
<——TM! =M
S e e
(3.16)
|y (B)| < TM; == My,
|y2(t)| <TMj3 := M,.
Meanwhile, from (3.10), we get
T
o §D+J |y,(8)|dt < D+ TM, == M. (3.17)
0

Let My = max{Mi, My, ..., M, }. Then, obviously |[y1 || < My, |lyz|| < My, ..., and ||y < Mo.
Let Q;, = {y € Ker L : Ny € ImL}. If y € Qp, then y € Ker L, which means that
y = constant and QNy = 0. We see that

y2 _0/
y3 _0/
(3.18)
yn =0/
P(t,yl,O,...,O) =0.
So,
|y1| <D < M, Y=Yyz=---=y, =0< M,. (3.19)

Now take Q = {y = (y1,¥2,---,yn) € Xt [lyall < Mo+1, llyall < Mo+ 1,..., [lyall <
My + 1}. By the analysis above, it is easy to see that Q, cQ, ﬁz C Q, and conditions (1) and
(2) of Lemma 2.1 are satisfied.

Next we show that condition (3) of Lemma 2.1 is also satisfied. Define an isomorphism
J:Im Q — Ker L as follows:

](yll y2/ e /yn)T = (yn/ ylr e /yn—l)T- (320)
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Let H(u,y) = py+ (1 -u)JONy, (1, y) € [0,1] x Q. Then, for all (4, y) € (0,1) x (0 NKerL),

1-

/#yl tr

T

”f F(t,yl,O,...,O)dt\
0

Y2

H(p,y) = (321)

A7 g (1)

\ " )

From (H,), it is obvious that yH (¢, ) > 0 for all (y,y) € (0,1) x (02 N Ker L). Therefore,

deg{JON,QnKer L,0} =deg{H(0,y),QnKer L,0}
=deg{H(1,y),QnKer L,0} (3.22)
=deg{l,QNnKer L,0}#0,

which means that condition (3) of Lemma 2.1 is also satisfied. By applying Lemma 2.1, we
conclude that equation Ly = Ny has a solution y(t)* = (y;(t), y5(t), ..., y;*l(t))T on Q; that is,
(1.3) has a T-periodic solution y7 (t) with [|y}]| < Mo + 1.

Finally, observe that yj(t) is not constant. For, if y} = a (constant), then from (1.3) we
have F(t,a,0,...,0) =0, which contradicts the assumption that F(t, a,0,...,0) #0. The proof
is complete. O

Theorem 3.2. If (H;) and (Hs) hold, then (1.3) has at least one nonconstant T-periodic solution if
one of the following conditions holds:

1 p>2

) p=2and 1/]1 = |c||[(arT + ax)(T/ 7)™ + az(T/ ) 2 + -+ + ay(T/ )| (T/ )" < 1.

Proof. Let Q1 be defined as in Theorem 3.1. If y(t) = (y1(¢), y2(f), ... ,yn(t))T € Qq, then from
the proof of Theorem 3.1 we have

Yu(t) = AF (L, y1(8), y2 (1), - .., mi(1)), (3.23)

T
lyalp <D+ fo |y1(s)|ds. (3.24)

We claim that |y, is bounded.
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Multiplying both sides of (3.23) by ¢,(y,(t)) and integrating over [0,T], by using
assumption (H3), we have

T T
fo |y, (t)|dt = )Lfo F(t, 1 (), y2(t), ..., yi(t)) g (v (1)) dt
T
< [ 1F 0,20 90 (30t
T T
Salf Iyl(t)lltpq(y;(t))ldthf [y2(D)|[9q (7 (1)) |4t
0 0
T T
+---+a1f |y1(t)||(pq(y;(t))|dt+mJ‘ lpq (v, (£)) |t
0 0
r T (3.25)
Sallyllof qu(y;(t))IdHazf ly2(6)]|q (v (1) |t
0 0
T T
e [ @1l Gao)atsm [ Loy (o)
0 0
T T T
<o (04 [ 1101a1) [ ot [ L0l (r
0 0 0

T T
+oota J‘o lyi(O)] g (va(1)) |at + mJ‘o g (yu (1)) |dt.

