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We study the following second-order differential equation: (D, (x"))’ + F(x, t)x' +w/®p (x) + alx|'x+
e(x,t) = 0, where ®,(s) = [s|??s (p > 1), a > 0 and w > 0 are positive constants, and !
satisfies -1 < | < p — 2. Under some assumptions on the parities of F(x,t) and e(x,t), by a
small twist theorem of reversible mapping we obtain the existence of quasiperiodic solutions and
boundedness of all the solutions.

1. Introduction and Main Result

In the early 1960s, Littlewood [1] asked whether or not the solutions of the Duffing-type
equation

X"+ g(x,t)=0 (1.1)

are bounded for all time, that is, whether there are resonances that might cause the amplitude
of the oscillations to increase without bound.

The first positive result of boundedness of solutions in the superlinear case (i.e.,
g(x,t)/x — oo as |x| — oo) was due to Morris [2]. By means of KAM theorem, Morris
proved that every solution of the differential equation (1.1) is bounded if g(x,t) = 2x° -
p(t), where p(t) is piecewise continuous and periodic. This result relies on the fact that
the nonlinearity 2x* can guarantee the twist condition of KAM theorem. Later, several
authors (see [3-5]) improved Morris’s result and obtained similar result for a large class of
superlinear function g(x, t).
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When g(x) satisfies

05k5¥51<5+oo, Vx € R, (1.2)

that is, the differential equation (1.1) is semilinear, similar results also hold, but the proof is
more difficult since there may be resonant case. We refer to [6-8] and the references therein.
In [8] Liu considered the following equation:

X"+ \M2x +(x) = e(t), (1.3)

where @p(x) = o(x) as |x] — +oo and e(t) is a 2wr-periodic function. After introducing
new variables, the differential equation (1.3) can be changed into a Hamiltonian system.
Under some suitable assumptions on ¢(x) and e(t), by using a variant of Moser’s small twist
theorem [9] to the Pioncaré map, the author obtained the existence of quasi-periodic solutions
and the boundedness of all solutions.

Then the result is generalized to a class of p-Laplacian differential equation.Yang [10]
considered the following nonlinear differential equation

(@p (x')) + a®p (x*) = pD, (x7) + f(x) = e(t), (1.4)

where f(x) € C>(R\ 0) N C°(R) is bounded, e(t) € C°(R \ 2xZ) is periodic. The idea is
also to change the original problem to Hamiltonian system and then use a twist theorem of
area-preserving mapping to the Pioncaré map.

The above differential equation essentially possess Hamiltonian structure. It is well
known that the Hamiltonian structure and reversible structure have many similar property.
Especially, they have similar KAM theorem.

Recently, Liu [6] studied the following equation:

X"+ Fe(x, H)x' + a’x + o(x) +e(x,t) =0, (1.5)

where a is a positive constant and e(x, t) is 27r-periodic in t. Under some assumption of F, ¢
and e, the differential equation (1.5) has a reversible structure. Suppose that ¢(x) satisfies

Yxo(x) > x*¢' (x) >0, xp(x) > ad(x), VYx#0, (1.6)

where ®(x) = fg p(t)dt and 0 < y <1 < a < 2. Moreover,

k
ka <c-DO(x), for3<k<6, (1.7)
daxk
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where c is a constant. Note that here and below we always use c to indicate some constants.
Assume that there exists o € (0, a — 1) such that

o ok*le(x, t o
c-|x|°, k# c-|x|° for k,1<6. (1.8)

rieR)
Oxkotl

Then, the following conclusions hold true.

(i) There exist ep > 0 and a closed set A C (a/2m, a/2r + €p) having positive measure
such that for any w € A, there exists a quasi-periodic solution for (1.5) with the
basic frequency (w, 1).

(ii) Every solution of (1.5) is bounded.

