Hindawi Publishing Corporation

Fixed Point Theory and Applications
Volume 2011, Article ID 208434, 16 pages
doi:10.1155/2011 /208434

Research Article
A Method for a Solution of Equilibrium

Problem and Fixed Point Problem of
a Nonexpansive Semigroup in Hilbert’s Spaces

Nguyen Buong® and Nguyen Dinh Duong?
! Vietnamese Academy of Science and Technology, Institute of Information Technology,
18 Hoang Quoc Viet Road, Cau Giay, Hanoi, Vietham
2 Department of Mathematics, Vietnam Maritime University, Hai Phong 35000, Vietnam
Correspondence should be addressed to Nguyen Buong, nbuong@ioit.ac.vn
Received 3 October 2010; Accepted 13 January 2011
Academic Editor: Ljubomir B. Ciric
Copyright © 2011 N. Buong and N. D. Duong. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.
We introduce a viscosity approximation method for finding a common element of the set of

solutions for an equilibrium problem involving a bifunction defined on a closed, convex subset
and the set of fixed points for a nonexpansive semigroup on another one in Hilbert’s spaces.

1. Introduction

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Denote the metric
projection from x € H onto C by Pcx. Let T : C — C be a nonexpansive mapping on C, that
is, T:C — Cand ||[Tx-Ty| < ||lx-y||, forall x,y € C. We use F(T) to denote the set of fixed
points of T, thatis, F(T) = {x € C: x = Tx}.

Let {T(s) : s > 0} be a nonexpansive semigroup on a closed convex subset C, that is,

(1) for each s > 0, T'(s) is a nonexpansive mapping on C,

(2) T(O)x = x forall x € C,

(3) T(s1+82) =T(s1) oT(sy) forall sq,5, >0,

(4) for each x € C, the mapping T(-)x from (0, o0) into C is continuous.

Denote by ¥ = (40 F(T(s)). We know [1, 2] that ¥ is a closed, convex subset in H and
F # 0 if C is bounded.
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The equilibrium problem is for a bifunction G(u, v) defined on C x C to find u* € C
such that

G(u*,v) >0, YveC. (1.1)

Assume that the bifunction G satisfies the following set of standard properties:

(A1) G(u,u) =0, forallu € C,
(A2) G(u,v) + G(v,u) <0forall (u,v) e CxC,

(A3) for every u € C, G(u,") : C — (-o0,+0o0) is weakly lower semicontinuous and
convex,

(A4) limy_, ,0G((1 - t)u + tz,v) < G(u,v), for all (u,z,v) € C x C x C.

Denote the set of solutions of (1.1) by EP(G). We also know [3] that EP(G) is a closed convex
subset in H.

The problem studied in this paper is formulated as follows. Let C; and C; be closed
convex subsets in H. Let G(u,v) be a bifunction satisfying conditions (A1)-(A4) with C
replaced by C; and let {T(s) : s > 0} be a nonexpansive semigroup on C,. Find an element

p €EP(G)N ¥, (1.2)

where EP(G) and ¥ denote the set of solutions of an equilibrium problem involving by a
bifunction G(u, v) on C; x C; and the fixed point set of a nonexpansive semigroup {T'(s) : s >
0} on a closed convex subset C,, respectively.

In the case that C; = H, G(u,v) =0, C; = C,and T(s) = T, a nonexpansive mapping on
C, forall s > 0, (1.2) is the fixed point problem of a nonexpansive mapping. In 2000, Moudafi
[4] proved the following strong convergence theorem.