Applying Holder’s inequality, we have

T T 1/q T 1/p
f [y, (t)|dt < ay D+T“P<f Iy’l(t>|"dt> Tl“’(f Iqu(y;(t))l”dt>
0 0 0
T 1/q T 1/p
([ tmora) ([ iniora)
T 1/q T
e bag UO Iyz(t)lth> <f0 qu(y;(t))lpdt>
T 1/p
+mT" q<f qu(y;(t))l”df>
0
T 1/q(p-1) , .1 1/p
SalT-T@‘z)/q('”‘”(f Iy'l(t)lpdt> <f Iy;(t)l"dt>
0 0
T 1/9(p-1) , .7 1/p
+apTP2/aP1) <f |yz(t)|’”dt> <I |y;(t)|th> +oe
0 0

1/p
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T 1/9(p-1) , .1 1/p
+mT<pz>/q<p1>< f |yl(t)|pdt> <f Iyi,(t)l"dt>
0 0
T 1/p
emr [ o
0
T 1/p T 1/p
=a1T-T<P—2>/P<f Iy’l(t)lpdf> <I Iy;(t)lqdf>
0 0
T 1/p T 1/p
+a2T(p_2)/p<I |y2(t)|Pdt> (J |y;(t)|th> +
0 0
T 1/p T 1/p
cvare([Muopa) ([ hora)
0 0

T 1/p
+ (1D +m)TVq <f AG! |th> .
0

(3.26)

Applying Lemma 2.6 and (3.26), we have

f |y (t)|th<a1T a1 1 T -1 1 q(n-1)/p IT|y’ (t)|th 2/p
" 1= lell Y o "
+ a1 (Y o)
1= lell T o "
TP 1 q(n-1)/p IT|y' (t)|th 2/p
1= lell o "

+ (a1D+m)T1/q<j A t)|th> (3.27)

-1 1-2
<—— | (T + ap) T + a3 £l +- 4 E
T=Tell | [ P , =,
T q(n=1)/p T 2/p
xTP-2/p( — : j |y, (t)]"dt
Ty 0

T 1/p
+ (ayD+m)TY4 <J- AG) |th> .
0
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Case 1. If p =2 and 1/[1 - |¢||[(a1T + ) (T/ )™ + a3(T/ )2 + -+ + ay(T/ )| (T /)" < 1,
then it is easy to see that there exists a constant M), > 0 (independent of 1) such that

T
f |y, (B)|7at < M, (3.28)
0

Case 2. If p > 2, then it is easy to see that there exists a constant M,, > 0 (independent of 1)
such that

T
f ly, ()] dt < M. (3.29)
0

From v,,-1(0) = y,-1(T), there exists a point t; € [0,T] such that y,(t;) = 0. By Holder’s
inequality, we have

T T 1/q
lya(1)] < fo |y, (t)|dt < TP <f0 |y;,(t)|th> <1VPM," = M, (3.30)

This proves the claim, and the rest of the proof of the theorem is identical to that of
Theorem 3.1. O

Remark 3.3. 1If (1.3) takes the form
(ipp(ae(t) = cx(t - o))(”)("_’) - F<t,x(t),x’(t),. L x V@) +e), (3.31)

where e(t) € C(R,R),e(t +T) = e(t) and jOT e(t)dt = 0, then the results of Theorems 3.1 and
3.2 still hold.

Remark 3.4. If p = 2, then (1.3) is transformed into
(x(t) - cx(t — o)™ = F<t,x(t),x’(t),. ., xmD (t)>, (3.32)

and the results of Theorems 3.1 and 3.2 still hold.
Next, we study the Lyapunov stability of the periodic solutions of (3.32).
Theorem 3.5. Assume that (Hy) holds. Then every T-periodic solution of (3.32) is Lyapunov stable.

Proof. Let

zi(t) = x(t),  z(t) =X (b),...,z.(t) = xV(H). (3.33)
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Then, system (3.32) is transformed into

zi(t) = z2(t),

z5(t) = z3(t),
(3.34)

z,(t) = ATF(t,z1(8), 22(8), - .., Zu (1))

Suppose now that z*(t) = (z](t), z5(t), ..., z’;l(t))T is a T-periodic solution of (3.34). Let
z(t) = (z1(t), z2(b), ..., za(t))" be any arbitrary solution of (3.34). For any k = 1,...,n, write
wi (t) = zk(t) — zi(t). Then, it follows from (3.34) that

w (t) = wa(t),

wy(t) = ws(t),
(3.35)

w,(t) = A7 (F(t z1(t), z2(t), ..., za(t)) = E(t, 2} (1), Z3(F), ..., Z4 (D)),

and so

|w! (8] = [wa(t)],

|ws (5] = [ews (1)),
(3.36)

[l ()] = |A‘1(F(t,zl(t),zz(t),...,zn(t)) —F(t,z;(t),z;(t),...,z;;(t)))|.

