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We investigate a second-order discrete problem with two additional conditions which are
described by a pair of linearly independent linear functionals. We have found the solution to this
problem and presented a formula and the existence condition of Green’s function if the general
solution of a homogeneous equation is known. We have obtained the relation between two Green’s
functions of two nonhomogeneous problems. It allows us to find Green’s function for the same
equation but with different additional conditions. The obtained results are applied to problems
with nonlocal boundary conditions.

1. Introduction

The study of boundary-value problems for linear differential equations was initiated by
many authors. The formulae of Green’s functions for many problems with classical boundary
conditions are presented in [1]. In this book, Green’s functions are constructed for regular
and singular boundary-value problems for ODEs, the Helmholtz equation, and linear
nonstationary equations. The investigation of semilinear problems with Nonlocal Boundary
Conditions (NBCs) and the existence of their positive solutions are well founded on the
investigation of Green’s function for linear problems with NBCs [2-7]. In [8], Green's
function for a differential second-order problem with additional conditions, for example,
NBCs, has been investigated.
In this paper, we consider a discrete difference equation

111-211142 + a}um + H?Hi = fi, (1.1)
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where a2, a° # 0. This equation is analogous to the linear differential equation

by (x)u" (x) + by (x)u' (x) + bo(x)u(x) = f(x). (1.2)

In order to estimate a solution of a boundary value problem for a difference equation,
it is possible to use the representation of this solution by Green'’s function [9].

In [10], Bahvalov et al. established the analogy between the finite difference equations
of one discrete variable and the ordinary differential equations. Also, they constructed a
Green’s function for a grid boundary-value problem in the simplest case (Dirichlet BVP).

The direct method for solving difference equations and an iterative method for solving
the grid equations of a general form and their application to difference equations are
considered in [11, 12]. Various variants of Thomas’ algorithm (monotone, nonmonotone,
cyclic, etc.) for one-dimensional three-pointwise equations are described. Also, modern
economic direct methods for solving Poisson difference equations in a rectangle with
boundary conditions of various types are stated.

Chung and Yau [13] study discrete Green’s functions and their relationship with
discrete Laplace equations. They discuss several methods for deriving Green’s functions. Liu
etal. [14] give an application of the estimate to discrete Green'’s function with a high accuracy
analysis of the three-dimensional block finite element approximation.

In this paper, expressions of Green’s functions for (1.1) have been obtained using the
method of variation of parameters [12]. The advantage of this method is that it is possible
to construct the Green’s function for a nonhomogeneous equation (1.1) with the variable
coefficients a2, a', a° and various additional conditions (e.g., NBCs). The main result of
this paper is formulated in Theorem 4.1, Lemma 5.3, and Theorem 5.4. Theorem 4.1 can be
used to get the solution of an equation with a difference operator with any two linearly
independent additional conditions if the general solution of a homogeneous equation is
known. Theorem 5.4 gives an expression for Green'’s function and allows us to find Green’s
function for an equation with two additional conditions if we know Green’s function for
the same equation but with different additional conditions. Lemma 5.3 is a partial case of
this theorem if we know the special Green’s function for the problem with discrete (initial)
conditions. We apply these results to BVPs with NBCs: first, we construct the Green’s function
for classical BCs, then we can construct Green’s function for a problem with NBCs directly
(Lemma 5.3) or via Green’s function for a classical problem (Theorem 5.4). Conditions for
the existence of Green’s function were found. The results of this paper can be used for the
investigation of quasilinear problems, conditions for positiveness of Green’s functions, and
solutions with various BCs, for example, NBCs.

The structure of the paper is as follows. In Section 2, we review the properties of
functional determinants and linear functionals. We construct a special basis of the solutions
in Section 3 and introduce some functions that are independent of this basis. The expression
of the solution to the second-order linear difference equation with two additional conditions
is obtained in Section 4. In Section 5, discrete Green’s function definitions of this problem
are considered. Then a Green’s function is constructed for the second-order linear difference
equation. Applications to problems with NBCs are presented in Section 6.

2. Notation

We begin this section with simple properties of determinants. Let K=RorK=Cand1<n €
N.
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For all a},b]. €K i,j =1,2, the equality

11 11
by a;| |b, a
1 31 1 1
b% a% b% [1% bl b2 al aZ (2 1)
bl Al Il alll = {2 32 2 2 )
1 % h 4 by by| |a; a5
b? a2| |b? a
1 4 2 4

is valid. The proof follows from the Laplace expansion theorem [8].

