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We consider the existence, multiplicity of positive solutions for the integral boundary value
problem with ¢-Laplacian (¢(u'(t))) + f(t,u(t),u'(t)) = 0, t € [0,1], u(0) = f; u(r)g(r)dr,
u(l) = J’g u(r)h(r)dr, where ¢ is an odd, increasing homeomorphism from R onto R. We show
that it has at least one, two, or three positive solutions under some assumptions by applying fixed
point theorems. The interesting point is that the nonlinear term f is involved with the first-order
derivative explicitly.

1. Introduction

We are interested in the existence of positive solutions for the integral boundary value
problem

(P 1)) + f(t,u(),u' () =0, te[0,1],
1 1 (1.1)
u(0) = f u(r)g(r)dr, u(1) :J u(r)h(r)dr,

0 0

where ¢, f, g, and h satisfy the following conditions.

(H1) ¢ is an odd, increasing homeomorphism from R onto R, and there exist two
increasing homeomorphisms ¢ and ¢, of (0, o0) onto (0, o0) such that

¢1(W$(©) < p(uv) < (W p(v) Va0 > 0. (12)

Moreover, ¢, p~1 € C!(R), where ¢~ denotes the inverse of ¢.
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(H2) f : [0,1] x [0,+00) x (-o0,+o0) — (0,+00) is continuous. g,h € L'[0,1] are
nonnegative, and 0 < jg g(Hdt<1,0< jg h(t)dt < 1.

The assumption (H1) on the function ¢ was first introduced by Wang [1, 2], it covers

two important cases: ¢(u) = u and ¢(u) = |ulPu, p > 1. The existence of positive solutions

for two above cases received wide attention (see [3-10]). For example, Ji and Ge [4] studied
the multiplicity of positive solutions for the multipoint boundary value problem

(¢ (' (D)) +q(t) f (t,u(t),u'(t)) =0, te(0,1),

m m (1.3)
u(0) = D), u(l) =Y pu),
i=1 i=1
where ¢,(s) = |s|P=2s, p > 1. They provided sufficient conditions for the existence of at

least three positive solutions by using Avery-Peterson fixed point theorem. In [5], Feng et
al. researched the boundary value problem

(¢, (W' (1)) +q(&) f(t,u(t) =0, te(0,1),

m-2 m-2 (14)
u(0) = > au(&),  u(l) = Y bu(),
i=1 i=1

where the nonlinear term f does not depend on the first-order derivative and ¢, (s) = |s|P2s,
p > 1. They obtained at least one or two positive solutions under some assumptions imposed
on the nonlinearity of f by applying Krasnoselskii fixed point theorem.

As for integral boundary value problem, when ¢(u) = u is linear, the existence of
positive solutions has been obtained (see [8-10]). In [8], the author investigated the positive
solutions for the integral boundary value problem

u"+ f(u) =0,

1 1 (1.5)
u(0) = f u(t)da(r), u(1) :J u(t)dp(T).

0 0

The main tools are the priori estimate method and the Leray-Schauder fixed point theorem.
However, there are few papers dealing with the existence of positive solutions when ¢
satisfies (H1) and f depends on both u and #'. This paper fills this gap in the literature. The
aim of this paper is to establish some simple criteria for the existence of positive solutions of
BVP(1.1). To get rid of the difficulty of f depending on u', we will define a special norm in
Banach space (in Section 2).

This paper is organized as follows. In Section 2, we present some lemmas that are
used to prove our main results. In Section 3, the existence of one or two positive solutions for
BVP(1.1) is established by applying the Krasnoselskii fixed point theorem. In Section 4, we
give the existence of three positive solutions for BVP(1.1) by using a new fixed point theorem
introduced by Avery and Peterson. In Section 5, we give some examples to illustrate our main
results.