Letul’(t) = [w(#)|, 1=0,1, k=1,2,...,n. Then,

ull (t) = uZ(t)l

u, (t) = us(t),
(3.37)

w,(t) = |AT (210, 2, 2a(t) - F(4 210, 50, 23(0))]|
Take p = max{y1/|1 = |c|l, y2/11 = lc|| +1,...,7y./]1 = |c|]| + 1} + 1, and define a function V (-) by

Vit ug, ... un) = e P ug (). (3.38)
k=1
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Let U(ui,...,un) = > g Yk(t). It is obvious that V(t,u1,...,u,) > 0 and V(t,us,...,u,) >
U(uy, ..., u,) > 0. From (Hy) and Lemma 2.3, we get

V(tu,... u,) =—peP <iuk(t)> +e P up(t) + -+ uu(t))
k=1
+ e-f’*|A-1 (F(t, z1(t), z2(b), ..., zn(t)) = F (£, 25 (1), Z5(1), ..,z;;(t)))|

< —pe <iuk(t)> +e P up(t) + -+ uu(t))
k=1

e II||

< —pet <§"3uk<t>> Fe P (up(t) + -+ un (1))

k=1

(F(t,z1(t), z2(t), ..., zn(t)) = F(t, 25 (), 25(t),..., 25 (1)))|

-Bt
TG CIORECIERRS ACHOREAC)
(3.39)

= —pe <Zn;uk(f)> +e P (up(t) + -+ un(t))
k=1

|1 | ||(Y1|Z(J1(t)|+ +Yn|w7‘l(t)|)

= —pe <i”k(t)> +e P (ua(t) + -+ + un(t))
k=1

|1 | ” (Ylul t) +oeet Ynun(t))

_ Yk _
‘( P+ il ||>” (e ﬂt+z< peix |1—|c||>”"(”e 8

<0.

Hence, V is a Lyapunov function for nonautonomous (3.32) (see [15, page 50]), and so
the T-periodic solution z* of (3.32) is Lyapunov stable. O

Finally, we present an example to illustrate our result.

Example 3.6. Consider the n-order delay differential equation

(n—4) 1
<(pp(x(t) - 3x(t - 0))(4)> = ix(t) + 1 sinx'(t) + % cos x" (t) sin 2t + 3 sinx” (t).

3ar 8
(3.40)
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Here p is a constant with p > 2. Comparing with (1.3), we have ¢ = 3 and

1 1 1 1
F(t,z1,20,23,24) = gzl + 3 sin z, + 3 cos z3 sin 2t + 3 sin zy. (3.41)

Observe that F has period T = o and satisfies

1 1
F(t,a,0,0,0) = BGQ + 3 sin2t#£0, VaeR. (3.42)

Pick D = 3ar. Then,

|z1F (t, 21, 22, 23, 24)| = |z1| 1z+1sinz +1cosz sin2t+1sinz
1 7 &1y L2, 43,44 - 1 3‘72_ 1 8 2 8 3 8 4
1 1 . 1 . 1 .
>|z1] - |=— |z1] = |5 sinzx + = cos z3 sin 2t + = sin z4
[ 3
>3- |1-=
>ar[1-]

>0

for all (t,z1,22,23,24) € [0,T] x Rl with |z;| > D = 32r. Hence, (H;) holds. On the other hand,
since

7 1, 2/ 3/ 4 —_ 3 1 8 2 8 3 8 4

1
< — +1,
3]r|21|

assumption (H3) holds with ay =1/3a, a» =0, a3 =0, a4 =0,and m = 1.

Case 1. If p > 2, then by (1) of Theorem 3.2, (3.40) has at least one nonconstant sr-periodic
solution.

Case 2. If p = 2, then

(T +txz)<§>3 +a3<§)2 . a4<§>] @)4

=1><[<ixn'+0>x1+0x1+0><1]x1 (3.45)
2 3ar

1

2

So by (2) of Theorem 3.2, (3.40) has at least one nonconstant sr-periodic solution.
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