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Green’s function G(x,y) of the clamped boundary value problem for the differential operator
(-1)M(d/dx)*™ on the interval (-s,s) is obtained. The best constant of corresponding Sobolev
inequality is given by max,<sG(y, ). In addition, it is shown that a reverse of the Sobolev best

constant is the one which appears in the generalized Lyapunov inequality by Das and Vatsala
(1975).

1. Introduction

ForM=1,2,3,..,s>0,let H(= Hé"I (=s,5)) be a Sobolev (Hilbert) space associated with the
inner product (-, ) s

H=H(M) = {u | u™ € [2(-s,s), uD(xs) =0 (0<i< M- 1)},
(1.1)

(u,0) = f UM (3™ (xydx,  ullfy = (0, 1)
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The fact that (-, -) 5; induces the equivalent norm to the standard norm of the Sobolev (Hilbert)
space of Mth order follows from Poincaré inequality. Let us introduce the functional S(u) as
follows:

2
S(u) _ <sup|y\Ss|u(y)|> ' (1'2)

2
l[ell7r

To obtain the supremum of S (i.e., the best constant of Sobolev inequality), we consider the
following clamped boundary value problem:

DMuCM = f(x) (-s<x<s),
(BVP(M))
u(xs)=0 (0<i<M-1).

Concerning the uniqueness and existence of the solution to (BVP(M)), we have the following
proposition. The result is expressed by the monomial K;(x):

2M-1-j

L (0<j<2M-1),
K;(x) = K;(M;x) = { @M~-1-))! (13)

0 (2M < ).

Proposition 1.1. For any bounded continuous function f(x) on an interval —s < x < s, (BVP(M))
has a unique classical solution u(x) expressed by

u(x) = fs G(x,y)f(y)dy (-s<x<s), (1.4)

where Green’s function G(x,y) = G(M; x,y) (-=s < x,y < s) is given by

G(x,y)
O gy | 209 [0 Ko )
2 Ki(s+x)| 0 Ki(s-x)| 0
(15)
My Ki.j(2s) ‘Ki(s+x/\y) B
= (-HMD G2V )] 5 (-s<x,y<s). (1.6)

D is the determinant of M x M matrix (Ki4j)(2s) (0 <i,j < M -1), x Ay = min(x,y), and
X Vy =max(x,y).



Boundary Value Problems 3

With the aid of Proposition 1.1, we obtain the following theorem. The proof of
Proposition 1.1 is shown in Appendices A and B.

Theorem 1.2. (i) The supremum C(M;—s, s) (abbreviated as C(M) if there is no confusion) of the
Sobolev functional S is given by

§2M-1
C(M;-s,s) = sup S(u) =maxG(y,y) = G(0,0) = . 1.7
( ) ueH,EiO ) lyl<s (v.y) =GO.0) 22M-12 M — 1) { (M - 1)!}? (1.7)
Concretely,
C(l—ss)—EC(Z—ss)—iC(B—ss)—S—SC(4—ss)—s—7 (1.8)
7 7 - 2/ 7 7 - 24/ 7 7 - 640/ 7 7 - 32256/ .

(ii) C(M; s, s) is attained by u = G(x,0), that is, S(G(x,0)) = C(M; —s, s).
Clearly, Theorem 1.2(i), (ii) is rewritten equivalently as follows.

Corollary 1.3. Let u € H, then the best constant of Sobolev inequality (corresponding to the
embedding of H into L*(-s, s))

<syt|1£|u(y)|>2 < Cf

is C(M; —s, s). Moreover the best constant C(M; —s, s) is attained by u(x) = cG(x,0), where c is an
arbitrary complex number.

u™ (x)|2dx, (1.9)

Next, we introduce a connection between the best constant of Sobolev- and Lyapunov-
type inequalities. Let us consider the second-order differential equation

UW+p(x)u=0 (-s<x<s), (1.10)

where p(x) € L!(-s,s) N C[-s, s]. If the above equation has two points s; and s; in [-s, 5]
satisfying u(s1) = 0 = u(sy), then these points are said to be conjugate. It is wellknown that if
there exists a pair of conjugate points in [-s, s], then the classical Lyapunov inequality

fs p+(x)dx > % (1.11)

holds, where p.(x) := max(p(x),0). Various extensions and improvements for the above
result have been attempted; see, for example, Ha [1], Yang [2], and references there in.
Among these extensions, Levin [3] and Das and Vatsala [4] extended the result for higher
order equation

DMuPM _p(x)u=0 (-s<x<s). (1.12)
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For this case, we again call two distinct points s; and s, conjugate if there exists a nontrivial
C*M(-s,5) N CM-1[-s, 5] solution of (1.12) satisfying

u(s))=0=uP(s;) (i=0,...,M-1). (1.13)
We point out that the constant which appears in the generalized Lyapunov inequality by
Levin [3] and Das and Vatsala [4] is the reverse of the Sobolev best embedding constant.