Motivated by the papers [6, 8, 10], we consider the following p-Laplacian equation:

(@, (x')) + Fx, )x' + wPDp(x) + alx|'x +e(x,t) = 0. (1.9)

where @, (s) = Is|P2s(p > 1), -1 <1 < p-2,and a, w > 0 are constants. We want to generalize
the resultin [6] to a class of p-Laplacian-type differential equations of the form (1.9). The main
idea is similar to that in [6]. We will assume that the functions F and e have some parities such
that the differential system (1.9) still has a reversible structure. After some transformations,
we change the systems (1.9) to a form of small perturbation of integrable reversible system.
Then a KAM Theorem for reversible mapping can be applied to the Poincaré mapping of this
nearly integrable reversible system and some desired result can be obtained.
Our main result is the following theorem.

Theorem 1.1. Suppose that e and F are of class C® in their arquments and 2ar-periodic with respect
to t such that

F(—x,-t) = —-F(x,t), e(—x,—t) = —e(x,t),

(1.10)
F(x,-t) = =F(x,t), e(x,—t) = e(x,t).
Moreover, suppose that there exists o < I such that
oK™ F (x,t) ok ™me(x, t)
k 4 < . o k 4 . o+l 1'11
‘x oo | <€l oo | < ¢ (L1D)

forall x#0, forall 0 < k < 6,0 < m < 6. Then every solution of (1.9) is bounded.

Remark 1.2. Our main nonlinearity a|x|'x in (1.9) corresponds to ¢ in (1.5). Although it is
more special than ¢, it makes no essential difference of proof and can simplify our proof
greatly. It is easy to see from the proof that this main nonlinearity is used to guarantee the
small twist condition.
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2. The Proof of Theorem

The proof of Theorem 1.1 is based on Moser’s small twist theorem for reversible mapping. It
mainly consists of two steps. The first one is to find an equivalent system, which has a nearly
integrable form of a reversible system. The second one is to show that Pincaré map of the
equivalent system satisfies some twist theorem for reversible mapping.

2.1. Action-Angle Variables

We first recall the definitions of reversible system. Let Q C R" be an open domain, and Z =
Z(z,t) : QxR — R" be continuous. Suppose G : R* — R" is an involution (i.e., G is a C!-
diffeomorphism such that G? = Id) satisfying G(Q) = Q. The differential equations system

Z'=Z(z,t) (2.1)
is called reversible with respect to G, if

G.Z(z,-t) = DG(G2)Z(Gz,~t) = -Z(z,t), VYzeQ, Vte R (2.2)

with DG denoting the Jacobian matrix of G.
We are interested in the special involution G(x,y) — (x,-y) with z = (x,y) € R?. Let
Z =(Z1,2Z;). Then z' = Z(z,t) is reversible with respect to G if and only if

Zl (x/ _y/ _t) = _Zl (x/ }// t)/

2.3)
Zy(x,—y,—t) = Zr(x,y,t).

Below we will see that the symmetric properties (1.10) imply a reversible structure of the
system (1.9).

Lety = @,(x') = [x'|P2x". Then x’ = @, (y), where g satisfies 1/p + 1/g = 1. Hence, the
differential equation (1.9) is changed into the following planar system:

x' =@ (y),

(2.4)
Y = - Dpy(x) - alx|'x — e(x, t) — F(x, DD, (y).

By (1.10) it is easy to see that the system (2.4) is reversible with respect to the involution
G: (x/]/) - (x/_]/)-

Below we will write the reversible system (2.4) as a form of small perturbation. For
this purpose we first introduce action-angle variables (r, ).

Consider the homogeneous differential equation:

(@, (1)) +®,(u) = 0. (2.5)
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This equation takes as an integrable part of (1.9). We will use its solutions to construct a pair
of action-angle variables. One of solutions for (2.5) is the function sin, as defined below. Let
the number o, defined by

(p-1V?
x, =2f ds —. (2.6)
o [l-s/(p-1)]

We define the function w(t) : [0, 7,/2] — [0, (p - 1)V/7], implicitly by

w(t) ds
=t.
fo [1-s7/(p- 1)]1/p @7)

The function w(t) will be extended to the whole real axis R as explained below, and the
extension will be denoted by sin,. Define sin, on [x,/2, 7] by sin,(t) = w(sr, - t). Then,
we define sin, on [, 0] such that sin, is an odd function. Finally, we extend sin, to R by
27r,-periodicity. It is not difficult to verify that sin, has the following properties:

(i) sin,(0) =0, sin;,(O) =1;
(i) (p - 1)lsint, ()P + lsiny (O = p — 1;

(iii) sinyt is an odd periodic function with period 2.