Boundary Value Problems 3

2. Preliminaries

The basic space used in this paper is a real Banach space C'[0, 1] with norm || - ||; defined by
lluellh = max{|lull, l2'l|c}, where [lull. = maxog<i|u(t)]. Let

1
K= {u € C0,1] | u(t) >0, u(1) = f u(t)h(t)dt, u is concave on [0,1]}. (2.1)
0

It is obvious that K is a cone in C'[0,1].
Lemma 2.1 (see [7]). Let u € K, 1 € (0,1/2), then u(t) > nmaxo<i|u(t)|, t € 17,1 -1].

Lemma 2.2. Let u € K, then there exists a constant M > 0 such that maxoc<i|u(t)] <
Mmaxocs<1 |t/ ().

Proof. The mean value theorem guarantees that there exists 7 € [0, 1], such that
1
u(l) = u(T)I h(t)dt. (2.2)
0

Moreover, the mean value theorem of differential guarantees that there exists o € [1,1], such
that

1
<f h(t)dt - 1>u(T) =u(l) —u(r) = (1-1)'(0). (2.3)

0

So we have
L 1-71 , 2— [ h(t)dt ,
u(t)] < u(t)| + Lu (s)ds| < <W +1>g;glu )] < W@glu (t)].

(2.4)
Denote M = (2 - f; h(t)dt)/(1 - fé h(t)dt); then the proof is complete. O

Lemma 2.3. Assume that (H1), (H2) hold. If u is a solution of BVP(1.1), there exists a unique 6 €
(0,1), such that u'(6) = 0and u(t) >0, t € [0,1].

Proof. From the fact that (¢p(u'))" = —f(t,u(t),u'(t)) < 0, we know that ¢(u/'(t)) is strictly
decreasing. It follows that #/'(f) is also strictly decreasing. Thus, u(t) is strictly concave on [0,
1]. Without loss of generality, we assume that u(0) = min{u(0),u(1)}. By the concavity of
u, we know that u(t) > u(0), t € (0,1]. So we get u(0) = fé u(t)g(t)dt > u(0) fol g(t)dt. By
0< f& g(t)dt <1, it is obvious that #(0) > 0. Hence, u(t) >0, t € [0,1].

On the other hand, from the concavity of u, we know that there exists a unique 6 where
the maximum is attained. By the boundary conditions and u(t) > 0, we know that 6 #0 or 1,
thatis, 6 € (0,1) such that u(6) = maxo<1u(t) and then v/(6) = 0. O
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Lemma 2.4. Assume that (H1), (H2) hold. Suppose u is a solution of BVP(1.1); then

— 1 ! " -1 0 !
u(t) = —1 - f; rar Io g(r) fo ¢ <L f(r,u(r),u (T))dT> dsdr

t ] (2.5)
-1 g u dr )d
+ J‘Ogb <L f(r,u(r),u'(r)) T> s
or
1 1 s
- - -1 !
u(t) = - J'g hdr -[o h(r) J; ¢ <L f(r,u(r),u (T))dT)dS dr
(2.6)
1 s
-1 !
+ L ¢ (L f(r,u(r),u (T))dT)ds.
Proof. First, by integrating (1.1) on [0, ], we have
t
d(u'(t) = p(1'(0)) — fo f(s,u(s),u'(s))ds, (2.7)
then
t
W) =¢* <¢(u'(0)) - fo f(s,u(s),u'(s))ds>. (2.8)
Thus
t s
u(t) = u(0) + —[0 ¢! <¢ (' (0)) - fo f(T,u(T),u’(T))dT) ds (2.9)
or
1 s
u(t) = u(l) - L ¢! <¢(u'(0)) - fo f(T,u(T),u'(T))dT)ds. (2.10)
According to the boundary condition, we have
~ 1 1 r 4 , ~ s ,
(2.11)

N T Lo |
u(l) = 1_j3h(r)drf0h(r)£¢ <¢(u(0)) Iof(T,u(T),u(T))dT>dsdr_
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By a similar argument in [5], ¢(u/(0)) = fg f(7,u(t),u'(r))dr; then the proof is completed.