Corollary 1.4. If there exists a pair of conjugate points on [—s, s| with respect to (1.12), then

$ 1
fs p+(x)dx > 7C(M; =5 5) (1.14)

where C(M; —s, s) is the best constant of the Sobolev inequality (1.9).

Without introducing auxiliary equation u®™ + (-1)™'p,u = 0 and the existence
result of conjugate points as [2, 4], we can prove this corollary directly through the Sobolev
inequality (the idea of the proof origins to Brown and Hinton [5, page 5]).

Proof of Corollary 1.4. Consider

fsz <u(M) (x)>2dx = fsz p(x) (u(x))*dx < < sup |u(x)|>2 fsz p+(x)dx

S1 51<x<s)

(1.15)
S2 M 2 S2
< C(M; sy, 52) f (u( )(X)> dXI p+(x)dx.
In the second inequality, the equality holds for the function which attains the Sobolev best

constant, so especially it is not a constant function. Thus, for this function, the first inequality
is strict, and hence we obtain

m < J‘: p+(x)dx. (1.16)
Since
.1 < .1 < J.sz p+(x)dx < r p+(x)dx, (1.17)
C(M;-s,s) = C(M;s1,s2) s s
we obtain the result. O

Here, at the end of this section, we would like to mention some remarks about
(1.12). The generalized Lyapunov inequality of the form (1.14) was firstly obtained by
Levin [3] without proof; see Section 4 of Reid [6]. Later, Das and Vatsala [4] obtained
the same inequality (1.14) by constructing Green'’s function for (BVP(M)). The expression
of the Green’s function of Proposition 1.1 is different from that of [4]. The expression of
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[4, Theorem 2.1] is given by some finite series of x and y on the other hand, the expression
of Proposition 1.1 is by the determinant. This complements the results of [7-9], where the
concrete expressions of Green’s functions for the equation (-1)Mu®™ = f but different
boundary conditions are given, and all of them are expressed by determinants of certain
matrices as Proposition 1.1.

2. Reproducing Kernel

First we enumerate the properties of Green’s function G(x, y) of (BVP(M)). G(x, y) has the
following properties.

Lemma 2.1. Consider the following:

(1)
éﬁMG(x,y) =0 (-s<x,y<s, x£y), (2.1)
(2)
AG(xy)| =0 (0<i<M-1,-s<y<s), (22)
3)
. 0 0<i<2M-2),
9,G(x, y)| T 9LG(x, y)| s = (2.3)
Y DM (i=2M-1) (-s<x<3s),
4)
. 0 0<i<2M-2),
3G (x, ) |x=y - 9.G(x,y)|_ (2.4)

=0 LM oam-1) (-s<y<s).
Proof. For k (1 <k <2M)and -s <x, y <s, x#y, we have from (1.5)

G (x,y) = TH ) [(sgn(x v))“Ki(|x - y])

+D7! {

Ki.j(2s) ‘ Ki(s-y) ‘ . ‘ Ki:j(2s) ‘ Ki(s+y) ‘}]
Kij(s+%)| 0 (-)fKisj(s—x)| 0 '

(2.5)
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For k = 2M, noting the fact Kj(x) =0 (2M < j), we have (1). Next, for 0 < k < M -1and
-s < y < s, we have from (2.5)

9:G(x,y) |x

I e L L NI LTy
=——|(-D*K D .
> [( ) k(S + y) + Kk+] (0) (_1)kKk+j(25) | 0
(2.6)
Since (K (0), ..., Kkspm-1(0)) = (0,...,0), we have
Ki.j(2s) Ki(5+y)
_1)M+ky ok - -1 ! ‘
(D)M*2 G(xy)| _ =Ki(s+y)+D K@) 0
(2.7)

Ki.j(2s) ‘ Ki(s+y)

=Ki(s+y)+ D!
-0 |—Kk(s+y)

Note that subtracting the kth row from Mth row, the second equality holds. Equation
('ﬂl;G(x,y)|x:s = 0 is shown by the same way. Hence, we have (2). For 0 < k < 2M -1, we
have

k k
o, -0,

™ (1- 109 K:00) 0 (0<k<2M-2), (2.8)
LA (0 =
i DM (k=2M-1) (-s<x<3s),

where we used the fact K (0) =0 (k#2M-1),1 (k =2M-1).So we have (3), and (4) follows
from (3). O

Using Lemma 2.1, we prove that the functional space H associated with inner norm
(-, ") 1s a reproducing kernel Hilbert space.