Theorem 1.1. Let C be a nonempty, closed, convex subset of a Hilbert space H and let T be a
nonexpansive mapping on C such that F(T) # (. Let f be a contraction on C and let {xy } be a sequence
generated by: x1 € C and

£ 1
= — T >1 1.3
Xki1 1+5kf(xk)+1+5k xx, k>1, (1.3)
where {ex} € (0,1) satisfies
= 1
limex =0, Zek = o0, lim -—|=0. (1.4)
— o = k—oo| Ek+1 Ek

Then, {xi} converges strongly to p € F(T), where p = Pr(r) f (p).
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Such a method for approximation of fixed points is called the viscosity approximation
method. It has been developed by Chen and Song [5] to find p € ¥, the set of fixed points for
a semigroup {T'(s) : s > 0} on C. They proposed the following algorithm: x; € C and

S

S = i f ) + (1= )5 [ T(o)nds, k21, (15)

0

where f : C — C, is a contraction, {y} C (0,1) and {sx} are sequences of positive real
numbers satisfying the conditions: px — 0, X\72; pk = 0o, and sy — oo ask — co.
Recently, Yao and Noor [6] proposed a new viscosity approximation method

X1 = P f (xk) + Prxr + 7T (sk)xk, k>0, x0€C, (1.6)

where {pur}, {Pc}, and {yx} arein (0,1), sy — oo, for finding p € ¥, when {T(s) : s > 0}
satisfies the uniformly asymptotically regularity condition

lim sup[|T(#)T(s)x — T(s)x|| =0, (1.7)

xeC

uniformly in t, and C is any bounded subset of C. Further, Plubtieng and Pupaeng in [7]
studied the following algorithm:

Sk
X1 = i f (xi) + Prexie + (1 = P — pk) J‘ T(s)xxds, k>0, xg€C, (1.8)
0

where {pi} and {fi} arein [0, 1] satisfying the following conditions: p + i < 1, limg —, oo ptic =
limg . ook = 0, 251 Hk = o0, and (s} is a positive divergent real sequence.

There were some methods proposed to solve equilibrium problem (1.1); see for
instance [8-12]. In particular, Combettes and Histoaga [3] proposed several methods for
solving the equilibrium problem.

In 2007, S. Takahashi and W. Takahashi [13] combinated the Moudafi’s method with
the Combettes and Histoaga’s result in [3] to find an element p € EP(G) N F(T). They proved
the following strong convergence theorem.

Theorem 1.2. Let C be a nonempty, closed, convex subset of a Hilbert space H, let T be a
nonexpansive mapping on C and let G be a bifunction from C x C to (—oo,+0o0) satisfying (Al)-
(A4) such that EP(G) N F(T) #0. Let f be a contraction on C and let {x} and {ux} be sequences
generated by: x, € H and

G(uk, y) + l<uk ~xp,y—uk) 20, YyeC,
Tk (1.9)

X1 = pf () + (1= pic) T, k>1,
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where {pr} € (0,1) and {r} C (0, 0) satisfy

klif;o#k =0, Z‘uk = oo, lim kinf e >0,

— 0
B} 3} (1.10)
Z|ﬂk+1_/4k| < oo, Z|Tk+1_rk < co.
k=1

k=1

Then, {xx} and {uy} converge strongly to p € EP(G) N F(T), where p = PepG)nr(r) f (p)-

Very recently, Ceng and Wong in [14] combined algorithm (1.6) with the result in [3]
to propose the following procudure:

G(uk, y) + l<uk -x,y—uk) >0, VyeC,
T (1.11)

X1 = Pif (xk) + Prxi + T (sk)ur, k2>1,

for finding an element p € EP(G) N ¥ in the case that C; = C; = C under the uniformly
asymptotic regularity condition on the nonexpansive semigroup {T(s) : s > 0} on C.

In this paper, motivated by the above results, to solve (1.2), we introduce the following
algorithm:

x1 € H, any element,
1
ux € C1: G(uk, y) +r—<uk—xk,y—uk> >0, Vye(C, (1.12)
k
Xiks1 = i f (uk) + Pexx + Tk Po,ux, k21,

where f is a contraction on H, thatis, f : H — H and ||f(x) — f(y)|| < allx - y||, for all
x,yeH,0<ax<l,

Sk
Tex = 1 f T(s)xds, (1.13)
Sk 0

for all x € Co, {pk}, {Pr}, and {yk} be the sequences in (0,1), and {r«}, {sx} are the sequences
in (0, o) satisfy the following conditions:
(i) e+ P +yc =1,
(i) img — o ptk = 0, Xopsq pik = ©
(iii) 0 < lim infy , o fx < lim sup, _,_fr <1,
(iv) limg _ Sk = oo with bounded supk21|sk — Sk+1l,

(v) lim infg . 7% > 0 and limg _, |7k — 7k41] = 0.