O
Now we define an operator T by
1 1 r 1 6
L ~ IR W
1- f& g(r)dr jog(r)f0¢ <Isf(7/u(T),u (1)) T> sdr
t 5
+I ¢! <I f(T,u(T),u'(T))dT>ds, 0<t<s,
0 0 S (2.12)

e

+fj¢‘1 <Ef(r,u(’r),u’(7))dr>ds, 6<t<1.

Lemma 2.5. T : K — K is completely continuous.

Proof. Let u € K; then from the definition of T, we have

I3}
$! <f f(T,u(T),u’(T))dr> >0, 0<t<s,
(Tu)'(t) = t (2.13)

! <f;f(7,u(r),u’(7))d7> <0, 6<t<l.

So (Tu)'(t) is monotone decreasing continuous and (Tu)'(6) = 0. Hence, (Tu)(t) is
nonnegative and concave on [0, 1]. By computation, we can get Tu(1) = f& Tu(t)h(t)dt. This
shows that T(K) c K. The continuity of T is obvious since ¢!, f is continuous. Next, we
prove that T is compact on C'[0, 1].

Let D be a bounded subset of K and m > 0 is a constant such that fé f(z,
u(t),u' (1))dr < m for u € D. From the definition of T, for any u € D, we get

ﬂi)d/ 0 <t< 6/
ITu(t)| < _I?lg(r) '
¢~ (m) G<t<l (2.14)

1- [ h(r)dr’

[(Tu) ()| <¢p™'(m), 0<t<1.

Hence, TD is uniformly bounded and equicontinuous. So we have that TD is compact on
C[0,1]. From (2.13), we know for Ve > 0, dx > 0, such that when |t; — t;| < k, we have
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|p(Tu) (t1) — d(Tu)'(t2)| < €. So (T D)’ is compact on C[0, 1]; it follows that (T D)’ is compact
on C[0,1]. Therefore, TD is compact on C'[0, 1].
Thus, T : K — K is completely continuous. O

It is easy to prove that each fixed point of T is a solution for BVP(1.1).

Lemma 2.6 (see [1]). Assume that (H1) holds. Then for u,v € (0, o0),
g7 ()0 < ¢ (up(@)) < g7 (w)o. (2.15)

To obtain positive solution for BVP(1.1), the following definitions and fixed point
theorems in a cone are very useful.

Definition 2.7. The map a is said to be a nonnegative continuous concave functional on a cone
of a real Banach space E provided that a : K — [0, o0) is continuous and

a(tx+ (1-t)y) > ta(x) + (1 -t)a(y) (2.16)

forall x,y € K and 0 <t < 1. Similarly, we say the map y is a nonnegative continuous convex
functional on a cone of a real Banach space E provided that y : K — [0, o) is continuous and

y(tx+ (1 -ty) <ty(x) + 1 -1y (y) (217)

forallx,y e Kand 0 <t < 1.

Let y and 0 be a nonnegative continuous convex functionals on K, a a nonnegative
continuous concave functional on K, and ¢ a nonnegative continuous functional on K. Then
for positive real number a, b, ¢, and d, we define the following convex sets:

P(y,d) ={ueK|y(u) <d},
P(y,a,b,d) = {ueK|a(u)>b, y(u) <d},
(2.18)
P(y,6,a,b,c,d) = {ue K |a(u) 2b, 8(u) <c, y(u) <d},

R(y,¢,a,d) = {ue K| gu) >a,yu) <d}.

Theorem 2.8 (see [11]). Let E be a real Banach space and K C E a cone. Assume that Q1 and €,
are two bounded open sets in E with 0 € 1, Q1 C Q. Let T : KN (&7 \ 1) — K be completely
continuous. Suppose that one of following two conditions is satisfied:

(1) |1 Tu|| < ||ull, v € KNy, and ||Tu|| > ||u|l, u € KN OQy;
(2) ITul| > ||ull, u € KN oLy, and ||Tul| < ||ul, u € KN 0oL,.

