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We introduce a new iterative scheme based on both hybrid method and extragradient method
for finding a common element of the solutions set of a system of equilibrium problems, the fixed
points set of a nonexpansive mapping, and the solutions set of a variational inequality problems
for a monotone and k-Lipschitz continuous mapping in a Hilbert space. Some convergence results
for the iterative sequences generated by these processes are obtained. The results in this paper
extend and improve some known results in the literature.

1. Introduction

In this paper, we always assume that H is a real Hilbert space with inner product (-,-)
and induced norm || - || and C is a nonempty closed convex subset of H, S : C — Cisa
nonexpansive mapping; that is, ||Sx — Sy|| < ||x — y|| for all x,y € C, Pc denotes the metric
projection of H onto C, and Fix(S) denotes the fixed points set of S.

Let {Fx}icr be a countable family of bifunctions from C x C to R, where R is the set of
real numbers. Combettes and Hirstoaga [1] introduced the following system of equilibrium
problems:

finding x € C, suchthatVkeI, VyeC, Fi(x,y)>0, (1.1)

where I' is an arbitrary index set. If I is a singleton, the problem (1.1) becomes the following
equilibrium problem:

finding x € C, such that F(x,y) >0, VYyeC. (1.2)
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The set of solutions of (1.2) is denoted by EP(F). And it is easy to see that the set of solutions
of (1.1) can be written as (" EP(F).

Given a mapping T : C — H, let F(x,y) = (Tx,y — x) for all x,y € C. Then, the
problem (1.2) becomes the following variational inequality:

finding x € C, such that (Tx,y-x) >0, VYyeC. (1.3)

The set of solutions of (1.3) is denoted by VI(C, A).

The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games, and others; see, for instance, [1-4].

In 1953, Mann [5] introduced the following iteration algorithm: let x € C be an
arbitrary point, let {a,} be a real sequence in [0,1], and let the sequence {x,} be defined

by

Xp+l = AnXy + (1 - an)an. (14)

Mann iteration algorithm has been extensively investigated for nonexpansive mappings, for
example, please see [6, 7]. Takahashi et al. [8] modified the Mann iteration method (1.4) and
introduced the following hybrid projection algorithm:

xo € H, Ci=¢C x1 = Pc, xo,

Yn = OpXy + (1 - an)an/
(1.5)
Cun={z€Cp:|lyn—2z| <llxn—zll},

Xn41 = Pc,, . x0, VYneN,

n+l

where 0 < a, < a < 1. They proved that the sequence {x,} generated by (1.5) converges
strongly to Prix(s)Xo-
In 1976, Korpelevic [9] introduced the following so-called extragradient algorithm:

xo=x€C,
Yn = Pc(xy, — LAx,), (1.6)

Xn1 = Pc (xn - /\Ayn)

for all n > 0, where A € (0,1/k), A is monotone and k-Lipschitz continuous mapping of C
into R". She proved that, if VI(C, A) is nonempty, the sequences {x,} and {y,}, generated by
(1.6), converge to the same point z € VI(C, A).

Some methods have been proposed to solve the problem (1.2); see, for instance, [10,
11] and the references therein. S. Takahashi and W. Takahashi [10] introduced the following
iterative scheme by the viscosity approximation method for finding a common element of the
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set of the solution (1.2) and the set of fixed points of a nonexpansive mapping in a real Hilbert
space: starting with an arbitrary initial x; € C, define sequences {x,} and {u,} recursively by

F(un,y) + l(y — U, Up—Xg) 20, VyeC,
z (1.7)

Xn41 = O f (xy) + (1 — a)Su,, n>1.

They proved that under certain appropriate conditions imposed on {a,} and {r,}, the
sequences {x,} and {u,} converge strongly to z € Fix(S) NEP(F), where z = Prix(s)ner(r) f (2).