The strong convergence of (1.12)-(1.13) and its corollaries are showed in the next section.
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2. Main Results
We formulate the following facts needed in the proof of our results.

Lemma 2.1. Let H be a real Hilbert space H. There holds the following identity:
x+y|* < lIxI?+ 2(y, x +y), ¥x,ye€H. 2.1)

Lemma 2.2 (see [15]). Let C be a nonempty, closed, convex subset of a real Hilbert space H. For any
x € H, there exists a unique z € C such that ||z — x|| < |ly — x||, for all y € C, and z € Pcx if and
onlyif(z—x,y—z) >0forally e C.

Lemma 2.3 (see [16]). Let {ax} be a sequence of nonnegative real numbers satisfying the following
condition:

aka < (1= by)ag + brek, (2.2)

where {by} and {ck} are sequences of real numbers such that by € [0,1], 372, bx = oo, and
limsup, _,  cx <0. Then, limk _, i ax = 0.
Lemma 2.4 (see [9]). Let C be a nonempty, closed, convex subset of H and G be a bifunction of C xC

into (—oo, +oo) satisfying the conditions (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C
such that

G(z,v)+%(z—x,v—z)20, Vv e C. (2.3)

Lemma 2.5 (see [9]). Assume that G: C x C — (—oo,+0o0) satisfies the conditions (A1)—(A4). For
r > 0and x € H, define a mapping T, : H — C as follows:

Tr(x)={zeC:G(z,v)+%<z—x,v—z)ZO,VUEC}. (2.4)

Then, the following statements hold:

(i) T; is single-valued,

(ii) T is firmly nonexpansive, that is, for any x,y € H,

I T (x) - T, W)||” < (To(x) - T, (y), x - ), (2.5)

(iii) F(T;) = EP(G),
(iv) EP(G) is closed and convex.
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Lemma 2.6 (see [17]). Let C be a nonempty bounded closed convex subset in a real Hilbert space H
and let {T(s) : s > 0} be a nonexpansive semigroup on C. Then, for any h > 0,

t t
T(h) <% fo T(s)yds> - % fo T(s)yds

Lemma 2.7 (Demiclosedness Principle [18]). If C is a closed convex subset of H, T is a
nonexpansive mapping on C, {xy } is a sequence in C such that x, — x € C and xy —Txx — 0, then
x-Tx =0.

lim sup sup = 0. (2.6)

t— oo yeC

Lemma 2.8 (see [19]). Let {xi} and {zi} be bounded sequences in a Banach space E and {py} be a
sequence in [0,1] with 0 < lim infy _, o fx < lim sup, _,  Px < 1. Suppose xx+1 = Prxx + (1 = Pr) zx
forall k > 1 and lim sup, _, _ ||zk+1 — 2kl| = ||Xk41 — xk|| £ 0. Then, limg —, o ||zx — xk|| = 0.

Now, we are in a position to prove the following result.

Theorem 2.9. Let Cy and C, be two nonempty, closed, convex subsets in a real Hilbert space H. Let G
be a bifunction from Cq x Cyq to (—oo,+00) satisfying conditions (A1)—(A4) with C replaced by Cy, let
{T(s) : s > 0} be a nonexpansive semigroup on Cy such that EP(G) NF # @ and let f be a contraction
of H into itself. Then, {xy} and {u} generated by (1.12)-(1.13) converge strongly to p € EP(G)N¥,
where p= PEP(G)O?f(P)~

Proof. Let Q = Pep(g)ng. Then, Qf is a contraction of H into itself. In fact, from || f (x) — f (y)|| <
a|lx —y|| for all x, y € H and the nonexpansive property of Pc for a closed convex subset C in
H, it implies that

IQf(x) = Qf I < IIf(x) = f(W)II < allx - yll. (2.7)

Hence, Qf is a contraction of H into itself. Since H is complete, there exists a unique element
p € H such that p = Qf (p). Such a p is an element of C; N C;, because EP(G) N F #0.