Then T has at least one fixed point in Q, \ Q.

Theorem 2.9 (see [12]). Let K be a cone in a real Banach space E. Let y and 0 be a nonnegative
continuous convex functionals on K, a a nonnegative continuous concave functional on K, and ¢
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a nonnegative continuous functional on K satisfying ¢(Au) < Ag(u) for 0 < A < 1, such that for
positive number M and d,

a(u) < g(u), |ull < My(w) (2.19)

forallu € P(y,d). Suppose T : P(y,d) — P(y,d) is completely continuous and there exist positive
numbers a, b, and ¢ with a < b such that

(S1) {u e P(y,0,a,b,c,d) | a(u) > b} #0 and a(Tu) > b for u € P(y,0,a,b,c,d);
(52) a(Tu) > b foru € P(y,a,b,d) with 0(Tu) > c;
(S3) 0 ¢ R(y,p,a,d) and ¢(Tu) < a for u € R(y, g, a,d) with ¢(u) = a.
Then T has at least three fixed points uy, up, us € P(y, d), such that
y(w;) <dfori=1,2,3,
a(uy) > b,
¢ (u) > awith a(uy) < b,

g (uz) < a.

3. The Existence of One or Two Positive Solutions

For convenience, we denote

L 1/2 1
1 d
L = max foq,rll(—s)s,l , N:min{ qu,‘l(l—s)ds, q;2_1<s—1>ds},
1-,8(s)ds 0 2 1/2 2

ftu(t),o(t)) C limi . fEu(t), ()

f¥= limsup maxi{——"—+ =
e+l — e €0 @l + loll)” B ol — pero 1 p([lull, + [loll.)”

(3.1)
where u denotes 0 or co.

Theorem 3.1. Assume that (H1) and (H2) hold. In addition, suppose that one of following conditions
is satisfied.

(i) There exist two constants r, R with 0 < r < (N/L)R such that

(@) f(t,u,v) > ¢(r/N) for (t,u,v) € [0,1] x [0,7] x [-r,r] and
(b) f(t,u,v) < $(R/L) for (t,u,v) € [0,1] x [0, R] x [-R, R];

(i) f* <1 (1/2L), fo> ¢2(1/N);
(iii) £° < g1(1/2L), for > ga(1/N).

Then BVP(1.1) has at least one positive solution.
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Proof. (i) Let Qi ={u e K| ||lu|li <r}, = {uec K| |uli <R}
For u € 0Q;, we obtain u € [0,r] and u’ € [-r,r], which implies f(t,u,u') > ¢(r/N).
Hence, by (2.12) and Lemma 2.6,

ITull. = gﬁl@lTu(t)l

I S Tl ,
) 1 _f(} g(r)dr Io 8(r) fo 9 <L f(T/u(T)'u (T))dT>der

o ([ romnse

! f h(r)f -1 <f f(r,u(r), u(T))dT)dsdr

1 fo h(r)dr Jo

-1 !
+ J‘ﬁ ¢ <L f(r,u(r),u (T))dT)dS
i 1 ! ’ -1 o ’
> mm{ W jo g(r) L ) <L f(r,u(r),u (T))d7'> dsdr
1/2 1/2
+ ¢ <f f(T,u(T),u’(T))dT> ds,
0 s

1- fo h(T)dr.[ <f;f(7’”(T)'”/(T))dT>ds dr
1 s

o e(] f(r,u<r>,u'<r>>dr)ds}
>mm{ 1/2 1<:/2f<m<T>u(T))dT>dsj ([ reume)ar)a }
IS CCOIEOERACOICNS
el g
= r = ull.