It is easy to verify that x = sin, (wt) satisfies
(@, (x)) + WP Dpy(x) =0 2.8)
with initial condition (x(0), x'(0)) = (0, w). Define a transformation © : (x, y) — (r, 0) by

x=r¥r sin, w0,
(2.9)
y =r"io, <w sin;w9>.

It is easy to see that

olxy) 2
3r.0) qw’”r. (2.10)

Since the Jacobian matrix of © is nonsingular for r > 0, the transformation © is a local
homeomorphism at each point (r,0) of the set R* x [0,2,/w), while O (r,0) — (x,y)
is a global homeomorphism from R* x [0, 271,/ w) to R?\ {0}. Under the transformation © the
system (2.4) is changed to

r, = fl(t’elr) = Nl(tlelr) +P1(t/8/r)/
(2.11)
0 =1 +f2(t,9,7‘) =1+ Nz(t,Q,r) + Pz(t,G,r),
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where
N(t0.7) = - L p1e@ipl s 1 5lsin! 8lsin. @
1(t,0,r) = Ayt sin, |s1np |s1np ,
1 ~ ~ ~
Pi(t,0,7r) = —g Frl_Z/qSin;QF <r2/psinp9, t><Dq <r2/q(Dp <w sin%@))
9 1 1-2/qin! Aol +2/Pcin A
2o r smpee <r sin, 0, t>,
71 o (2.12)
Ny (t,60,r) = cx]; Er4/p—2+(2/p)l |sin£,9|sin;2,9,
1 ~ ~ ~
P(t,0,r) = gﬁr*yqsinpel—’ <r2/”sinp9, t>(Dq (rZ/q(Dp (w sin;9>>
1 ~ ~
+ g Er_zmsinpee <r2/’”sinp9, t>,
with 0 = w.

It is easily verified that fi(—t,—0,r) = —f1(t,0,7) and fo(—t,-6,r) = f2(t,0,r) and so
the system (2.11) is reversible with respect to the involution G : (r,0) — (r,-0).

2.2. Some Lemmas
To estimate fi(t,0,7) and f»(t,0,r), we need some definitions and lemmas.

Lemma 2.1. Let F(t,0,r) = F(r*Psin,0,t),e(t,0,r) = e(r*?sin,0,t). I F(x,t) and e(x, t) satisfy
(1.11), then

k
<c-r®po rkw
orkots

< <c-r@po) (2.13)

K OFE(0,7)
orkots

forVO0 e R k+s<m.

Proof. We only prove the second inequality since the first one can be proved similarly.

rk8k+se(t,9,r) _ kak”se(x,t)<6_x>k+m+rk61+se(x,t)6k_x
orkots oxkots \ or 0xots  ork
ak+se(x t) \k al+se(x t) -
_ k ’ 2/p-1\" ci ik k iB) opk s
= la(p)r W(r P > sin,0 + -+ + ck(p)r 5o | P~%sin,0
|k 0Fte(x, t) N x61+se(x, t)

oxkorr T oot

<c- |x|o+1 <c- r(2/p)(o-+1).
(2.14)
[l
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To describe the estimates in Lemma 2.1, we introduce function space M, (¥), where ¥
is a function of r.