By Lemma 2.4, {uy} and {xi} are well defined. For each u € EP(G) N ¥, by putting
ux = Ty, xx and using (ii) and (iii) in Lemma 2.5, we have that

([ = ul| = T xx = Tral| < [lxck = ]| (2.8)

Put M,, = max{||x; —u||, (1/(1-a))| f (u) —u||}. Clearly, ||x1 —u|| < M,. Suppose that ||xx—u|| <
M,,. Then, we have, from the nonexpansive property of TxPc,, condition (i) and (2.8), that
lotier = ll = llpuic (f (ic) = 1) + Prc i = 1) + yie(Tie Py i — )|
< pcll f (uie) = ull + Prellxck — ull + yil| T Pe,ux — Ti P, ul|
< pic(ILf (uie) = f@)ll + 11 f () = ull) + Prellocie = wall + yielloxe — e
< pic(allue = ull + 11 f ) = ull) + (1 = i) llock —
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< (1 1~ ) e~ ll + (1~ @) = £ ) — ]

<(1-pc(1-a))My + px(1 - a)M, = M,,.
(2.9)

So, ||xk — ul| < M,, for all k > 1 and hence {xx} is bounded. Therefore, {uy}, {TxPc,ux}, and
{ f(ux)} are also bounded.
Next, we show that ||xi.1 —xk|| — 0ask — oo. For this purpose, we define a sequence

{xx} by
Xi1 = Prexw + (1 - Pr) zx- (2.10)
Then, we observe that

Uit f (Uks1) + Vi1 T Po, Ui
Zk+1 — Zk =

1- ﬂk+1
 pief (u) + TP, uk
1- P
_ Hkn Kk
=" ﬂk+1f(uk+1) 15 —ﬂkf(uk)
el (Tr+1Pc,utges1 = Tre1 Poyuar)
1- ﬁk+1 (2 11)
Yk+1 Yk
+ ﬁ]’kﬂpczuk - mTkpczuk
Hik+1 Hk
= u - r - u
1_ﬁk+1f( k+1) 1_ﬂkf( k)
T (Tk+1Pc,uks1 — Te1 Peyu) + Tisr Poyuk
1- ﬁk+1
/’lk 1 ‘l,[k
-1 ﬁ+k+1 Ty1Po,ux — T Po,uy + T-f Tk Pc,u,
and, hence,
1z = zkll = ll2k1 = k]| < P (||f(uk+1)|| + ||Tk+1PC2uk||>
1- ﬁk+1
k k
+ (@l + 1T P, unl) = ey — i) (212)
1- ﬁk 1- ﬂk+1

+ || Tis1Pc,ux — Tk Poyuk || — || k1 — xk |-
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Now, we estimate the value ||ui+1 — uk|| by using ux = T, xx and ugs1 = Ty, Xis1. We have
from (2.4) that

G(uk,y) + %(uk —-xe,y—uk) >0, VyeCy, (2.13)
k

1
G(urs1,y) + E“‘k” — Xks1, Y — Uk ) 20, Yy eCy. (2.14)
+

Putting v = u,1 in (2.13) and y = u in (2.14), adding the one to the other obtained result
and using (A2), we obtain that

Uk — Xk Uk+l — Xk+1
< - g - uk> >0 (2.15)
Tk Tk+1

and, hence,

Tk
Uk — Uk+1 + U+l — Xk — ;

(Uks1 = Xi1), Uks1 — uk> >0. (2.16)

k+1

Without loss of generality, let us assume that there exists a real number b such that r, > b > 0
for all k > 1. Then, we have

Tk
i1 — uc||* < <xk+1 - Xk + (1 o 1)(uk+1 — Xies1), Ukl — uk>
+
(2.17)
Tk
<l = 2] + {1 = —— {1 = Xk || ) Nl 1tiesr — k||
Tk+1
and, hence,
1
lttk1 — vl < ||xken = Xk |l + — |71 — 7l [otk1 = X ||
Tk+1
(2.18)

u

2
< ||xk+1 - .X'k“ + |1’k+1 - Tk|.