Let X = {0,1,...,n}, X = {0,1,...,n = 2}. F(X) := {u | u: X — K} be a linear space
of real (complex) functions. Note that F(X) = K™*! and functions 6',i = 0,1, ..., n, such that
6'(j) = 6/ for j € X (6" is a Kronecker symbol: 67, = 1if m = n, and 6%, = 0 if m#n), form a
basis of this linear space. So, for all u € F(X), there exists a unique choice of (uy, ..., u,) € K,
such thatu = 3}_, ux6¥. If we have the vector-function u = [u!, 2] € F?(X), then we consider
the matrix function [u] : X?> — M>,»(K) = K* and its functional determinant D[u];; : X? —
K

(2.2)
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1 2 1 1
u, | u;_4 U, | U .
W[u]]' = ]1 ]2 = ]2 ; = D[u]j—l,]’/ i=1,...,n (2.3)
u;pu uiy U
Let (if W[u].,#0)
Dlu],q; Dlu].,q;
Hlu]; = ——t = M jeX, j=-1,01,...,n-2. (2.4)

v W[u]]-+2 - D[u]j+1,j+2,

We define H; ,-1[u] = H;,[u] =0,i € X. Note that Hj,1; =0, Hjy2; =1forj € X.

If [u];; = P [u];;, where P = (p}) € M2(K), then

det[u];; = det[u];; - detP, Wu]; = W[u], - detP. (2.5)
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If W[u]#0 and P € GL,(K) := {P € M« (K) : detP #0}, then we get H[u] = H[u]. So, the
function H[u];; is invariant with respect to the basis {u!, u?} and we write Hj;.

Lemma 2.1. If w = [w!, w?] € F*(X), then the equality

D[w], D[w].
‘ [Wlik DIwlji = D[w];- D[wly, ijkl€X, (2.6)

Diwl; D[w]

jl

is valid.

Proof. If we take b}" = w!", b’ = w;.“, al' = wy, ay = wlm, m = 1,2, in (2.1), then we get

equality (2.6). O

Corollary 2.2. Ifw = [w!, w?] € F(X?), then the equality

WI[D[w], D[w]~l]i =

‘D[W]i—l,k D[w] = W[w], - D[wl,, (2.7)

D[w] i D (Wl

k,leX,i=1,...,nisvalid.

We consider the space F*(X) of linear functionals in the space F(X), and we use
the notation (f,u), ( fk,uk) for the functional f value of the function u. Functionals 6;,
j=0,1,...,n form a dual basis for basis {6'}}.,. Thus, (6j,u) =u;. If f € F*(X), g € F*(Y),
where X = {0,1,...,n} and Y = {0,1,...,m}, then we can define the linear functional (direct
product) f - g€ F*(X xY)

(£ ghwn) = (£ (g wa)),  wa e FXxY). (2.8)

We define the matrix

() (g
ot = ({7 ) >

for f = (f, g), w = [w!, w?], and the determinant

_|(frwh) (gwh)

._ k. ol - =
D()[w] := (- g', Dwly) Gy (g aty| = MO (2.10)
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For example,

D(f,6;)[w] = (f*- 6!, DIwly ) = ‘

)
D(8:,6;)[w] = (6} -6, D[wly; ) = D[w],

D(f) [w,w’] = D(£,6)[w,w’| = (f g 6, D[w,"] ) 2.11)

= |(fw?) (gw?) wjl.

Let the functions w!, w? € F(X) be linearly independent.

Lemma 2.3. Functionals f, g are linearly independent on span{w?,w?} c F(X) if and only if

D(f)[w] #0.

Proof. We can investigate the case where F(X) = span{w!, w?}. The functionals f, g are

linearly independent if the equality a;f + a,g = 0 is valid only for a1 = a, = 0. We can
rewrite this equality as (a1 f + ag, w) = 0 for all w € span{w!, w?}. A system of functions
{w!, w?} is the basis of the span{w!, w?}, and the above-mentioned equality is equivalent to
the condition below

(D)D) () e

Thus, the functionals f, g are linearly independent if and only if the vectors

() (o) o

are linearly independent. But these vectors are linearly independent if and only if

(g/wh)

(fw") (gw!
0. (2.14)
‘ ) (gw)|

w
w

(fw?

If f = fP;, W = P,,w, where Pf, P, € My,o(K), then

D(f) [W] = detP,, - D(f)[w] - det P}, (2.15)

D(f, h) [W, wO] = detP,, - D(f, h) [w, wo] - detP;. (2.16)
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3. Special Basis in a Two-Dimensional Space of Solutions

Let us consider a homogeneous linear difference equation

Lu = aizu,u,z + a}um + a?ui =0, i1€X, (3.1)

where a2, a’ #0. Let S ¢ F(X) a be two-dimensional linear space of solutions, and let {u!, u?}
be a fixed basis of this linear space. We investigate additional equations

<L1/u> = O/ <L2/u> = O/ ue S/ (32)

where Li,L, € S* are linearly independent linear functionals, and we use the notation L =
(L1, Ly). We introduce new functions

7, :=D(6;,La)[u], T} :=D(Ly,6)[u]. (3.3)

For these functions (L, ") = 6/D(L)[u], m,n = 1,2, that is, " € KerL,, for m#n.
So, the function 7" satisfies equation (L, u), and the function o° satisfies equation (L, u).
Components of the functions 7' and T° in the basis {u!, 12} are

() (o)

respectively. It follows that the functions 7', o° are linearly independent if and only if

(Low?) ~(L1,u?)
~(Lau) (Ly,ut)

(Lijut) (La,u')
(Li,u?) (Lo, u?)