(3.2)

This implies that

ITull, > llull, for u € 3. (3.3)
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Next, for u € 0Q,, we have f(t,u,v) < $(R/L). Thus, by (2.12) and Lemma 2.6,

ITull. = maxiTu(o)

1 1 1 . 1 ’
< W L 8(r) fo ¢ <f f(ru(r),u (T))dT>dS dr

+ J: ¢! <£ f(r,u(r), u'(T))dT> ds

1 (3.4)
< W L ¢-1<(1 - s)¢<§>>ds
 Rlyi'(1-9)ds
"L g(r)dr
< R=ull;.
From (2.13), we have
Iyl =maxd ([ 6o topar ). ([) o sconar )|
|
< ¢! <f0 f(T,u(T),u'(T))dT> 35)
<(+(z))
<R = |lull.
This implies that
ITull, < llull, for u € 8. (3.6)

Therefore, by Theorem 2.8, it follows that T has a fixed point in ©Q, \ Q;. That is BVP(1.1) has
at least one positive solution such that 0 < r < [ju|l; < R.
(ii) Considering f* < ¢s1(1/2L), there exists py > 0 such that

1
ftu,v) < ‘Pl<i>¢(|lullc +loll.)  for t €[0,1], |lull. + l[vll. = 2po. (3.7)

Choosing M > p such that

max{ £(t,0) | el + ol < 2¢0) < o1 (57 )#(M), ©8)
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then for all p > M, let Q3 = {u € K | ||u]l < p}. For every u € 0Q3, we have ||u]|. + |||, < 2p.
In the following, we consider two cases.

Case 1 (Jull. + |||l < 2po). In this case,

F(tu,u) §¢1<£>¢<M> s¢<g> sdv(%). (3.9)

Case 2 2po < |lull. + Il < 2p). In this case,
£ty <on (57 ) ol + 1) < (57 )b(20) < 9(5). (310)
)=\ ar ¢ o/ =¥\ 2L =\L

Then it is similar to the proof of (3.6); we have ||Tul|; < ||u||; for u € 0Qs.

Next, turning to fo > ¢2(1/N), there exists 0 < ¢ < p such that
1
ft,u,0) 2 ¢2<N>¢(|Iullc +olle)  for t € [0,1], [lull. + o]l < 2¢. (3.11)
Let Q4 = {u € K | ||ul < ¢}. For every u € 0Q4, we have |Jul|. + ||#/]|. < 2¢. So

Flt ) > g 5 ol ) 2 ga( 5 )l 2 (5 ) (a2

Then like in the proof of (3.3), we have ||Tu||; > |lu||1 for u € 0Q4. Hence, BVP(1.1) has at least
one positive solution such that 0 < ¢ < [lull: < p.
(iii) The proof is similar to the (i) and (ii); here we omit it. O

In the following, we present a result for the existence of at least two positive solutions
of BVP(1.1).

Theorem 3.2. Assume that (H1) and (H2) hold. In addition, suppose that one of following conditions
is satisfied.
() fO<¢1(1/2L), f* < ¢1(1/2L), and there exists my > 0 such that

m
fltu0)2¢(5F) forte[0,1], mi < full, + floll. < 2m; (3.13)

(I) fo> @2(1/N), foo > ¢2(1/N), and there exists my > 0 such that

fltuo)<p(T) forte 0,1, llul. +Iloll. < 2ms. (3.14)

Then BVP(1.1) has at least two positive solutions.
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4. The Existence of Three Positive Solutions

In this section, we impose growth conditions on f which allow us to apply Theorem 2.9 of
BVP(1.1).