On the other hand,

| Tic Pc,ux — Tiee1 P, uk||

1 (5 1 Sk+1
— J. T(s)Pc,uxds — J. T(s)Pc,uxds
Sk Jo Sk+1 Jo

Sk Sk+1
= || E f [T(s)Pc,ux — T(s)Pc,u]ds - 1 f [T (s)Pc,ux — T(s)Pc,u]ds
Sk Jo Sk+1 Jo
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1 1 Sk+1 1 (5
= (— - > f [T(s)Pc,ux — T(s)Pc,ulds + — [T(s)Pc,ux —T(s)Pc,ulds
Sk Sk«1/ Jo kJsin
1 1 -
S| - Sk+1Mu + MMu
Sk Sk+l Sk
< SUPj1[Sk1 — Skleu-
Sk
(2.19)
So, we get from (2.10), (2.12), (2.18), (2.19), and the nonexpansive property of Ti.1 Pc, that
Hi+1
zks1 = zkll = llockan = il < (ILf ies) | + I Tiesr Py el
1- ﬂk+1
+ = (1 ) | + TP )
1-Pr 2 (2.20)
Yk+12Mu Supk>1|sk+1 - Sk|
|tk — |+ ———2M,,.
(1—ﬂk+1)b| K+l = Tk| 5 u
So,
lim sup ||zk1 — zk|| = %K+ — x| <0, (2.21)
k— o0
and by Lemma 2.8, we have
Jim |z x| = 0. (2.22)
Consequently, it follows from (2.10) and condition (iii) that
Jim [|xges = x| = klgl;(l = Br)llzk — x|l = 0. (2.23)
By (2.18), (2.23), and
kli_r)r;o|rk —1%+1] =0, (2.24)
we also obtain
I}E&IIWH —uk|l = 0. (2.25)
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We have, for every u € EP(G) N ¥, from (iii) in Lemma 2.5, that

[ = wll? = | Ty xxc = Tyl

<(Tyxk = Tru, xp —u)

= (U — U, X — U) (2.26)
1 2 2 2
= > [l = 1P + i = 2l = e = P
and, hence,
ok = wll* < Il = 2l® = fluage = x> (2.27)
Therefore, from the convexity of || - ||* and condition (i), we have
2 2 2 2
[l = ull™ < ]| f (i) = wa||™ + Brelloc = ull”™ + yiel| T Pe, e — |
2
< purc|| f (i) = ]| + Belloeie = wll® + yclfuaxe — uel)?
< pu| f s = 10][* + Brellcic =l + vl = el = fhu = el (2.28)
2
< pll f o) = 2]+ (1= pu) ek = 2l = o = el
< il f Gaie) = ]| + llcie = all* = el age = i |®
and, hence,
Yiellr = xil® < parll £ (i) = ] + e =l = floeisn — el
(2.29)

< pell f (i) = ual| + 2 M || 2k = X[

Without loss of generality, we assume that 0 < * < f < ﬁ < 1 for all k > 1. Then, for
sufficiently large k,

0< (1= - pi) ek — 3kl < puell f (1) = ) + 2Mc = x| (2.30)

So, we have

]}ijr;olluk - xk|| = 0. (2.31)
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Further, since xy41 = px f (uk) + Prxi + yi Ik Pc,uk, by condition (i), (2.19) and
Xis1 — Tks1 Poyuir = pie f (uk) + Prexx + ye Tk Poyuk
— (pk + i + v ) T Pe,uk + T Pe, ke — Tiean Po,y ks

= pi (f (ux) — Te Pe,ux) + P (xx — T Pe,uy)

+ Tx Pc,ux — Tis1Pc, k41,

we obtain that

X1 = Tiesr Pe,ura || < | f (ui) = TiPe,ull + Prellxk — Ti Pe,u||

SUPq |Sk+1 — Sk

Sk

+ [l — uie|| + 2M,,.