Let E be a uniformly smooth and uniformly convex Banach space, and let C be a
nonempty closed convex subset of E. Let f be a bifunction from C x C to R, and let S be
a relatively nonexpansive mapping from C into itself such that Fix(S) N EP(f) # 0. Takahashi
and Zembayashi [11] introduced the following hybrid method in Banach space: let {x,} be a
sequence generated by xp = x € C, Cy = C, and

Yn = ]71 (anJxn + (1 - an) JSxy),

u, € C, such that f(u,y) + %(y —Un, Jun = Jyn) >0, VYyeC,
n (1.8)

Cui1={2€Cp:P(z,un) < P(z,xn)},

Xpn =] o x
n

for every n € NU {0}, where J is the duality napping on E, ¢(x,y) = ||y||2 -2y, Jx) +
x| for all x,y € E, and [Tcx = argmin,ec$(y, x) for all x € E. They proved that the
sequence {x,} generated by (1.8) converges strongly to [ [gi(s)nep(f) X if {an} C [0, 1] satisfies
liminf, ., ,a,(1 —a,) >0and {r,} C [a, o) for some a > 0.

On the other hand, Combettes and Hirstoaga [1] introduced an iterative scheme
for finding a common element of the set of solutions of problem (1.1) in a Hilbert space
and obtained a weak convergence theorem. Peng and Yao [4] introduced a new viscosity
approximation scheme based on the extragradient method for finding a common element
of the set of solutions of problem (1.1), the set of fixed points of an infinite family of
nonexpansive mappings, and the set of solutions to the variational inequality for a monotone,
Lipschitz continuous mapping in a Hilbert space and obtained two strong convergence
theorems. Colao et al. [3] introduced an implicit method for finding common solutions of
variational inequalities and systems of equilibrium problems and fixed points of infinite
family of nonexpansive mappings in a Hilbert space and obtained a strong convergence
theorem. Peng et al. [12] introduced a new iterative scheme based on extragradient method
and viscosity approximation method for finding a common element of the solutions set of
a system of equilibrium problems, fixed points set of a family of infinitely nonexpansive
mappings, and the solution set of a variational inequality for a relaxed coercive mapping
in a Hilbert space and obtained a strong convergence theorem.

In this paper, motivated by the above results, we introduce a new hybrid extragradient
method to find a common element of the set of solutions to a system of equilibrium
problems, the set of fixed points of a nonexpansive mapping, and the set of solutions of the
variational inequality for monotone and k-Lipschitz continuous mappings in a Hilbert space
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and obtain some strong convergence theorems. Our results unify, extend, and improve those
corresponding results in [8, 11] and the references therein.

2. Preliminaries

Let symbols — and — denote strong and weak convergence, respectively. It is well known
that

A + (1= Dy = Ml + 1= Vly]* - ra -V)||lx -y (2.1)

forallx,y € H and A € R.

For any x € H, there exists a unique nearest point in C denoted by Pc(x) such that
lx = Pc(x)|| < |lx — y|| for all y € C. The mapping Pc is called the metric projection of H
onto C. We know that Pc is a nonexpansive mapping from H onto C. It is also known that
Pc(x) € C and

(x = Pe(x), Pe(x) ~ y) 20 (2.2)

forallx e Hand y € C.
It is easy to see that (2.2) is equivalent to

[l = y||* > lx = Pe()IP + ||y - Pe()]|? 2.3)

forallx e Hand y € C.

A mapping A of C into H is called monotone if (Ax—- Ay, x-y) >0forallx,y € C. A
mapping A : C — H is called L-Lipschitz continuous if there exists a positive real number L
such that ||Ax — Ay|| < L|lx —y|| forall x,y € C.

Let A be a monotone mapping of C into H. In the context of the variational inequality
problem, the characterization of projection (2.2) implies the following;:

ueVI(C,A) = u=Pc(u—-AAu), VYA>0,
(2.4)
u=Pc(u-AAu), forsome A>0= uec VI(C, A).