Lemma 2.2. For any u € H, one has the reproducing property
S
u) = (0,60 = [ WG dx (s<y<s). @9)
=S

Proof. For functions u = u(x) and v = v(x) = G(x, y) with y arbitrarily fixed in —s < y < s, we
have

!
M-1
uMpM) _ 3y (—1)MCM) - ( Z ()Mt u(j)U(ZM—l—J')> ) (2.10)

j=0
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Integrating this with respect to x on intervals —s < x <y and y < x <'s, we have

J.s u™ (x)o™) (x)dx - J.s u(x) (-1)Mo®M (x)dx

=S

M-1
—1-i (i —1-{ x=y-0 x=
= [ (_1)M ! ]u(])(x)U(ZM ) (.X')] { lezs + x=;+0}
j=0
(2.11)
M-1
- (_1)M—1—j[ uD (8)0M-1D () — ) (=g) M1 (_S)]
j=0
+ 3, (DM () [ 0B (y - 0) oM (y +0)].
" 0
Using (1), (2), and (4) in Lemma 2.1, we have (2.9).
3. Sobolev Inequality
In this section, we give a proof of Theorem 1.2 and Corollary 1.3.
Proof of Theorem 1.2 and Corollary 1.3. Applying Schwarz inequality to (2.9), we have
2 S 2 S 2 S 2
lu(y)|” < f oM G(x,y)| dxf |u(M)(x)| dx =G(y,y) f |u(M) (x)| dx. (3.1)
-s -5 -5

Note that the last equality holds from (2.9); that is, substituting (2.9), u(-) = G(-, ). Let us
assume that

C(M;-s,5) =C(M) = I‘nlaxG(y, y) =G(0,0), (3.2)
yi<s

holds (this will be proved in the next section). From definition of C(M), we have

2 S
<sup|u(y)|> <C(M) f, |u(M)(x)|2dx. (3.3)

lyl<s

Substituting u(x) = G(x,0) € H in to the above inequality, we have

oMG(x,0) |2dx = (C(M)). (3.4)

2 S
<sup|G(y,0>|> <com) |
lyl<s -s
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Combining this and trivial inequality (C(M))? = (G(0,0))” < (sup,,|G(y, 0)])?, we have

2
s 2
(C(M))* < <sup|G(y, 0) |> <C(M) f oMG(x, 0)| dx = (C(M))*. (3.5)
lyl<s s
Hence, we have
2 s )
<sup|G<y, 0)|> = C(M) f oG (x,0)| dx, (3.6)
lyl<s -5
which completes the proof of Theorem 1.2 and Corollary 1.3. O

Thus, all we have to do is to prove (3.2).

4. Diagonal Value of Green’s Function

In this section, we consider the diagonal value of Green’s function, that is, G(x, x). From
Proposition 1.1, we have for M =1,2,3

(2 %)

2s

(2~ 22)’

2 .2\°
) (s -2)" @
S

G(1;x,x) = 55055

G(2;x,x) = G(2;x,x) =

Thus, we can expect that G(x, x) takes the form G(M; x, x) = const. Ko(M; 1+x)Ko(M;1-x).
Precisely, we have the following proposition.

Proposition 4.1. Consider

G(x,x) = (-1)"D"! A ‘Ki(s—x)

- <2(M - 1)> 1 Ko(s+x0)Ko(s—x)

Kij(s+x)| 0 M-1 /) Ko(2s)
(4.2)
C2M-D\ 1 (8-
_< M-1 >Ko(2s) (M -1)12’
Hence,
Kiii(25) | Ki(s)
C(M; s, s) = sup G(x, x) = G(0,0) = (-1)MD|_"
(M; s, s) ‘SJ:E:: (x,x) = G(0,0) = (-1) YCRED
(4.3)

~ g2M-1 2(M -1) ~ g2M-1
- 22MI1(2M - 1)!< M-1 > C MM - 1)(M = 1)1

where i, j satisfy 0 <i,j < M - 1.
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To prove this proposition, we prepare the following two lemmas.

