Hindawi Publishing Corporation
Boundary Value Problems

Volume 2011, Article ID 891430, 10 pages
doi:10.1155/2011/891430

Research Article

On a Perturbed Dirichlet Problem for a Nonlocal
Differential Equation of Kirchhoff Type

Giovanni Anello

Department of Mathematics, University of Messina, S. Agata, 98166 Messina, Italy
Correspondence should be addressed to Giovanni Anello, ganello@unime.it
Received 24 May 2010; Accepted 26 July 2010

Academic Editor: Feliz Manuel Minhds

Copyright © 2011 Giovanni Anello. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We study the existence of positive solutions to the following nonlocal boundary value problem
—K(|[ull*)Au = dus + f(x,u) in Q, u = 0 on 0Q, where s €]1,2[, f : QxR, — R isa Carathéodory
function, K : R, — Risa positive continuous function, and \ is a real parameter. Direct variational
methods are used. In particular, the proof of the main result is based on a property of the infimum
on certain spheres of the energy functional associated to problem —K(|lul*)Au = Au*' in Q,
upq = 0.

1. Introduction

This paper aims to establish the existence of positive solutions in WS'Z(Q) to the following
problem involving a nonlocal equation of Kirchhoff type:

—K<||u||2>Au =0+ f(x,u), inQ, -
A
u=0 on 0Q.

Here Q is an open bounded set in RN with smooth boundary 09, s €]1,2[, f : Q x [0, +o0[ —
[0, +oo[ is a Carathéodory function, K : R, — R is a positive continuous function, \ is a real
parameter, and |ju|| = (jg |Vu|2dx)l/2 is the standard norm in Wé’z(Q). In what follows, for
every real number ¢, we put t, = (|t| + 1) /2.

By a positive solution of (Py), we mean a positive function u € W&’z (Q)NC°(Q) which

is a solution of (P,) in the weak sense, that is such that

K<||u||2> IQ(Vu(x)Vv(x))dx - JQ (Au(x)*l + f(x,u(x)))v(x)dx =0 (1.1)
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forallv € WS’Z(Q). Thus, the weak solutions of (P,) are exactly the positive critical points of
the associated energy functional

u(x)

fluell?
I(u) = K(t)dr - f <J\u+ (x)5' + flx, t)dt> dx, ueW,*(Q). (1.2)
0 Q 0

When K(t) = a + bt (a,b > 0), the equation involved in problem (P)) is the stationary
analogue of the well-known equation proposed by Kirchhoff in [1]. This is one of the
motivations why problems like (P,) were studied by several authors beginning from the
seminal paper of Lions [2]. In particular, among the most recent papers, we cite [3-7] and
refer the reader to the references therein for a more complete overview on this topic.

The case A = 0 was considered in [3] and [4], where the existence of at least
one positive solution is established under various hypotheses on f. In particular, in [3]
the nonlinearity f is supposed to satisfy the well-known Ambrosetti-Rabinowitz growth
condition; in [4] f satisfies certain growth conditions at 0 and oo, and f(x,f)/t is
nondecreasing on ]0,+oo[ for all x € Q. Critical point theory and minimax methods are
used in [3] and [4]. For K(t) = a + bt and A = 0, the existence of a nontrivial solution as
well as multiple solutions for problem (P,) is established in [5] and [7] by using critical
point theory and invariant sets of descent flow. In these papers, the nonlinearity f is again
satisfying suitable growth conditions at 0 and co. Finally, in [6], where the nonlinearity
ts~! is replaced by a more general h(x,t) and the nonlinearity f is multiplied by a positive
parameter y, the existence of at least three solutions for all A belonging to a suitable interval
depending on h and K and for all x4 small enough (with upper bound depending on 1) is
established (see [6, Theorem 1]). However, we note that the nonlinearity #5' does not meet
the conditions required in [6]. In particular, condition (as) of [6, Theorem 1] is not satisfied
by 571, Moreover, in [6] the nonlinearity f is required to satisfy a subcritical growth at co
(and no other condition).