Definition 2.2. Let n = (n1,n,) € N> We say f € M, (¥), if for 0 < j < m,0 < s < ny, there
exist o > 0 and ¢ > 0 such that

DIDif(t,6, r)| <c-W(r), Vr>ry, VY(t0)eS xS. (2.15)

Lemma 2.3 (see [6]). The following conclusions hold true:

(i) if f € My (W), then D]f € My, (r/%¥) and D; f € Myy_(50)(¥);
(if) if f1 € My (%)) and f, € My, (W), then f1 f» € M, (¥1%,);
(iii) Suppose W, W1, W, satisfy that, there exists ¢ > 0 such that for V0 < ¢ <2,

W(g) < c¥(r),

(2.16)
lim ¥, = lim ¥, = 0.
If f e Mp(¥), §1 € M,,(W1), & € M, (¥>), then, we have
f(t+4,0,r+g) € My(¥), n' = (ny,ny) with n] =n, = min{ny, ny}. (2.17)
Moreover,
f(t + 81 9,7‘) - f(t/ 0, T) € M(nl—l,min{nl,nz])(qf : 11’1),
(2.18)

f(t/ 9/7 + gZ) - f(t/ 9/ T) € M(min{nl,nzl,nz—l) <T711P . 1P2>
Proof. This lemma was proved in [6], but we give the proof here for reader’s convenience.
Since (i) and (ii) are easily verified by definition, so we only prove (iii). Let

o(t,0,r) = t+g(t,0,r),  ult,6,r)=r+g(t6,r). (2.19)

Since g» € M, (¥,), we have |r - 8g,/0r| < c¥,. S0 [0g>/0r| < cr'¥, — 0 (r — o). Thus
|0g>/0r| is bounded and so [0u/0r| <1 +|0g2/0r| < c. Similarly, we have

ou

ot

ov

e <c-r 'y, (2.20)

SC.WZI

<c ‘—
— 4 a
Forj+s>2,wehave

otu g oty 0t g

= __°°, R i - LYy (2.21)
oriots  orlots oriots  oriots




8 Boundary Value Problems

Since g1 € M, (¥1), & € M,(¥>), it follows that

% € M, (r7%,), ;:af € M, (r7%,). (2.22)

Let g(t,0,r) = f(v(t,0,r),0,u(t,0,r)). Since g € M, (¥2), we know that for r sufficiently
large

ro K71+ g <2r. (2.23)

By the property of ¥, we have

|gt,0,7)| <c-¥(u)=c-¥(r+g)<c-¥(r), (2.24)

for rq sufficiently large.
If k + s > 1, then by a direct computation, we have

okt g _ "M f(v,0,u) ‘ ah-+fiti o aibﬂ'é% ' a"l”izi o air‘m’:,,? , (2.25)
orkots orbotm oriioth orivoth  Oridth Orim Otim
where the sum is found for the indices satisfying
it A ptin e tin=k, JiAc iy e+, =5, (2.26)
Without loss of generality, we assume that
nth=l et =1
(2.27)

i =1, iy iy = 1.

Furthermore, we suppose that among ji, ..., jp,, there are b, numbers which equal to 0, and
among iy, ..., in,, there are m,; numbers which equal to 0.

Since
ak+sg ~ ab+mf(U, 6, u) an + u oty
orkots orbotm orh at]i Arle at]éz
a]'bz+1+]'1,02+1 u ajbl +iy u afb1+1+j;;1+1 u Alvtivy

drien aij{”Z*l orin at]-llfl drie+ at]-llfl +1 orle atfi
(2.28)

q

. . M . . . M
oittiip almz Hiny o) almz+l +1m2+1 v alml Fimy v

Orindth  Orimotm  Ppimadfima  Orimotim

)

Qm g Jimtimy

Ty +1 i’m +1 ari"’ atl,m !
ortm+1 9t ™
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we have

ak+sg
orkots

< Z c- r*blpr*(fbﬁﬁ"*jb)rmrml111117—171+bzr—(iml+1+~-~+i,,,)1pgm—mz+(m2—m1))
<c- 7 O2701) = (o w1 +4p)+ (2 =1121) = (i 14+ 4im) (r*(berz*bl)IPi“'bz‘bl )qr;”—ml

<c- r*k‘P,
and then,
f(t+g1,6,r+g) e My(¥).