Lemma 4.2. Let u(x) = c1G(x, x), where

1
Kij(2s) |0
22M -1 .
! = (-)M ( ) D™ P (4.4)
2M -1 0
10 - 0/0
(i,j satisfy 0 < i,j < M —1), then it holds that
- yPeMD) =1 (s <x<s), (4.5)
ud(4£s) =0 (0<i<2M-2), (4.6)
2(M-1)
@M-1) (o) —
u s)=-— c1. 4.7
(s) < o > : (47)

Lemma 4.3. Let ti(x) = coKo(s + x)Ko(s — x) (-s < x < s), where cgl = <2<2M*1) ), then it holds

2M-1
that (4.6) and M- (s) = =K (2s)c».

Proof of Proposition 4.1. From Lemmas 4.2 and 4.3, u(x) = c1G(x,x) and #i(x) = c2Ko(s +
x)Ko(s — x) satisfy BVP(2M — 1) (in case of f(x) = 1(-s < x < 5)). So we have

c1G(x, x) = Ko(s + x)Ko(s —x) (-s<x<5s), (4.8)
2(M-1)
M-1 Cl = Ko(ZS)Cz. (49)
Inserting (4.9) into (4.8), we have Proposition 4.1. O

Proof of Lemma 4.2. Let

Ki;i(2s) | Ki(s—x
u(x) = a1G(x, x) = c1 (-)MD o (x), v(x) = ‘ +(29) ‘ (5~ , (4.10)
Ki(s+x) | 0
then differentiating v(x) k times we have
k k Kiij(2s) ‘ Kii(s — x)
v®(x) = (—1)l< >wk,1(x), Wi, (x) = ! : (4.11)
% l Kk_l+]'(S + x) | 0
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At first, for k =2(2M — 1), we have

2(2M-1) 22M -1
oM () = 3 (—1)’< ( l )>Wz<2M—1>,l(x)

1=0

2M-2 22M -1 22M -1
= Z (—1)l< ( )>w2<2M1),l(x) - < ( )>w2(2M1),2M1(x) (4.12)
< ! 2M -1

+ > (-1 l

2eM-1) <2(2M - 1)
1=2M

>w2(2M1),l(x)'
The first term vanishes because
K2(2M71),1+7'(S +Xx) = K2M+(2M,2,1+]')(S +x)=0 (0<I<2M-2). (4.13)
The third term also vanishes because
Kui(s—=x)=0 (M<I<22M -1)). (4.14)

Thus, we have

22M -1)
pCMD) (x) = — wroM-1)2M-1(X),
2M -1
1
Kij2s) |o| (15
Ki.j(2s) ‘ Konp-1+i(s — x)
wWr2M-1)2M-1(X) = =
KZM—1+]' (S + .X') | 0
0
10 e 0]0
Hence, we have
— uPCMD) (x) = — ¢ (-1)MD M D) (x) = 1, (4.16)
by which we obtain (4.5). Next, for 0 < k < M -1, we have
k k Kiij(2s) ‘ K1.i(0)
(k) _ I _ ]
oM (s) =) (-1 wii(s), wii(s) = ) (4.17)
) é( ) <l> Kij(2s)] 0
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Since 0 < I +i < 2M -2, we have wy (s) = 0. Thus, we have v(¥)(s) =0 (0 < k < M - 1). For
M <k <2M -2,we have

(4.18)

M-1 k k k
o® (s) = Z<—1>l< >wk,z<s> + Z(—l)’( >wk,l<s>-
1=0 ! M !

The first term vanishes because K;.;(0) = 0 (0 <1 < M - 1). Next, we show that the second
term also vanishes. Let

K;(2s) |0

Kaom-2-14(25) | 0
Konp-1-14j(2s) |1

Konm-14j(2s) |0 (M<I<k<2M-2).

wi,i(s) = (4.19)
KM—1.+]' (2s) 0

Kk—l+j (25) 0

Since 0 < k -1 < 2M -2 — I, two rows, including the last row, coincide, and hence we have
wy(s) = 0. Thus, we have v (s) =0 (M < k < 2M —-2). So we have obtained u®) (s) = 0 (0 <
k < 2M - 2). By the same argument, we have u®)(=s) = 0 (0 < k <2M - 2). Hence, we have
(4.6). Finally, we will show (4.7). For k = 2M -1, noting K;,;(0) =0 (0 < < M - 1), we have