For solving the equilibrium problem, let us assume that the bifunction F satisfies the
following conditions which were imposed in [2]:

(A1) F(x,x) =0forall x € C;
(A2) F is monotone; that is, F(x, y) + F(y,x) <0 for any x,y € C;
(A3) foreach x,y,z € C,

ltif(l)lF(tZ +(1-t)x,y) <F(x,y); (2.5)

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

We recall some lemmas which will be needed in the rest of this paper.
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Lemma 2.1 (See [2]). Let C be a nonempty closed convex subset of H, and let F be a bifunction from
C x C to R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

F(Z/y)+%<y—z,z—x>zo, ¥y e C. (2.6)

Lemma 2.2 (See [1]). Let C be a nonempty closed convex subset of H, and let F be a bifunction from
C x C to R satisfying (A1)—(A4). For r > 0 and x € H, define a mapping TF : H — 2C as follows:

Tf(x)={zeC:F(z,y)+%<y—Z,z—x>ZO,VyeC} (2.7)
forall x € H. Then, the following statements hold:

(1) TF is single-valued;
(2) TF is firmly nonexpansive; that is, for any x,y € H,

15 - T ()| < (TF ) - TF (), x -y ) 28)

(3) Fix(Tf) = EP(F);
(4) EP(F) is closed and convex.

3. Main Results

In this section, we will introduce a new algorithm based on hybrid and extragradient method
to find a common element of the set of solutions to a system of equilibrium problems, the
set of fixed points of a nonexpansive mapping, and the set of solutions of the variational
inequality for monotone and k-Lipschitz continuous mappings in a Hilbert space and show
that the sequences generated by the processes converge strongly to a same point.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let Fy, k €
{1,2,..., M} be a family of bifunctions from C x C to R satisfying (A1)—(A4), let A be a monotone
and k-Lipschitz continuous mapping of C into H, and let S be a nonexpansive mapping from C into
itself such that Q = Fix(S) N VI(C,A) n (ﬂkle EP(Fy)) #0. Pick any xo € H, and set C1 = C. Let
{xn}, {yn}, {wn}, and {u,} be sequences generated by x1 = Pc, xo and

_ 7Fm pFyma F, Fy
Up = TrM~n Terl/n e Trz,n Trlm Xn,

Yn = PC(un - -)‘nAun)/
Wy = ApXy + (1 — ) SPc (y — AuAyn), (3.1)
Co1={z€Cy: [lwn—z| < [xn - z||},

Xn+1 = Pc,,, X0

n+1
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foreach n € N. If {A,,} C [a,b] for some a,b € (0,1/k), {an} C [c,d] for some c,d € (0,1), and
{rkn) C (0, 00) satisfies iminf,, _, o7k, > 0 for each k € {1,2,..., M}, then {x,}, {un}, {yn}, and
{wy} generated by (3.1) converge strongly to Poxo.

Proof. 1t is obvious that C,, is closed for each n € N. Since
Cp1 = {z eCy:|wy - x,1||2 + 2{wy — Xy, Xy — 2) < 0}, (3.2)

we also have that C, is convex for each n € N. Thus, {x,}, {u.}, {yx}, and {w,} are
welldefined. By taking ©F = Tri_knTrFk’:,ln---TrilznTﬁfn fork € {1,2,...,M}andn € N, 0} = I
for each n € N, where [ is the identity mapping on H. Then, it is easy to see that u, = ©x,,.

We divide the proof into several steps.

Step 1. We show by induction that Q ¢ C, for n € N. It is obvious that Q ¢ C = C;. Suppose
that Q ¢ C, for some n € N. Let v € Q. Then, by Lemma 2.2 and v = Pc(v - A,Av) = oMy,
we have

= o]l = |

oMy, — @ﬁ}%” <llxp-o|, V¥neN. (3.3)
Putting v, = Pc(u, — 1, Ay,) for each n € N, from (2.3) and the monotonicity of A, we have