Obviously

1

3
f(t+81,0,r)—f(t,6,r) = f a_]: (t+7181,0,7)g1dn.

0

Since

0
a—{ € Mo (¥),  lim (181) =0, 7€[0,1].

By the condition of (iii) we obtain

f(t + g1/ 9/ r) - f(t/ 9/ r) € M(nl—l,min[nl,nz})(lp : Ipl)/

In the same way we can consider f(¢,0,7 + g) — f(t,0,r) and we omit the details.

2.3. Some Estimates

The following lemma gives the estimate for fi(t,0,r) and f»(t,0,r).

Lemma 2.4. fi(t,0,7) € Mss) (rP*), fo(t, 0,7) € Mss)(rP), where p=2(2 - p +1)/p.

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Proof. Since f1(t,0,r) = Pi(t,0,r) + N1(t,0,r), we first consider P;(t,0,r) and Ni(t,0,r). By
Lemma 2.1, F(£,6,7) € M5 (r®/P)?). Again @, (r*/ 1@, (wsin,0)) = r*/P0y (D, (wsin,d)) €
M55 (r2/p), using the conclusion (iii) of Lemma 2.3, we have P;(t,0,r) € Ms5) (rP+1), where
p =22 -p+o0)/p. Note that Ny(t,0,r) € M(5l5)(rﬂ+1) and ' < B, we have fi(t,0,r) €
M55 (rP*1). In the same way we can prove f>(t,0,7) € M) (rP). Thus Lemma 2.4 is proved.

O
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Since -1 <l <p-2,we get f <0.50 |f2]| <P < 1 for sufficiently large r. When r > 1
the system (2.11) is equivalent to the following system:

. _
o 0, (1+ fat,0,1)

p (2.34)
5= + fa(t,0,1) .

It is easy to see that fi(-t,-0,r) = —f1(t,0,r) and fo(-t,—60,r) = f»(t,0,r). Hence,
system (2.34) is reversible with respect to the involution G : (r,t) — (r,—t).

We will prove that the Poincaré mapping can be a small perturbation of integrable
reversible mapping. For this purpose, we write (2.34) as a small perturbation of an integrable
reversible system. Write the system (2.34) in the form

% = fi(t,0,7) + hi(t,0,7) = N1(t,0,7) + (Pi(t,0,7) + hi(t,6,7)),
. (2.35)
d_; = 1- fo(t,6,7) + ha(t,6,7) = 1~ Na(t,6,7) + (~Pa(t, 6, 7) + ha(t, 6, 7)),

where hy(t,0,7) = —f1f2/(1+ f2), ha(8,0,7) = f22/(1 + f2), with f1(t,0,r) and f>(t,0,r) defined
in (2.11). It follows hy(-t,-6,r) = —h1(t,0,71), hao(-t,—6,7r) = hy(t,0,r), and so (2.35) is also
reversible with respect to the involution G : (r,t) — (r,—t). Below we prove that h;(t,0,r)
and hy(t,0, r) are smaller perturbations.

Lemma 2.5. hy(t,0,7) € M5 (r¥#*1), hy(t,0,1) € M55 (r?).

Proof. If ry is sufficiently large, then |f>(t,0,7r)] < 1/2 and so 1/(1 + fo(t,0,7)) =
3% (-1)°f5(t,6,r). Hence

0

hi(t,6,7) = D (-1)° f5*1(t,6,7) fu(t, 6,7). (2.36)
s=0
It is easy to verify that
ok+m o oirti Oi2th Ols+2tfse2
ariom /2 /17 u|=gu%=m,ci'j v Voo 2 Briaanial ¥ (2.37)

where i = (i1, ...,i112), |i| = i1 + - - - + is42, and j and |j| are defined in the same way as i and |i].
So, we have

ok+m i+ izt Qintin

= h = Cijee— flo—e f2
OrkOE e OP O fravear 2 arvapn

fa, (2.38)
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where
aiT+jT
S fSe, T=2..n for fr€ My ().
So
ak+m . . .
0 katm'h1 < PP P
r

< cprPtief <rﬂ> n_zr‘(i”"'*i")

< cr kp2P,

Thus, hy € M55 (r?*1). In the same way, we have hy € M55 (r%).