Then, from (2.25), (2.33) and the conditions on {p} and {s}, it implies that

(1~ B) tim sup |lxk - TiPe,uel < 0,

k— o0

and so

lim sup |[xx — Tk Pc,uk| < 0.

k— oo
Since
Tk Pe,uk — ukl| < | Tk Po,uk — xi|| + |2k — uell,
we obtain from (2.31) that

lim ||TkPC2uk - uk|| =0.
k— o

Next, we show that

lim sup (£ (p) - p 3t - p) <0.
k— oo

We choose a subsequence {uy,} of the sequence {uy} such that

lim sup (f(P) = prxx=p) = im (f(p) - p, %1 = P)-

11

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

As {ux} is bounded, there exists a subsequence {uy; } of the sequence {uy,} which converges
weakly to z. From (2.37), we also have that {T, Pc,ux, } converges weakly to z. Since {ux} C C;
and {TixPc,ux} C Cp and Cq, C; are two closed convex subsets in H, we have that z € C; N C.
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First, we prove that z € EP(G). From (2.4) it follows that
1
G(uk,y) + E(uk —xe,y—uk) 20, Vye(Cy,
and, hence, by using condition (A2), we get
1
a<uk - xk,y—uk) > G(y,ux), Yy eC.

Therefore,

Uk, — Xk,
< k] k//}/—ukj> 2G<y/ukj>, Vy€C1

Tk].

This together with condition (A3) and (2.31) imply that
0>G(y,z), VYyeCi.

So, G(z,y) 20 for all y € Cy. It means that z € EP(G).
Next we show that z € ¢. Since Ty Pc,ux € C,, we have

I Tk Pc,uk — Pe,uk|| = || Pc, Tk Pc,uk — Pc,ul|

< Tk Peyux — ull,
and, hence, from (2.31) it follows that
kh_{r;o”TkPCzuk — Pc,uk|| = 0.
Thus, (2.37) together with (2.45) imply

lim [luy — Pc,u|| = 0.
k— o0

Therefore, {Pczuk].} also converges weakly to z, as j — oo.

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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On the other hand, for each h > 0, we have that

Sk

1
IT (h)Pc,ux — Pc,ux|| < ||T(h)PC2uk - T(h) <§ f T(S)Pczukds>
0

Sk Sk
+ T(h)(lf T(S)Pczukds> - lf T(s)Pc,urds
1 (%
+ || — J‘ T(S)Pczukds - Pczuk (2.47)
Sk 0
1 (%
<2)— J. T (s)Pc,uxds — Pc,ux
Sk 0
1 (% 1 (%
+ T(h)(—f T(s)Pczukds> - —f T(s)Pc,urds||.

Let Cg ={x € Cy:|lx-pll £ M,}.Since p = Pgneg(c) f (p) € Co, we have from (2.33) that

[Pc,ux = pll = [|1Pc,uk = Popll < llux = pll < llxk = pll < M. (2.48)

So, CY is a nonempty bounded closed convex subset. It is easy to verify that {T(s) : s > 0} is
a nonexpansive semigroup on Cy. By Lemma 2.6, we get

Sk Sk
lim HT(h) <l f T(s)Pczukds) _1 f T(s)Pc,uxds|| =0, (2.49)
k— o Sk Jo Sk Jo
for every fixed h > 0, and hence, by (2.45)-(2.47), we obtain
i [T (h) Pe,uk — k|| = 0 (2.50)

for each h > 0. By Lemma 2.7, z € F(T(h)Pc,) = F(T(h)) for all h > 0, because F(TPc) =
F(T) for any mapping T : C — C. It means that z € ¥. Therefore, z € ¥ N EP(G). Since
p = Peric)ng f (p), we have from Lemma 2.2 that