Our aim is to study the existence of positive solution to problem (P,), where, unlike
previous existence results (and, in particular, those of the aforementioned papers), no growth
condition is required on f. Indeed, we only require that on a certain interval [0,C] the
function f(x,-) is bounded from above by a suitable constant a, uniformly in x € Q.
Moreover, we also provide a localization of the solution by showing that for all r > 0 we
can choose the constant a in such way that there exists a solution to (P,) whose distance
in WS'Z (Q) from the unique solution of the unperturbed problem (that is problem (P,) with
f =0)isless than r.

2. Results

Our first main result gives some conditions in order that the energy functional associated to
the unperturbed problem (P,) has a unique global minimum.

Theorem 2.1. Let s €]1,2[ and A > 0. Let K : [0, +oo[ — R be a continuous function satisfying the
following conditions:

(a1) infiK(t) > 0;

(az) the function t — (1/2) fé K(m)dr — (1/s)K(t)t is strictly monotone in [0, +ool;

(a3) iminfy_ 4o, 2% [) K(7)dT > 0 for some a €] (s/2),1[.
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Then, the functional

flul?
W(u) = % K(r)dr - % fg uldx, ueWy*(Q) (2.1)
0

admits a unique global minimum on Wé’z(Q).

Proof. From condition (a3) we find positive constants Cy,C, such that

flul®
% K(t)dr > Cy||lu||** = C,, for every u € WS’Z(Q). (2.2)
0

Therefore, by Sobolev embedding theorems, there exists a positive constant C3 such that
W(u) > Cil[ul™ - Ca - Csllull*, for every u € Wy*(Q). (2.3)

Since s €]0, 2a[, from the previous inequality we obtain

Iim W(u) = +oco. (2.4)
llel] = +o0 ’
By standard results, the functional
12 1
ueWy(Q) — EJ uidx (2.5)
Q

is of class C! and sequentially weakly continuous, and the functional

lulP
uew,A(Q) — % ) K(r)dr (2.6)

is of class C! and sequentially weakly lower semicontinuous. Then, in view of the coercivity
condition (2.4), the functional ¥ attains its global minimum on WS'Z(Q) at some point 1y €
12
W, ().
Now, let us to show that

inf ¥<D0.
WA (2.7)

Indeed, fix a nonzero and nonnegative function v € C§°(£2), and put v, = ev. We have

Y(ev) <& max K(b)|v|* - J\% vdx. (2.8)
Q

te [0,52||v\|2]
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Hence, taking into account that s < 2a < 2, for € small enough, one has ¥(v,) < 0. Thus,
inequality (2.7) holds.

At this point, we show that 1 is unique. To this end, let vy € WS’Z(Q) be another global
minimum for ¥. Since ¥ is a C' functional with

W (1) (v) = K<||u||2> J'Q VuVodx - L u o dx (2.9)

for all u,v € W&’Z(Q), we have that ¥'(1p) = ¥ (vg) = 0. Thus, uy and vy are weak solutions
of the following nonlocal problem:

—K<||u||2> Au=us" in Q,
(2.10)
u=0 on 0Q.

Moreover, in view of (2.7), up and vy are nonzero. Therefore, from the Strong Maximum
Principle, up and vy are positive in Q as well. Now, it is well known that, for every u > 0,
the problem

—-Au = yuf:l, in Q,
(2.11)
u=0, ono0Q.

admits a unique positive solution in Wg 2 (L) (see, e.g., [8, Lemma 3.3]). Denote it by u,. Then,
it is easy to realize that for every couple of positive parameters p1, yo, the functions u,,, u,,
are related by the following identity:

1/(s-1)
/41>
w, = (2 Uy, (2.12)
H (ﬂZ H

From (2.12) and condition (a;), we infer that 1y and vy are related by

1/(s-1)
K(Jlvo]?)
U= | ———~ . (2.13)

K (Jluoll”)

Now, note that the identities
W (uo) (o) = W' (o) (v0) = 0 (214)

lead to

K (laolP)uolf =2 [ widx, K (feulP) ol =2 | ot (215)
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which, in turn, imply that

1 (ol 1
W) =3 [ Kodr = K (jwlP) ol

(2.16)

1 llwoll? 1
W =3 [ K- K (o) el

Now, since 1y and vy are both global minima for ¥, one has W (1) = ¥(vy). It follows that

1 (ol 1 ) , 1 llooll® 1 ) )
z -z =_ - = 217
5[ K@dr= K (i)l =3 [ K@ K ()l @17)

At this point, from condition (a,) and (2.17), we infer that

K (lluolP) = K (Irool”) (2.18)

which, in view of (2.13), clearly implies 1y = vy. This concludes the proof. O

Remark 2.2. Note that condition (ay) is satisfied if, for instance, K is nondecreasing in [0, +oo]
and so, in particular, if K(t) = a + bt with a,b > 0.