Now we change system (2.35) to

d

=5 = Ni(,6,1) + g1(t,6,7),
ﬂ—1—N t,0,r)+ g (t,0
d9_ 2(/ /T) gz(/ /T)/

11

(2.39)

(2.40)

(2.41)

where ¢1(¢,0,7) = Pi(t,0,r) + hi(t,0,r) and g (t,0,7) = —=P»(t,0,r) + ho(t, 0, 7). By the proof of
Lemma 2.4, we know Py € M55 (r#*') and P, € M55, (r?). Thus, g1(t,6,7) € M55 (rf*179)

and g(t,0,7) € M5 (rP%) where

witho<l<p-2,-1<1L

2.4. Coordination Transformation

Lemma 2.6. There exists a transformation of the form

t=t, A=r+5(r0),

such that the system (2.41) is changed into the form

ar .
E - gl(t/ 6/ )L)/

dt ~
10 =1-Ny(t,0,1) + (t,0,1),

(2.42)

(2.43)

(2.44)
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where g1, 3> satisfy:
§1 € M(5,5) <./\ﬂ+176>, §2 S M(5,5) ()L‘[Fa). (2.45)

Moreover, the system (2.44) is reversible with respect to the involution G: (A, —t) — (A, £).

Proof. Let
S(r,0) = N (t,0,r)d0 = ﬂii|sin’+2§|rﬂ+l (2.46)
7 0 1\t Y, 2 p-1 l+ 2 p 7
then
S(r,0) = S(r,0 +2m,), S(r,-0) = S(r, 0). (2.47)
It is easy to see that
S(r,0) € Ms5) (rﬂ+1). (2.48)

Hence the map (r,0) — (A, t) with X = r + S(r, 0) is diffeomorphism for r > 1. Thus, there is
a function L = L(4, 0) such that

r=A+L(\0) (2.49)
where

L(,0+2m,) =L(L,0),  L(L,-0)=L(,0),  L(4,0)€ Mgs(1*). (2.50)

Under this transformation, the system (2.41) is changed to (2.44) with

F1(1,0,0) =g (L0,A+L),  &(t0,1) = Na(t,0,1) = Na(t, 0,1+ L) + g»(t, 0,1 + L).
(2.51)

Below we estimate g and g». We only consider g, since g1 can be considered similarly or even

simpler.
Obviously,
. -114/p-1+@2/p)L\ _ 1; 26\ _
lim (A2 )= lim (@) =o. (2.52)
Note that

(t,0,7) € Mss) (rﬁ*f’). (2.53)
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By the third conclusion of Lemma 2.3, we have that
(10,1 +L) € Mss) <)J”’). (2.54)
In the same way as the above, we have

Na(t,6,r) = Na(t,0,A + L) € M5 <Aﬂ> (2.55)

and so

Ny(t,0,7) — Na(t,0,1) = Na(t,0, 1+ L) — Na(t,0,1) € M55 < AP A4/p—1+<z/p>o>

(2.56)
= Mss) < APP >
By (2.54) and (2.56), noting that ' < p, it follows that
22(t,6,0) € Ms5) (V9). (2.57)

Since L(A,-0) = L(A,0), the system (2.44) is reversible in 0 with respect to the involution
(A,t) — (A, —t). Thus Lemma 2.6 is proved. O

Now we make average on the nonlinear term N (f,6, 1) in the second equation of
(2.44).