£0. (3.5)

But this determinant is zero if and only if D(L)[u] = 0. We combine Lemma 2.3 and these
results in the following lemma.

Lemma 3.1. Let {u',u?} be the basis of the linear space S. Then the following propositions are
equivalent:

(1) the functionals L1, L, are linearly independent;

(2) the functions o', o* are linearly independent;

(3) D(L)[u] #0.

If we take b}" = u!", b} = u}“, a =(L,,u™), m,n=1,2,in formula (2.1), then we get

D(6i,L1)[u] D(6j,L1)[u]

DG, L] DG, )| PO (36)
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The left-hand side of this equality is equal to

D(6;,Ly)[u] D(6;,Ly)[u] _ Gh 5}.' 57)
D(Ly,6;)[u] D(Ly,6))[u]| |77 ©;
Finally, we have (see (3.3))
D[¥] = D[u] - D(L)[ul]. (3.8)
Similarly we obtain
W[¥] = W[u] - D(L)[u]. (3.9)

Lemma 3.2. Let {u!,u?} be a fundamental system of homogeneous equation (3.1). Then equality
(3.9) is valid, and

W[¥]#0 & D(L)[u] #0. (3.10)

Propositions in Lemma 3.1 are equivalent to the condition W [v] #0.

Corollary 3.3. If functionals Ly, L, are linearly independent, that is, D(L)[u] #0, and

vl = %ﬁl{]“], vl = Dg&—fﬁl{]“], (3.11)

that is, v = ¥/ D(L), then the two bases {v',v?} and {Ly, Ly} are biorthogonal:
(L, 0"y = 6%, mn=1,2, (3.12)
D[v] = %, [v] = %, H[v] = H[ul]. (3.13)

Remark 3.4. Propositions in Lemma 3.1 are valid if we take {v!,7?} instead of {7",7°}.

Remark 3.5. If {u', %"} is another fundamental system and u = Pu, where P € GL,(K), then

D(6i,Lo)[u] _ D(i, L) [u] D(Ly,6)[u] _ D(Ly,6i)[u] (3.14)
D(L)[u] D(L)[u] ’ D(L)[u] D(L)[u] .

(see (2.15)). So, the definition of v := [v!,v?] is invariant with respect to the basis {u!,u?}:

v} = D(6;,L2)/D(L), v} = D(L1,6;)/ D(L).
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4. Discrete Difference Equation with Two Additional Conditions

Let {u!, u?} be the solutions of a homogeneous equation
Lu = a?ulq_z + ailu,-+1 + a?ui =0, af, a? #0, i€ X. (4.1)
Then D[u];. is the solution of (4.1), that is,

a;D[ul;,,; +a}D[u];,, ; +a/D[u]; =0, ieX, jeX. (4.2)

For j = i+ 1, this equality shows that —a?W[u];,, + a)W[u];,; = 0, and we arrive at the

conclusion that W[u]; = 0 (the case where {u!,u?} are linearly dependent solutions) or

Wlu];#0foralli=1,...,n (the case of the fundamental system).
In this section, we consider a nonhomogeneous difference equation

Ly = azqu + a Ui + a ui=fi, i€X, (4.3)

with two additional conditions
(Li,u)=g1 €K, (Lo, u)y =g €K, (4.4)

where L, L are linearly independent functionals.

4.1. The Solution to a Nonhomogeneous Problem with Additional
Homogeneous Conditions

A general solution of (4.1) is u = Ciu!+Cou?, where Cy, C, are arbitrary constants and {u!, u?}
is the fundamental system of this homogeneous equation. We replace the constants Cy, C; by
the functions c1,c; € F(X) (Method of Variation of Parameters [12]), respectively. Then, by
substituting

1 2
us; = criu; + iy, i €X, (4.5)

into (4.3) and denoting di; = 212:1 [eivk — Cl;i]u£'+k' k=-1,0,1,2,i = max(0,-k), ..., min(n —
k,n) [12], we obtain

(4.6)
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The functions u! and u? are solutions of the homogeneous equation (4.1). Consequently,

2
fi=Y afdy, forieX. (4.7)
k=0

Denote bj; = ¢iiv1 — ¢, I = 1,2. We derive (k =0,1,2)

2 2 2
di — di-1,i1 = Z(Cl;i+k -l — Z(Cl;i+k —cpis)ul,, = Z but,,,
1=1 1=1 1=1

(4.8)
Z a; (dkl dk-1,i+1) = Z bii Z a; 1+k
=1 k=0
Then we rewrite equality (4.7) as (do; = 0 by definition)
2 2
= Z a¥dy; = Z a¥di 11 = @dy e +add g 1. (4.9)

k=0 k=0

We can take d_1;1 = 0,i =0,...,n—1. Then d1 11 = fi/ ai2 foralli € )N(, and we obtain the
following systems:

1 2 _
b1, +byinug,, =0,

. f ieX (4.10)
bl 1+1u ot b it Ui =~
a;

Since u!, u? are linearly independent, the determinant W [u] is not equal to zero and system

(4.10) has a unique solution

b c c ’2+1fi b c c ’1+1fi (4.11)
i+l = CLis2 — CLiisl = 2,i41 = C2;i42 = C2i41 = .
ZW[u]HZ ZW[u]HZ
Then
i-2 f i-2 f
c1i = Z i) T on, Z i f toum, i=2,...m, (4.12)
i=0 4; W[ ]]+2 j=0 4j W[ ]J+2

and the formula for solution of nonhomogeneous equation (with the conditions uy = u; = 0)
is

—lf Plalafi L5 Mg @13)
W[u];+2 (1] =0 ? !
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fori=2,...,n. We introduce a function H? € F(X x X):

0;,_:H;; 1 i>0,
Hf:=—1-, 6= (4.14)
a; 0 i<0.
Then we rewrite (4.13) and the conditions 1y = 0, 1 = 0 as follows:
n-2

Ui = ZHlelf] - (Hlei’fj>x - (Hg"f>x' i€ X, (4.15)

j=0

where (w, g)x = (w1, g)x = ZI’:OZ wig, w,g€F ()N(). So, we derive a formula for the general
solution u; = (HY, f)x + Ciuj + Cou?. We use this formula for the special basis {v!,v?} (see
(3.11)). In this case, we have

w=(HE,f) +Col +Co}, i€X. (4.16)
Let there be homogeneous conditions
(Li,u) =0, (Lp,u) =0. (4.17)

So, by substituting general solution (4.16) into homogeneous additional conditions, we find
(see (3.12))

8
1]
|
7
h
Na
~~
=5
~
~—"
o
~—
Il

~((LhHE ) ),
({11 ). f)

Next we obtain a formula for solution in the case of difference equation with two additional
homogeneous conditions

Ufi = (Hff.,f)x - 7)1'1<<L11</ Hl?,~>'f>x B Uiz<<L’2<’ Hg/'>’f>x
= ((8F-rvi, HY ), f)

X

(4.18)

@
)
Il
|
S
h
N
~
o
-~
~—
>
~—
Il

(4.19)
where v} = D(6;,L2)/D(L), v} = D(Ly,6;)/D(L), vi = [v},v7], L* = (L}, L}), i,k € X, L*v; =
Lro! + Lo?2.

4.2. A Homogeneous Equation with Additional Conditions

Let us consider the homogeneous equation (4.1) with the additional conditions (4.4)

Lu=0, (Li,u) = g1, (Lo, uy = go. (4.20)
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We can find the solution
Uy = Q1 -vil + - vl.z, ieX, (4.21)

to this problem if the general solution is inserted into the additional conditions.
The solution of nonhomogeneous problems is of the form u; = uy,; +uo; (see (4.19) and
(4.21)). Thus, we get a simple formula for solving problem (4.3)-(4.4).

Theorem 4.1. The solution of problem (4.3)-(4.4) can be expressed by the formula
w=((6F-LviHY ) f) +g-ol+gol, ieX. (4.22)

Formula (4.22) can be effectively employed to get the solutions to the linear difference
equation, with various a°, a!, a?, any right-hand side function f, and any functionals Ly, L,
and any g1, &, provided that the general solution of the homogeneous equation is known. In

this paper, we also use (4.22) to get formulae for Green’s function.

4.3. Relation between Two Solutions

Next, let us consider two problems with the same nonhomogeneous difference equation with
a difference operator as in the previous subsection

Lu = f, Loy =f,

(4.23)
<1m1u>:fm/ m:1/2/ (Lmlv> :Fm/ m:1/2/
and D(L) #0. The difference w = v — u satisfies the problem
Lw =0,
(4.24)
(L, w) =Fy —(Ly,u)y, m=12.
Thus, it follows from formula (4.21) that
w; = (F1 = (L1, u))v} + (F2 - (Lo, u))v}, i€X, (4.25)
or
D(6;, L) D(Ly,6i) .
i =ui+ (F1 — (L, u)) —————= + (F» — (Lo, u)) ———=, X, 4.2
v; = u; + (F1 — (L1, u)) D(D) + (F2 — (Lo, u)) ) i€ (4.26)

and we can express the solution of the second problem (4.23) via the solution of the first
problem.
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Corollary 4.2. The relation
L] e )
v = D) [a] (L1, u?) (Lo, u?y  up|, i€X, (4.27)
<L1,u>—F1 <L2,u>—F2 U;
between the two solutions of problems (4.23) is valid.