From now on, whenever the function K satisfies the assumption of Theorem 2.1, we
denote by u, the unique global minimum of the functional ¥ defined in (2.1). Moreover, for
every u € WS’Z(Q) and r > 0, we denote by B,(u) the closed ball in W&’Z(Q) centered at u
with radius r. The next result shows that the global minimum u; is strict in the sense that the
infimum of ¥ on every sphere centered in u, is strictly greater than ¥ (us).

Theorem 2.3. Let K, A, and s be as Theorem 2.1. Then, for every r > 0 one has

inf ¥(us +v) > ¥(us). (2.19)

loll=r

Proof. Put K (t) =(1/2) fé K(7)dr for every t > 0, and let r > 0. Assume, by contradiction, that

lli}r‘gr‘{f(us +v) = ¥(us). (2.20)

Then,

inf ¥=Y(uy) = inf [IZ(rZ + ||us||2 + 2(us,v)> - & J‘ (us + v)idx]. (2.21)
W, (Q) l[oll=r sJ)ao

Now, it is easy to check that the functional

J(u) = IZ(rZ + Jus | + Z(us,u)) - % fQ (us +u)idx, ueWA(Q) (2.22)
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is sequentially weakly continuous in Wé'z(Q). Moreover, by the Eberlein-Smulian Theorem,

every closed ball in Wg 2(Q) is sequentially weakly compact. Consequently, J attains its global
minimum in B, (0), and

inf J(u) = inf J(u). (2.23)

llull<r lluell=r

Let vy € B,(0) be such that J(vg) = infj -/ (). From assumption (ay), K turns out to be a
strictly increasing function. Therefore, in view of (2.21), one has

W(us) = J(00) 2 K (Jlooll* + sl +2(us,u) ) - % Jo (us +w)idx = W(us + ). (224)

This inequality entails that us + v is a global minimum for ¥. Thus, thanks to Theorem 2.1, v
must be identically 0. Using again the fact that K is strictly increasing, from inequality (2.24),
we would get

W(us) = J(vo) > ¥(us + vo) (2.25)

which is impossible. O

Whenever the function K is as in Theorem 2.1, we put

Hr = ||3)ru‘:frlp(”s +v) = W(us) (2.26)

for every r > 0. Theorem 2.3 says that every y, is a positive number.

Before stating our existence result for problem (P,), we have to recall the following
well-known Lemma which comes from [9, Theorems 8.16 and 8.30] and the regularity results
of [10].

Lemma 2.4. For every h € L*(Q), denote by uy, the (unique) solution of the problem

—Au=h(x) inQ,
(2.27)
u=0 on o0Q.

Then, u, € C1(Q), and

maXg(u
sup maxglin| e Co < o0, (2.28)

heL=(Q)\{0} ||h||L°°(Q)

where the constant Cy depends only on N, |Q|.
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Theorem 2.5 below guarantees, for every r > 0, the existence of at least one positive
solution u, for problem (P,) whose distance from ug is less than r provided that the
perturbation term f is sufficiently small in Q x [0, C] with

_ 1/(2-s)
C>Cy <)‘—Aa°> . (2.29)

Here Cy is the constant defined in Lemma 2.4 and M = inf»(K(¢) > 0. Note that no growth
condjition is required on f.

Theorem 2.5. Let K, A, and s be as in Theorem 2.3. Moreover, fix any C > Co. Then, for every
r > 0, there exists a positive constant a, such that for every Carathéodory function f : Qx [0, +oo[ —
[0, +oo[ satisfying

s-1 -
esssu (x,t) < a, & min .)LE: C*s - C%s), #r , (2.30)
p f &2 0

(x,1)eQx[0,C] 0

where y, is the constant defined in (2.26) and y is the embedding constant of Wé’Z(Q) in LY(Q),
problem (Py) admits at least a positive solution u € W&Q(Q) N CYQ) such that ||lu, — us| < 7.