Lemma 2.7. There exists a transformation of the form

T=t+50,0), A=1 (2.58)
which changes (2.44) to the form
d dr
== Z=1- 2.59
70 Hi(\,7,0), 70 1-[N2] + Ho(A, 7,0), (2.59)

27, /W

where [Ny] = & - M with & = (1/2m,)(q/p)(a/w?)(2/p) [, |sint,0]*2d6 and the new
perturbations Hq(\, 7,0), Ha2(A, T, 0) satisfy:

ak+s
oAkots

ak+s

)Lk+1
oAkots

/\k

7

Hi(A,T,0) Hy(A,7,0)| < C- P15, (2.60)

Moreover, the system (2.59) is reversible with respect to the involution G: (A, T) — (A, —7).



14 Boundary Value Problems

Proof. We choose

9 p—
501,0) = [ (N - [Nz ). (261)
0
Then
50,-0)=3(1,0),  3(L27m,+0)=5(1,6),  5(1,6) € M5 (1), (2.62)
Defined a transformation by
T=t+5(1,0), A=A (2.63)

Then the system of (2.44) becomes

di dr
i i 2.64
70 Hi(\,T,0), 70 1-[N2] + Hy(A, 7, 0), ( )

where

Hi(4,7,0) = & (1,7 -5(1,0),0),

~ 2.65
~ = 0S . = (2:69)
Ho(4,7,0) = %(4,7-5(4,0),0) + 227 (1,7 -5(1,6),0).
It is easy to very that
Hl(/\, =T, —9) = —Hl(.)t, =T, —9), Hz(.)t, =T, —9) = Hz()L,T, 9), (266)

which implies that the system (2.59) is reversible with respect to the involution G: (A, 7) +—
(A, =7). In the same way as the proof of g1 (A, t,0) and g (A, ¢, 0), we have

ak+s
oAkots

ak+s

./\k+1
oAkots

_/\k

7

Hi(\,T,06) Hy(A,7,0)| < C- AP0, (2.67)

Thus Lemma 2.7 is proved. O

Below we introduce a small parameter such that the system (2.4) is written as a form
of small perturbation of an integrable.
Let

[N2] = ep. (2.68)
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Since
[N)]=@- M — 0 as A — +oo,
then
A — +o0 = e— 0"
Now, we define a transformation by
1= (S

Then the system (2.59) has the form

BS)

)" rex

R

dp dr
d—=g1(p,T,9,€), %=1—€p+gz(p,7,9,€),

where

-1 d[No]

si(p70,e) =" ——=Hi(\M(ep),7.6),  &(p76€)=H(Mep)0).

Lemma 2.8. The perturbations g and g satisfy the following estimates:

ak+s
opkors

1+0p %
7

<c-e€

ak+s
‘ g1 | <c-e€

opkors

1+0p
7

p
Proof. By (2.73), (2.60) and noting that A = (ep/ &)1/ P it follows that

!
m{%ﬁﬁﬂkwﬁl

<c- 6'_1)Lﬂ_1.)tﬂ+1_6 <c- 6—1/\2[5—6 <c- €1+0'(] .

002——>0.
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(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

In the same way, |g2] = |Ha| < ¢+ AP0 < ¢ 1% The estimates (2.74) for k +s > 1 follow easily

from (2.60).

2.5. Poincaré Map and Twist Theorems for Reversible Mapping

O

We can use a small twist theorem for reversible mapping to prove that the Pioncaré map P
has an invariant closed curve, if ¢ is sufficiently small. The earlier result was due to Moser
[11,12], and Sevryuk [13]. Later, Liu [14] improved the previous results. Let us first recall the

theorem in [14].
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Let A = [a, b] xS! be a finite part of cylinder C = S' xR, where S! = R/2xZ, we denote
by I the class of Jordan curves in C that are homotopic to the circle » = constant. The subclass
of I composed of those curves lying in A will be denoted by I, that is,

Ty={LeT:LcCA}. (2.76)

Consider a mapping f. : A ¢ C — C, which is reversible with respect to G : (p,T) — (p, -T).
Moreover, a lift of f, can be expressed in the form:

T =T+w+el(p,T)+e(p, T €), 277

p1=p+eh(p,T)+e(p 7€),
where w is a real number, € € [0, 1] is a small parameter, the functions [y, I, 1, and g, are 2or
periodic.
Lemma 2.9 (see [14, Theorem 2]). Let w = 2nar with an integer n and the functions Iy, l,, 1, and
S satisfy
6 ol
LeCA), L>0, —>0, Y(p,T)€EA,
op (2.78)
12(‘/‘)/ gl('/ y €), §2('/ y €) S CS(A)

In addition, we assume that there is a function I : A — R satisfying

1€ C%A), 2711 >0, VY(p,7)€A,
(2.79)
L) - Lo, r) +(pr) - Lipr) =0, V(p,7) €A
1 P/ aT P/ 2 P/ ap P/ - Yr P/ .
Moreover, suppose that there are two numbers a, and bsuchthat a<d<b<band
Ini(a) < Ln(@) < In(@) < I (E) < Im (E) < In(b), (2.80)
where
1 = 1 L, =minl(p,T).
m(r) =maxl(p,7), (r) = minI(p,7) (2.81)
Then there exist ¢ > 0 and A > 0 such that, if e < A and
181 €)||C5(A) + 1220, €)||C5(A) <6 (2.82)

the mapping fe has an invariant curve in I 4, the constant ¢ and A depend on a, a, E, b,11,1p, and I.
In particular, ¢ is independent of e.
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Remark 2.10. If =11, 1, g1, $» satisfy all the conditions of Lemma 2.9, then Lemma 2.9 still holds.
Lemma 2.11 (see [14, Theorem 1]). Assume that w ¢ 27w Q and L(:,-), Ix(-,-)g1(,-, €) and
(., €) € CHA). If

27
f ? (t,p)dr >0, Vpe€[a,b]. (2.83)
o Op

then there exist A > 0 and ¢ > 0 such that f. has an invariant curve in I'4 if 0 < e < A and
181G )l csay + 18265 )l csay <6 (2.84)

The constants ¢ and A depend on w, 11,1, only.

We use Lemmas 2.9 and 2.11 to prove our Theorem 1.1. For the reversible mapping
(2.86), 11 = —2myep, I, = 0.

2.6. Invariant Curves
From (2.73) and (2.66), we have
gi(p,-1,-0,¢) =-g1(p,7,0,¢), o(p,—1,-0,¢) =g (p,7,6,¢€) (2.85)

which yields that system (2.72) is reversible in 8 with respect to the involution G : (p,7)
(p,—7). Denote by P the Poincare map of (2.72), then P is also reversible with the same
involution G : (p, T) — (p, —7) and has the form

T =T+ 27, — 27,0 + 1(p, T, €),
P:{ y = 2emyp + 51 (p, 7, €) 056)

pr=p+&(p1€),

where 7 € S! and p € [1,2]. Moreover, g1 and g satisfy

ak+l _ ak+l
‘ , ‘ <c-elto, (2.87)

opkor! & opkor! &

Case 1 (27rp is rational). Let I = -l = 2,p, it is easy to see that

Oh(p,T) _

Lip,T) € C%(A), L (p,T) =-2mp <0, o

0,
] oI
I(p,T) € C°(A), a(p,T> >0, L(p,T)=0, (2.88)
ol ol
hlp m) 57 (pr7) + B(p 7)o (py7) = 0.

Since I only depends on p, and (01 /0p)(p, T) > 0, all conditions in Lemma 2.9 hold.
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Case 2 (2, is irrational). Since

> 9l 2
—(7,p)dr =-(2m,)" <0, (2.89)
o Op

all the assumptions in Lemma 2.11 hold.

Thus, in the both cases, the Poincare mapping P always have invariant curves for e
being sufficient small. Since € < 1 & A » 1, we know that for any A > 1, there is an invariant
curve of the Poincare mapping, which guarantees the boundedness of solutions of the system
(2.11). Hence, all the solutions of (1.9) are bounded.
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