Proof. If we expand the determinant in (4.27) according to the last row, then we get formula
(4.26). O

Remark 4.3. The determinant in formula (4.27) is equal to

(L) (L) ] (o) (o) ud
(L1, u?) (Lo, u?) u?| - [(Ly,u?) (Lo, u?) u?|. (4.28)
(L, u) (Lo, u) u; F F, 0

In this way, we can rewrite (4.27) as

_ DL, 6i)[wu] Fi1D(6i,L2)[u] + F,D(Ly,6:)[u]
YT TDMM D(L)[u] ’

ieX. (4.29)

Note that in this formula the function u is in the first term only and v; is invariant with regard
to the basis {u!,1?}.

5. Green’s Functions
5.1. Definitions of Discrete Green’s Functions

We propose a definition of Green’s function (see [9, 12]). In this section, we suppose that
K=Rand X, :=X ={0,1,...,n}. Let A : F(X,) — F(Xy-m) = Im A be a linear operator,
0 < m < n. Consider an operator equation Au = f, where u € F(X,) is unknown and
f € F(Xy—m) is given. This operator equation, in a discrete case, is equivalent to the system of
linear equations

n
>ajui=f;, j=01,..,n-m, (5.1)
i=0

that is, Au = f, where u € R™*!, f € R*™"™*, A = (aji) € M(us1)x(n-m+1)(R), rank A =n—m + 1.
We have dim Ker A = m. In the case m > 0, we must add additional conditions if we want to
get a unique solution. Let us add M — n + m homogeneous linear equations

n
ZbﬁuiZO, j=l,...,M—n+m, (52)
i=0
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where B = (bji) € M(u41)x(M-n+m) (R), rank B = M — n + m, and denote

B aji, j=0,1,...,n-m,
aji := i€ X,
bj—n+m,i/ j=n—m+1,...,M,

(5.3)

j =

fir 7=0,1,...,n-m,
0, j=n-m+1,...,M.

We have a system of linear equations Au = ?, where f = ( f,-) € My« (R), A =
(@ji) € M@i1yx(m+1) (R). The necessary condition for a unique solution is M > n. Additional
equations (5.2) define the linear operator B : F(X,;) — F(Xpm-n+m) and the additional
operator equation Bu = 0, and we have the following problem:

Au=f, Bu=0. (5.4)

If solution of (5.4) allows the following representation:
u; = Z Gijfj, i€Xuy, (5.5)
j=0

then G € F(X,, x Xy—n) is called Green’s function of operator A with the additional condition
Bu = 0. Green’s function exists if Ker AnKer B = {0}. This condition is equivalent to det A #0
for M = n. In this case, we can easily get an expression for Green’s function in representation
(5.5) from the Kramer formula or from the formula for u = A AL = (8ij), then G;j =
gijfori € X,,j € Xyp-w and AG = E, BG = O, where G = (Gjj) € Mu1)x(n-m+1)(R) (or
S0 aikGrj = 6;., i € Xnom 2peo bikGrj = 0,1 € X, j € Xom)- S0, [Goj, - - ., Gyj] is a unique
solution of problem (5.4) with f; = [69,..., 6]’.’], j € Xu-m.

Example 5.1. In the case m = 2, formula (5.5) can be written as

n-2
u; = Z Giifi=(Gi., f)x, i€Xn (5.6)
=0

The function H? € F(X x X ) is an example of Green’s function for (4.3) with discrete (initial)
conditions 1y = u1 = 0. In the case m = 2, formula (5.6) is the same as (4.15), X = X,,».

Remark 5.2. Let us consider the case m = 2. If f; = 71‘ +1» Where the function f is defined on
X :={1,2,...,n -1}, then we use the shifted Green’s function G € F(X x X)

-1
u; = Gi]' i’ Gi]' = Gi,j—l/ i€ X,. (57)

N

-
Il
—_
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For finite-difference schemes, discrete functions are defined in points x; € [0,L] and
fi = f(x;). In this paper, we introduce meshes

Eh:{O:x0<x1<---<xn:L},
(5.8)
whzwh\{xo,xn}, &hzwh\{xn,l,xn}
with the step sizes h; = x; — xi_1,1 < i <n, hy = hys1 = 0, and a semi-integer mesh
Xi + X; )
wi’/z = {xi+1/2 | Xiv1/2 = ITIH, 0<i<n- 1} (5.9)
with the step sizes hj.1/2 = (h; + hi+1)/2, 0 <i < n. We define the inner product
n
(LI, V)wh = Z Lli\/}hi+1/2, (510)
i=0
where U,V € F(w"), and the following mesh operators:
Zin-2; —h _Zinp—Ziap h
(62)i1/p= = Z€ F@),  (62)= e e A F(why).  (5.11)

IfA: F(@") — F(w) and f € F(w), where w = @", w", ", then we define the Green’s
function G € F (Eh X w)

u; = Z Gl]f], i€ X,. (512)

jixj€w

For many applications another discrete Green’s function G" is used [9, 11]
n
u; = Z G?jf,'hjﬂ/z = (Gk"f>w"' i€ Xy, (5.13)
j=0

where f; =0 for x; € @" \ w. The relations between these functions are

G = Gi forj:xj ew Gh=0 forj:xjew" \w (5.14)
ij_hj+1/2 ] X , ij = ] X : .