2M-1 2M -1
oM () = 3 (—1)’< >w2M_u(s), (4.20)
=M !
where
Kij(2s) | Kii(0)
wap-1,(s) =
Kom-1-14j(2s)| O
K;@2s) |0 K;(2s) 0
Kaom-2-14j(25) | 0 Kon-2-1+j(2s) 0 (4.21)
~ Konp-1-14j(2s) | 1 Kon-1-1+j(2s) L D
| Kam-1+j(2s) |0 Kom-14j(25) (U
Kar-14j(2s) |0 Ka-14j(25) 0
Konp-1-14j(25) | 0 -1
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Thus, we obtain woar-11(s) = -D (M <1 <2M - 1). Hence we have

oM (1) = Mfl(—l)l <2M ) 1>w2M_1,l<s> =- D2§1<—1>l <2M ) 1>
=y ! =y I

(4.22)
2M-2 2M -2 2M -2 2(M -1
=-D > (-1) + +D=(-1)MD ( ) ,
=™ -1 l M-1
that is,
2(M -1
uPMD (5) = ¢; (-1)MD 1MV () = — ( ) c1. (4.23)
M-1
This completes the proof of Lemma 4.2. O
Proof of Lemma 4.3. Let
B B B C 2 2 2M-1
u(x) = e2Ko(s + x)Ko (s - x) = YRS (-2 (4.24)
Differentiating u(x) k times, we have
k k
u® (x) =, 3 (-1)! < : >1<k_,(s +x)K;(s — x). (4.25)
1=0

Fork = 2(2M—1), nOtil’lg K2(2M71)71(5+x) =0 (0 <I< 2M—2), K2M71(5+x) = K2M71(S—x) =1,
and Kj(s—x) =0 2M <1<2(2M -1)), we have

22M -1
— uCeMD) () = ¢, ( ) =1. (4.26)
2M -1
Thus, we have (4.5).If 0 < k <2M -2, then we have
k k
u®(s) =23 ,(-1) < : > Ky-1(25)Ki(0) = 0. (4.27)
1=0

Since u® (—x) = (—1)ku(k)(x), we have u®)(-s) =0 (0 < k <2M —2). Hence, we have (4.6). If
k =2M -1, then we have

uM () = szAﬁl(—l)l <2NIZ_ 1>K2M—1—Z(ZS)K1(O) = — 2K(2s). (4.28)
1=0

This proves Lemma 4.3. O
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Appendices
A. Deduction of (1.5)

In this section, (1.5) in Proposition 1.1 is deduced. Suppose that (BVP(M)) has a classical
solution u(x). Introducing the following notations:

u="(up,...,uom1), wi = u? (0<i<2M-1),

e="'(0,...,0,1) (2M x 1 matrix),
(A1)

(2M x 2M nilpotent matrix),

(BVP(M)) is rewritten as

u =Nu+e-1)Mf(x) (-s<x<s),
(A2)
u(£s)=0 (0<i<M-1).

Let the fundamental solution E(x) be expressed as E(x) = exp(Nx) = K(x)K(0)™, where
1
K(x) = (Kisj)(x),  K(0) = e =K(©)", (A3)
1

then i, j satisfy 0 < i, j <2M — 1. E(x) satisfies the initial value problem E' = NE, E(0) = I. Iis
a unit matrix. Solving (A.2), we have

u(x) = E(x +s)u(-s) + f E(x-y)e(-1)™f(y)dy,

(A4)
u() = BGx - 5)u(s) - [ B(x - y)e-DMF(n)dy,
or equivalently, for 0 <i <2M -1, we have
2M-1 x
ui(x) = Y Kiyj(x + 8)uan-1-j(-s) + f OMKi(x-y) f(y)dy,
j=0 -s
] (A.5)

2M-1

wi(x) = > Kioj(x = S)uania5(s) - f (“1)MKi(x - ) f(y)dy.

j=0
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Employing the boundary conditions (A.2), we have

M-1

ui(x) = Z Kisj(x + s)uam-1-j(=s) + _[ (_1)MKi(x -y)f(v)dy,
=0 -

(A.6)
M-1 s

uj(x) = Z Kiyj(x = s)uap-1-j(s) — f (—1)MK,-(x -y)f(y)dy.
=0 *

In particular, if i = 0, then we have

M-1

() = 3 Ky + puniaci(-5) + [ (1M Ko=) (),

j=0

(A7)
M-1 S
up(x) = 3" Kj(x = s)uant1-5(s) - f ~DMKo(x-y) f(y)dy.