Let the nonnegative continuous concave functional «, the nonnegative continuous
convex functionals y, 8, and nonnegative continuous functional ¢ be defined on cone K by

y(u) = max|u(t)| ¢(u) =0(u) = max|u(t)| a(u) = min |u(t)]. (4.1)
nst<i-n

By Lemmas 2.1 and 2.2, the functionals defined above satisfy
n6(u) < a(u) < gu) = 0(w), |lull, = max{y(w),0(u)} < My(u), (4.2)

for all u € K. Therefore, the condition (2.19) of Theorem 2.9 is satisfied.
Theorem 4.1. Assume that (H1) and (H2) hold. Let0 < a < b < dn/(1+((1—f(} h(t)dt)/(fé h(t)(1-
t)dt))) and suppose that f satisfies the following conditions:

(P1) f(t,u,v) < §(d) for (t,u,v) € [0,1] x [0, Md] x [-d, d];

(P2) f(t,u,0) > (b/yK) for (t,u,0) € [, 1-7] x [b, (b/n)(1+ (1 - [3 h(£)dE)/ [2 h(t)(1 -
1)dt)] x [~d, d].

(P3) f(t,u,v) <¢@(a/L) for (t,u,v) € [0,1] x [0, a] x [-d, d];

Then BVP(1.1) has at least three positive solutions uy, uy, and us satisfying

"t <d i=1,2,3 i £ >b
{)rgl%)l(lul( )| — f01’l 71y qgltgllrlthl( )l 4
(4.3)
maxosict|U2(E)| > a  with ming<ylua(t)| < b, maXo<t<1|Uz(t)| < a,

where L defined as (3.1), K = min{ j;/ 2451(1/2 - 5)ds, [, 4 ¢y (s - 1/2)ds).

Proof. We will show that all the conditions of Theorem 2.9 are satisfied.
If u € P(y,d), then y(u) = maxpg«|t/'(t)] < d. With Lemma 2.2 implying
maXo<<1|u(t)] £ Md, so by (P1), we have f(t,u(t), 1 (t)) < ¢(d) when 0 <t < 1. Thus

y(Tu) = max| (Tu)'(t)|

= max{ <’[ f(r,u(r),u (T))d7'> -t <L f(T,u(T),u’(T))dT) }
<¢! <L f(T,u(T),u'(T))dT>

< (p(d) =d.

(4.4)

This proves that T : P(y,d) — P(y,d).
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To check condition (S1) of Theorem 2.9, we choose

b(1 - h(t)dt>
uy(t) = — + T
1 q(fy k(1 -bat)

(1-1), 0<t<l. (4.5)

Let

1
b<1ﬂ> W)
i Jo h(H (1 —t)dt

Then uy(t) € P(y,0,a,b,c,d) and a(up) > b, so {u € P(y,0,a,b,c,d) | a(u) > b} #0. Hence,
foru € P(y,0,a,b,¢,d), thereis b < u(t) < ¢, |[u/(t)| < d when n <t <1 — 5. From assumption
(P2), we have

f(tu),u' () > qb(qu) for t € [n,1-1]. 4.7)

It is similar to the proof of assumption (i) of Theorem 3.1; we can easily get that

a(Tu) = ngltsilrlq|(Tu)(t)| > qgrsl{agld(Tu)(t)l >b forueP(y6,ab,cd). (4.8)

This shows that condition (51) of Theorem 2.9 is satisfied.
Secondly, for u € P(y, a,b,d) with 0(Tu) > ¢, we have

a(Tu) > n6(Tu) > nc > b. (4.9)

Thus condition (52) of Theorem 2.9 holds.
Finally, as ¢s(0) = 0 < a, there holds 0 € R(y, ¢, a, d). Suppose that u € R(y, ¢, a, d) with
¢ (u) = a; then by the assumption (P3),

Fltult), (1) < ¢<%) for t € [0,1]. (4.10)

So like in the proof of assumption (i) of Theorem 3.1, we can get

¢(Tu) = rorslta<>1<|(Tu)(t)| <a. (4.11)

Hence condition (S3) of Theorem 2.9 is also satisfied.
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Thus BVP(1.1) has at least three positive solutions u1, 1, and us satisfying

max|ui(t)| <d fori=1,23, min |uy(t)| > b,
0<t<1 n<t<l-n
(4.12)
bl > ith mi | <b, b <a.
gglg;luz( )| >a wi éntglflqluz( )l gr;gflus( )| <a 0