lim sup (f(p) =p,xx =p) = lim (f (p) ~p, . —p)
koo (2.51)
=(f(p) -p.z-p) 0.
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So, (2.38) is proved. Further, since xi1 — p = pr(f (u) — p) + Pr(xk — p) + v (T Pe,uk — p), by
using Lemma 2.1, we have that
llxk1 = pI|* < 1Bk = p) + Ve (TePe,u = p) || + 2paie{ f (uic) = p, Xics1 = p)
< (Bl = pll + yiclluw = pll)* + 2px(f (i) = £ (p), Xpes1 = p)
+2p(f(P) =P, XK1 =)
< (1= pi)”lxic = plI* + 2eallui = pllixcic = pl (2.52)
+2u(f(p) =P, xk1 = p)
< (1= )l =PI + e s = p I + i = p ]

+2u(f(p) = p, X1 — p)-

This with (2.8) implies that

e - pl” < %Hm -pl*+ EPZ(WU(P) — P, Xk = P)
i
7 Eifkaﬁ () - P, XK1 —p) (2.53)
e
[ L) )]

= (1= by)llxx — plI* + brex,

where
2(1 - a) px My, 1
T 1-ma = - -n)|. 2.54
b 1-pa = [2(1_a)+1_a<f(r’) P, Xks1 = P) (2.54)
Using Lemma 2.3, we get
Jim [l ~pl = 0. (2.55)

From (2.33) it follows that uy — p as k — oo. This completes the proof. O
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Remarks. (a) Note that the following parameters yx = 1/(3+k), fx = px+1/4, yx = 2 +3/4,
Tk = Uk + ap for any fixed number ag > 0, and sk = (bok + co) with by, co > 0 for all k > 1 satisfy
all conditions in Theorem 2.9.

(b) If T(s) =T forall s > 0 and C; = C; = C, then we have the following corollary.

Corollary 2.10. Let C be a nonempty, closed, convex subsets in a real Hilbert space H. Let G be a
bifunction from Cx C to (—oo, +00) satisfying conditions (A1)—(A4), let T be a nonexpansive mapping
on C such that EP(G) N F(T) #0 and let f be a contraction of H into itself. Let {x} and {ux} be
sequences generated by x1 € H and

1
ur €C, G(uk,y) + r—(uk—xk,y—uk> >0, VyecC,
k

(2.56)
Xiks1 = i f (uk) + Pex + yeTue, k2>1,
where {px}, (P}, {yx}, and {ri} satisfy conditions (i)—(v). Then, {x} and {uy} converge strongly
top € EP(G) N F(T) where p = Perioynra) f (p)-
Proof. From the proof of the theorem, ||TiPc,ux-1 — Txk-1Pc,uk-1|| = ||Tux-1 — Tux—1|| = 0 in
(2.12). O

(c) In the case that C; = C; = C, a closed convex subset in H, G(u,v) = 0 for all
(u,v) € C x C, we have the following result.

Corollary 2.11. Let C be a nonempty, closed, convex subsets in a real Hilbert space H. Let {T(s) :
s > 0} be a nonexpansive semigroup on C such that § #@ and let f be a contraction of H into itself.
Let {xi } and {uy} be sequences generated by x, € H and

ux = Pexy,
(2.57)
Xks1 = i f (uk) + Pexe + yeTeux, k21,
where Tyx is defined by (1.13) for all x € C and {pr}, { P}, {yk}, and {sk} satisfy conditions (i)—(v).
Then, the sequences {x } and {uy} converge strongly top € ‘? where p=Pzf(p).
Proof. By Lemma 2.2, uj = Pcxy if and only if
(uk —x,y—ux) 20, VyeC. (2.58)

Clearly, in addition, if f is a contraction of C into itself and x; € C, then we obtain the
algoritm

X1 = P f (xk) + Prxr + yeTexx, k>1, (2.59)

where Ty is defined by (1.13) and {pu«}, {Pr}, , and {si} satisfy conditions (i)—(v). This
algorithm is different from Yao and Noor’s algorlthm (1.6), in which Txx = T(sk)x for all
x € C. It likes completely the Plubtieng and Punpaeng’s algorithm (1.8), but converges under
a new condition on {p}. O
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