Proof. Fix C > Cy. For every fixed r > 0 which, without loss of generality, we can suppose
such that r < ||ug], let a, be the number defined in (2.30). Let f : Q x [0, +oo[ — [0,+oo[ be a
Carathéodory function satisfying condition (2.30), and put

f(x,0), if(x,t) € Qx]-00,0[,
fclx, t) =3 f(x,t), if(x,t) e Qx[0,C], (2.31)
f(x,C), if(x,t) € Qx]C, +oo],

as well as

a= esssup f(x,t). (2.32)
(x,1)eQx[0,C]
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Moreover, for every u € WS’Z(Q), put ®(u) = [ g(x) fc(x, t)dt)dx. By standard

results, the functional @ is of class C! in WS’Z(Q) and sequentially weakly continuous. Now,
observe that thanks to (2.30), one has

us (x)+o(x)
sup (D(us + v) — D(us)) = sup <I fe(x, t)dt> dx
Q

loll<r loll<r 1 (x)
1 (x)+[v(x)]

< supf f fe(x, t)dt |dx (2.33)

loll<r / Q us(x)

<asup | |v(x)|dx < ayyr = p,.
lloll<r 7 Q
Then, we can fix a number

o €| W (us), ¥(us) + pr [ (2.34)

in such way that

SupHvHSr(cD(uS + U) - (I)(us))
o —¥(us)

(2.35)

Applying [11, Theorem 2.1] to the restriction of the functionals ¥ and —® to the ball B, (1), it
follows that the functional ¥ — ® admits a global minimum on the set B, (us) N"¥~(] — o0, o).
Let us denote this latter by u,. Note that the particular choice of o forces u, to be in the interior
of B, (us). This means that u, is actually a local minimum for ¥ — @, and so (¥ - ®)'(u,) = 0.
In other words, u, is a weak solution of problem (P,) with fc in place of f. Moreover, since
r < |lugl| and ||us — u,|| < r, it follows that u, is nonzero. Then, by the Strong Maximum
Principle, u, is positive in Q, and, by [10], u, € C! (ﬁ) as well. To finish the proof is now
suffice to show that

maxu < C. (2.36)
Q
Arguing by contradiction, assume that
maxu > C. (2.37)
Q

From Lemma 2.4 and condition (2.30) we have

maxu < % <)Lmax w a,). (2.38)
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Therefore, using (2.30) (and recalling the notation M = inf;»0K(t) > 0), one has

C a C a
e Oy ——— <_°<)L ! >< 2s 2.39
mﬁaxu _M< +maxgu5‘1>_M +C5‘1 =C (2.39)

that is absurd. The proof is now complete. O

Remarks 2.6. To satisfy assumption (2.30) of Theorem 2.5, it is clearly useful to know some
lower estimation of a,. First of all, we observe that by standard comparison results, it is easily
seen that

Co =max ug(x), (2.40)

xeQ
where u is the unique positive solution of the problem

-Au=1, inQ,

u=0, ondQ. (2:41)

When Q is a ball of radius R > 0 centered at xy € RN, then u(x) = (1/2N)(R? - |x - x¢|?), and
so Cp = R?/2N. More difficult is obtaining an estimate from below of y,: if 7 > ||us]|, one has

. 1 2 A 5.8
inf ¥(us +v) > §1tr210fK(t) (r = |lusl)” - S (2.42)

lloll=r

where y; is the embedding constant of L*(€) in WS'Z(Q). Therefore, y, grows as r? at +oo. If
r < ||us||, it seems somewhat hard to find a lower bound for y,. However, with regard to this
question, it could be interesting to study the behavior of y, on varying of the parameter A for
every fixed r > 0. For instance, how does pi, behave as A\ — +00? Another question that could
be interesting to investigate is finding the exact value of y, at least for some particular value
of r (for instance r = ||u]|) even in the case of K = 1.
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