5. Examples
In this section, we give three examples as applications.

Example 5.1. Let ¢(u) = |uju, g(t) = h(t) = 1/2. Now we consider the BVP

(@) + f(tud), ' (h) =0, te[0,1],
1 1 (5.1)
u(0) = %fo u(t)dt, u(l) = %J u(t)dt,

0

where f(t,u,v) = (1 +t)(18 + u)(4 + cos v) for (t,u,v) € [0,1] x [0, 00) x (-0, 0).
Let ¢ (1) = ¢ (u) = 1%, u > 0. Choosing r = 1, R = 100. By calculations we obtain

L= %, N= %(%)3/2, (=) =18 ¢<%) = 752, (5.2)

For (t,u,v) € [0,1] x [0,1] x [-1,1],

f(t,u,v)=(1+1)(18 + u)(4 + cos v)

(5.3)
>18x4>18,
for (t,u,v) € [0,1] x [0,100] x [-100, 100],
ft,u,v)=1+1t)(18 +u)(4 + cosv)
(5.4)

<2x118 x5 < 752,

Hence, by Theorem 3.1, BVP(5.1) has at least one positive solution.

Example 5.2. Let ¢(u) = u, g(t) = h(t) = 1/2. Consider the BVP

() + f(tut), ' () =0, te[0,1],
! 1 (5.5)
u(0) = %L u(t)dt, u(l) = %J u(t)dt,

0

where f(t,u,v) = (1+£)(1/10 +1)(1/100+ ) [1+ (|lullc + ||v]lc)*] for (£, u,v) € [0,1] x [0, 00) x
(o0, ).
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Let 1 (1) = ¢go(u) =u, u>0.Then L =1, N = 1/8. It easy to see

fo=foo=oo>qrz<%) =8. (5.6)

Choosing m, = 1/10, for t € [0, 1], ||ullc + |9l < 2mo.

fitouo) = @) (35 +u) (555 + ) [+ el + o1l 7]

1 1\/1 1 1

<o —+2)( — + = i 5.7
—2<1o+5><100+25><1+25> (57)
_ 39 1 _ my

- 1250<E_¢< L )

Hence, by Theorem 3.2, BVP(5.5) has at least two positive solutions.

Example 5.3. Let ¢(u) = |ulu, g(t) = h(t) = 1/2; consider the boundary value problem

(|u'|u) + f(t,u®), d'(t) =0, te0,1],
1 (5.8)
u(0) =u(l) = %f u(t)dt,

0

where

. 3
SINL 2500us + L<i>

104 104 \ 10° sl

fouo =4 " AN 69)
s 6 (Y
1—044‘250012 +1_04<ﬁ> , u>12.

Choosing a =1/10,b =1, 7 =1/4, d = 10°, then by calculations we obtain that

L= g, K= %(}1)3/2, ¢<7;;<> = 2304, ¢(5) - (5.10)

It is easy to check that

f(t,u,0) <d(d)=10" for0<t<1, 0<u<3-10°, -10° < v < 10°,

f(t,u,0)>2304 for —<t<—, 1<u<12, -10°<ov <10,

I
IR

(5.11)

9 1 5 5
_— <t< <u< —, — <ov< .
f(t,u,v)<1600 forO_t_l,O_u_lO, 10° <0 <10
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Thus, according to Theorem 4.1, BVP(5.8) has at least three positive solutions u;, 1y, and u3
satisfying

"] <10° j = i
Brsltas>1<|ul(t)| <10° fori=1,2,3, 1/£2tlgr§/4|ul(t)| >1,
. (5.12)
51;2>1<|u2(t)| > 10 with 1/@15%/4'”2(”' <1, gslg>1<|u3(t)| <10
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