So, if we know the function G;;, then we can calculate G?j, and vice versa. If h; =1 (L = n),
then Gl’.’j coincides with G;;.
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Note that the Wronskian determinant can be defined by the following formula (see

[10]):

1 2
u- u-
, u}_l u]2._1 i1 i1 Wu];
W [u].: =lul—-u us — u” = , =1,...,n (515)
T oul 12 ou? 12 DAY L R h;
J= J=
n; B

5.2. Green’s Functions for a Linear Difference Equation with Additional
Conditions

Let us consider the nonhomogeneous equation (4.3) with the operator: £ : U — F(X),
where additional homogeneous conditions define the subspace U = {u € F(X) : (L, u) =
0,(Ly,u) =0}.

Lemma 5.3. Green’s function for problem (4.3) with the homogeneous additional conditions
(L1,u) =0, (Ly,u) = 0, where functionals L, and L, are linearly independent, is equal to

D, 6,-)[u, H_?j]

= ; C oK (5.16)
Gij D(0)[u] , 1€X, jeX.

Proof. In the previous section, we derived a formula of the solution (see Theorem 4.1 for
81,8 = 0)

u; = <<6g< _Lky,, Hg> f>X, ieX, (5.17)

where v} = D(6;,L,)/D(L), v? = D(L1,6;)/D(L). So, Green’s function is equal to

o /sk_1ky. 170\ _ 176 k 0 \ D(6i, L2) k g0 \ D(L1,6i)
Gij = (6 - L*vi HY,; ) = Hf - <L1,Hk].>W - <L2,ij>w. (5.18)
We have
(Liut)  (Lyut)
D(L,&)[u, HY| =| (L) (Lau?) ui), (5.19)

(L) (15 Hy) Hj

too. If we expand this determinant according to the last row and divide by D(L)[u], then we
get the right-hand side of (5.18). The lemma is proved. O

If u = Pu, where P € GL>(R), then we get that Green’s function Gj; = G[u];; = G[u]

that is, it is invariant with respect to the basis {u!, u?}.

ijs
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For the theoretical investigation of problems with NBCs, the next result about the
relations between Green'’s functions G; and Gj; of two nonhomogeneous problems

Lu=f, Lv=f,
(5.20)
(Lpy,uy =0, m=1,2, (L, v)=0, m=1,2,

with the same f, is useful.

Theorem 5.4. If Green’s function G* exists and the functionals Ly and Ly are linearly independent,
then

, D, 51-)[11, G?f].]

e IR ieX, jeX. (5.21)

Proof. We have equality (4.26) (the case F1, F, = 0)
V=U-— (Ll,u)vl - (Lz,u)vz. (5.22)

Ifu; = (G}, f),, then

n n n n
v = ui — 3, ukLio} = Y ul5o} = <c;.f, - > Gy LYo - > G} Lioj, f> : (5.23)
k=0 k=0 X

k=0 k=0

So, Green’s function G? is equal to

n n
k k
6= Gy - 336y hol - 3Gt
k=0 k=0 (5.24)

= (6 - Lko} - L5o?, Gl ) = (85 - L*vi, Gy ).

A further proof of this theorem repeats the proof of Lemma 5.3 (we have G* instead of H?).

O
Remark 5.5. Instead of formula (5.18), we have
D(6;, L) D(Ly,6:)
v _ U k ~u _ k —~u

We can write the determinant in formula (5.21) in the explicit way

(Liul)  (Laul) w

(Li,u?) (L u?) u?|. (5.26)
(thay) (15.6y) o

, bwelway| 4
Yo DM)u]  D(L)[u]
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Formulaes (5.25) and (5.26) easily allow us to find Green’s function for an equation

with two additional conditions if we know Green’s function for the same equation, but with
other additional conditions. The formula

ui = (Gi., f)x + 10} +v;, i€X (5.27)

can be used to get the solutions of the equations with a difference operator with any two linear
additional (initial or boundary or nonlocal boundary) conditions if the general solution of a
homogeneous equation is known.

6. Applications to Problems with NBC

Let us investigate Green’s function for the problem with nonlocal boundary conditions

Lu = alupo + @ Ui + alu; = fi, i€ X, (6.1)
(L1, u) = (xo,u) = yo(s0,u) =0, (6.2)
(Lo, uy == (x1,u) —y1(s01,u) = 0. (6.3)

We can write many problems with nonlocal boundary conditions (NBC) in this form, where
(tem,u) := (', u;), m = 0,1, is a classical part and (g, u) = (5, u;), m = 0,1, is a nonlocal
part of boundary conditions.