=0

On the other hand, using the boundary conditions (A.2) again, we have

M-1 s
0=wui(s) = > Kisj(25)uan-1-i(=s) + f -DYMKi(s-y) f(v)dy,
j=0 -

(A8)
M-1 s
0 = u;(-s) = Z Kiyj(=2s8)uop-1-j(s) - f_ -DMKi(-s-y) f(y)dy.

j=0

Solving the above linear system of equations with respect to wuap-1-i(—S)
uspm-1-i(s) (0<i< M -1), we have

(znto1) (=) = - f 1M (Kinj) ™ @8)(K2) (s - ) £ () dy,

s (A.9)
(ee1:)(6) = | M (Ki) (29)(K) (=5 =) f (1) .
Substituting (A.9) into (A.7), we have
up(x) = - f_ (-DM(K;) (x + ) (Kiny) " (28)(K:) (s — ) f () dy
[ MKa(x- sy,
-~ (A.10)

w00 = [ M) = 9)(Kin) ™ (29)(K) (-5 = 9) F )y

[ K=yl s )y
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Taking an average of the above two expressions and noting u(x) = ug(x), we obtain (1.4),
where Green’s function G(x, y) is given by

M

G y) = T [Kollx—y]) - (Kp) (x + 9)(Kiuy) ™ 25) (Ki) (5 - )
(A.11)
+(Kj) (x = 9)(Kis) ™ (-25) (Ki) (=5 - ) .
Using properties Kj(-x) = (-1)""'K;(x), we have
(Kj)(x =) = = (K)) (s =) ((-1)'63),
(Kiej)(=25) = (1)1 Ky ) (25) = =((<1)'67) (Kivy) (25) ((-1)'6y ), (A12)

(Ki) (=5 =y) = ((-D'K:) (s + y) = =((-1)6;) (Ki) (s + ),

where 6;; is Kronecker’s delta defined by 6;; = 1 (i = j), 0 (i#j). Inserting these three
relations into (A.11), we have

_1\M
G y) = T [Ko(|x - y]) - (Kj)(s + ) (Kiy) ™ @25)(Ki) (s~ )
(A.13)

~(Kj) (s = ) (Kinj) ™ 28)(Ki) (s + )|

Applying the relation

Alb ‘
falo
(A.14)

faA™lb =- ,
|Al

where A is any N x N regular matrix and a and b are any N x 1 matrices, we have (1.5).
B. Deduction of (1.6)
To prove (1.6), we show

Ki+j(2s) ‘ Ki(S + y)
Ki(s —x) | 0

Ki+j(2s) ‘Ki(s—y) ‘_
K]-(s+x)| 0

} (-s<x,y<s).

(B.1)

Ko(x-y) = -D7! {
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Let x > y. If (B.1) holds, substituting it to (1.5), replacing x with x V y, y with x A y, then we
obtain (1.6). The case x < y is shown in a similar way. Let y (-s < y < s) be fixed, and let
u(x) = Ko(x — y). Then u satisfies

uPM =0 (-s<x<s),
. : . (B2)
u(=s) = ()™ Ki(s+y), u?(s)=Ki(s—y) (0<i<M-1).
On the other hand, let
v(x) = - D-l{ Kiuy(2) | Kils~) ‘ | K@) [ Kils ) ‘} (B3)
Ki(s+x)| 0 Kj(s—x)]| 0

Differentiating v k times with respect to x, we have

v®(x) = - D‘l{

For k = 2M, noticing Kij(s + x) = Ky.(s — x) = 0, we have v@®M (x) =0. For 0 < k < M -1,

we have
ok (=s) = - {

— (_1)kD71

Ki.j(2s) ‘K,’(S—y) ‘ B (_1)k

K,’+]'(25) ‘ K,’(S + y) ‘} (B4)
Kiij(s +x)]| 0

Kiij(s —x)| 0

Ki.j(2s) ‘ K; (s—y) ‘ Jk

Kiij(2s) ‘Ki(s +Y) ‘}
Kk+] (0)

Kiij(2s)] 0

(B.5)
KiJr]'(ZS) ‘ Ki(5+y)
0 0|-Kik(s+y)

= (-1 Ki(s +y),

where we used K.;(0) = 0. Similarly, for 0 < k < M -1, we have v®(s) = Ki(s-y).So
v(x) satisfies

oM =0 (-s<x<s),
| . | (B.6)
v (-s) = )" Ki(s+y), v9(s) = Ki(s—y) (0<i<M-1).

which is the same equation as (B.2). Hence, we have v(x) = u(x).
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