If yo,71 = 0, then problem (6.1)-(6.3) becomes classical. Suppose that there exists
Green’s function Gfll for the classical case. Then Green’s function exists for problem (6.1)—
(6.3) if 8 = D(L)[u] #0. For Ly, = &y, — Ym>tm, m = 0,1, we derive

o= D(KQ . Kl)[u] - YoD(J{Q . Kl)[ll] - YlD(KQ . J{l)[u] + YOYlD(}fO . J{l)[u]. (64:)

Since <K51, G‘,il]) =0, m = 0,1, we can rewrite formula (5.26) as

. _ ol 1 k cl 2 k cl
Gij = Gjj + Y00 <”1/ij> o <%2'ij>

= Gf}+yg<%{<,ng>M +Y1<%§’Gilj>D(L—1/6i)

O O 5
6.
(Lowl) (L) ©9)
LD (L) (Lou?) 12|,

k el k 1
(4,6 n(4.Gh) 6
Example 6.1. Let us consider the differential equation with two nonlocal boundary conditions

' = f(x), x€(0,1),
M(O) = You(éo), u(l) = Ylu(él), 0< éo, él < 1.

(6.6)
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We introduce a mesh @" (see (5.8)). Denote u; = u(x;), fi = f(x;) for x; € @". Then
problem (6.6) can be approximated by a finite-difference problem (scheme)
—62ui = fi/ X; € (A)h, (67)

U = YoUs,, Uy = Y1Us, - (6.8)

We suppose that the points &, ¢; are coincident with the grid points, that is, o = x5, é&1 = xs,.
We rewrite (6.7) in the following form:

AUisr + AU + AU = fi, 1€X, (6.9)
where
1 2 1 ~
2 1 0 .
a; =———, a. = , a =—-———-, 1€ X. (6.10)
! hixxhi/ ' hiphiny ! hit1hizzg

We can take the following fundamental system: u; = 1, 17 = x;. Then

u} u}l. 1 1 o _
D[u]ij: 2 2 = :xf_xi/ l/JGX/ W]:h], ]:1,...,1’[,
(6.11)
Xi—=Xj1 .
Hijzi, ]2—1,0,1,...,11—2, Hi,nfleinZO/ ie X.
hj+2
As a result, we obtain
0. -H.::
Hg = ! ;2 Y = 91',]‘ (x]-+1 - xi)h,-+3/2. (6.12)
j
For a problem with the boundary conditions uy = u, = 0 we have D(L)[u] =1,
D(L,5:) [u, H?].] = HY) - x;HY,
(6.13)

= 9i—j (xj+1 - xi)hj+3/2 - 9n—jxi (xj+1 - 1)hj+3/2/

and we express Green'’s function G of the Dirichlet problem via Green'’s function H? of the
initial problem

G = Hj, - x;H,,.. (6.14)
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We derive expressions for “classical” Green’s function

G§i = hjsay2 (8 (xjs1 = Xi) + i (1 = xj1))

xi(1-xj1), i<j+1, ] - (6.15)
=h]-+3/2 IEX,]EX
xia(l-x;), i2j+1,

or (see (5.7) and (5.13))

—d xi(1-xi), x;<x;, _
G:]-Zhjﬂ/z l( ]) ' ! ieX, jEX
x,-(l—x,-), Xi 2 Xj,

(6.16)

—cL,h {xl(]- - x])/ 0 < Xi < x] < ]-/
ij =

x]-(l—xl-), ng]-Sxigl,

Remark 6.2. Note that the index of f on the right-hand side of (6.9) is shifted (cf. (6.1)).

—cLh . . . , .
Green’s function G is the same as in [10], and it is equal to Green’s function

c 1-y), 0<x<y<l,
G (xy) = =9 Y (6.17)
y(l1-x), 0<y<x<1
for differential problem (6.6) at grid points in the case yp = y1 = 0.
For a “nonlocal” problem with the boundary conditions ug = yous,, n = y1ls,,
Lq,1) (L, 1 1-y-1 1-7-1
8= D(L)[u] = (L1,1) (L2, 1) _ Yo 6!
(L1,x) (L2, x)| [x0—YoXs, Xn—Y1%Xs,
(6.18)
1- Yo 1- Y1
= =1-y(1-%) -1 +yor1(&1 — bo)-
Yoo 1-11é1
It follows from (6.5) that
—h  —clh 1—x;+ Y1 (xl- - (_31) —cLh Xi — yo(x,- - (_30) —cLh
ij=Gij Y0 Y LA (6.19)
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—cLh
if 3#0. Green’s function does not exist for 6 = 0. By substituting Green’s function G for the
problem with the classical boundary conditions into the above equation, we obtain Green’s
function for the problem with nonlocal boundary conditions

4 xi(1-xj), xi<xj,
Gij =
x](]' - xi)/ X > xj/

I-xi+n(xi-&) {50(1_”‘7)’ bo < xj, (6.20)

T = 80) - id + on G - 20) xi(1-&), & >x;,

+1

xi = Yo(Xi — &o) G(-x), &<x
L=y =) —ne+1n -2 | x;1-4), &> x.

This formula corresponds to the formula of Green’s function for differential problem (6.6)
(see [4])

Sny) = {x(l—y>, x<y,

xf(l_x)/ ny’

1-x+y(x-&) o(l-y), &<y
BT 1(@—«;){ ©20
N =&)=nd+1né =% | x1-4), &2y,
oy X = yo(x — o) al-y), a<y
1
L=y =&) —né +1oni—%) | x;1-2), &>v.
Example 6.3. Let us consider the problem
-u" = f(x), x€(0,1),
1 1 (6.22)
u(0) = Yof a® (x)u(x)dx, u(l) = Ylf al (x)u(x)dx,
0 0
where a®,a! € L1(0,1).
Problem (6.22) can be approximated by the difference problem
—62u,- = fi/ X; € wh,
(6.23)

we (), (),

where A%, A! are approximations of the weight functions a’, a! in integral boundary

conditions, (A, u)g is a quadrature formula for the integral f& A(x)u(x)dx approximation
(e.g., trapezoidal formula (A, u)trap = >0 Axichie1/2).
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The expression of Green’s function for the problem with the classical boundary
conditions (yp = y1 = 0, u} =1, ”1'2 = x;) is described in Example 6.1. The existence condition
of Green’s function for problem (6.23) is & #0, where

1-y9(A% 1 1-y(A1
8 = D(Ly[u] = Yo( )K 1 ( )K
_YO(AO'X)K 1 —yl(Al,x)K

(6.24)
(A%1-x), (A% )

=1 —Y0<A011 —x)K _Y1<A1’x>1< Tron (AL1-x) (AL x),

(such a condition was obtained for problem (6.23) in [15, 16]) and Green’s function is equal
to (see Theorem 5.4)

Yo(1—xi +y1(xi (A1) = (AL, x) ) <A0' GCl]>K
O
11 (xi = yo(xi (A% 1) - (A% X)) <A1'G~C,17>K
3 ,

Gi]' = GIC]l +
(6.25)

+

where Gf]l is defined by (6.15).
Green’s function for differential problem (6.22) was derived in [8]. For this problem

1

1
¥=1 —yof ag(x)(1—x)dx — y1f a1 (x)xdx

0 0

1
- YOYlffoao(x)“l (v)(x-y)dxdy,

Yo (1 —x+yfy e (B)(x - t)dt) (6.26)

1 —cl
3 . fo ap(H)G (t,y)dt

G(xy) =G (xy) +

_ Lo (B (x — £ dt
+Y1<x Yo Jo “;()(x ) >.Ea1(t)5d(t,y>df

if 3 #£0, where ECl(x, y) is defined by formula (6.17).

Remark 6.4. We could substitute (6.15) into (6.25) and obtain an explicit expression of Green’s
function. However, it would be quite complicated, and we will not write it out. Note that,
if (A% u)g = us, (AL, u)x = us, then discrete problem (6.23) is the same as (6.7)-(6.8). For
example, it happens if a trapezoidal formula is used for the approximation a!, I = 0,1 and we
take Ag = 61.51 /hg41/2. It is easy to see that we could obtain the same expression for Green’s
function (6.19) in this case.
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Example 6.5. Let us consider a difference problem

-6%u; = fi, x; € W',
(6.27)
Uy = apguy + yolUn-1, Uy = oy + Y1llp-1.

A condition for the existence of the Green’s function (fundamental system {1 — x, x}) is

8 = D(L)[u] = 1-ap(1-h1) - yohn —a1(1 - h1) = y1ha
—a0h1 - Yo(]. - hn) 1- hn - a1h1 - Yl(l - hn)
(6.28)
_|tmw w |7 1—Yo+hn1—ao Yo 40,
ar 1-y ar 1-7 -1 1

We consider three types (g = y1 = 0,90 = a1 = L,ag = a1 = (L + hi/hy), y0 = 11 =
1+ hn/hl)_l; ay=0,v0=1, a1 = h,/hi, 1 = (1 = hy/h1) of discrete boundary conditions

Uup = Up-1, Uiy = Uy,
Uy = Uy, oui/2 = Oup-1/2, (6.29)
U = Up-1, Ou1 /2 = Outy_1/2.

All the cases yield 3 = 0. Consequently, Green’s function for the three problems does not
exist.

7. Conclusions

Green’s function for problems with additional conditions is related with Green’s function of
a similar problem, and this relation is expressed by formulae (5.26). Green’s function exists if
8 = D(L)[u] #0. If we know Green's function for the problem with additional conditions and
the fundamental basis of a homogeneous difference equation, then we can obtain Green’s
function for a problem with the same equation but with other additional conditions. It is
shown by a few examples for problems with NBCs that but formulae (5.26) can be applied
to a very wide class of problems with various boundary conditions as well as additional
conditions.

All the results of this paper can be easily generalized to the n-order difference equation
with n additional functional conditions. The obtained results are similar to a differential case
[8,17].
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