[ = 01 < [|ttn = An Ay = || = ||t = An Ay — va|?
= |[ttn = 01 = l[ttn = Oull* + 24 ( Ay, v — vy)
= llttn = 0|I* = [|ttn - 0all?
+ 240 ((Ayn — Av,v = y) + (A0, 0 = yp) + (AYn, Yn — Un))
< fttn = 0 = [t = Oull* + 200 AY, Y — 1)
= Nt = 01 = |t = Yull* = 2t = Y, yn = o) = [l yn = 0a|”
+ 22X (AYn, Y — Un)
= [t = 1P = [[tn = yl* = [y~ 0
+ 2ty — Ay AYn — Yn, Un — Yn)-
(3.4)

Moreover, from vy, = Pc(u, — A,Au,) and (2.2), we have

(un — My Aty — Y, U — yn) < 0. (3.5)
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Since A is k-Lipschitz continuous, it follows that

Uy — )lnA n = Yn,On —Yn) = (Un— )‘nAun ~Yn,On —VYn) + /\nAun - )‘nA n:On — Yn
Yn—Y Y Y Y v Y
< </\nAun - )‘nAyn/ Un — yn> (36)

< Ak lun =yl [|on = yal-
So, we have

”Un - ‘U||2 < ”un - U”2 - ”un - yn”2 - ”yn - Un||2 + 2/\nk”un - yn” ”Un - yn”
< Nt =017 = [Jtn = yull” = 190 = 0all” + G582 |1t = yul|* + |00 = |
=l = oI + (2K = 1) [l =yl

< lun —o| .
From (3.7) and the definition of w,, we have

lwn = o|* < allxn = ol + (1 - a,)||Svn - |

< a2y =0l + (1~ ) |on — o] (3.8)
2 2 272 2

< oty =0l + (1 = ) {llun = 0] + (A2K2 1) |t =yl }

< allan = ol + (1= an)llen = 01 + (1= ) (A2k? = 1) ||ty = |

= Jln = I + (1 - ) (262 = 1) ||ty = (3.9)

< llxw — oI,

and hence v € C,,1. This implies that Q ¢ C,, for alln € N.

Step 2. We show that lim,, _, oo ||x, — wy|| — 0 and lim, —, ||ty — yu|| = 0.
Let Iy = Poxp. From x,, = Pc,xp and [ € Q C C,,, we have

o = x0|l < ||lo — x0l|, VYmeN. (3.10)

Therefore, {x,} is bounded. From (3.3)-(3.9), we also obtain that {w,}, {v,}, and {u,} are
bounded. Since x,41 € Cp41 € C,, and x,, = P, xp, we have

llo¢n = x0]l < [|Xn+1 — x0ll, VneN. (3.11)

Therefore, lim,, _, .. ||x, — xo|| exists.
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From x,, = Pc,xo and x,,.1 = Pc,,,x0 € Cp1 C C,, we have

(x0 = Xp, Xp—Xps1) >0, VneN. (3.12)
So

l126n = s II* = [l (xn = x0) + (20 = X1 I*
= |2 = x0l1* + 2(2n — X0, X0 = Xps1) + ||20 — Xs1 ||

= || — Xo|* + 2(2n — X0, X0 = X + X — Xns1) + || X0 — X ||*

(3.13)
= [lxtn = x0l1” = 2(x0 = Xn, X0 = Xn) = 2{X0 = X, X = Xps1) + [|X0 = X ||
< l2ew = x0l1* = 2[|2¢5 = x0]1* + 1260 = X[
=—|lxn - x0||2 + [lxo = xn+1”2/
which implies that
nhjrgollxm—l = x|l = 0. (3.14)
Since x,4+1 € Cyy1, we have ||lwy, — xp41|| < || — X441, and hence
1% = wnll < |0 = Xpa1 || + (X041 — Wall < 2||xn — Xp1a|l, YVneN. (3.15)
It follows from (3.14) that ||x, — wy| — O.
For v € Q, it follows from (3.9) that
4 = wall” < L (I - I - hou - o)
(1-a,)(1-23K2)
= ! (lxn =2l = [[eon = ©|) (llxn = vl + [[wn - ©l]) 3.16
(1—0!-,1)(1—./{;21](2) n n n n ( . )

1
< o ol s o),
S A a1~ el = ol + o =)

which implies that lim,, o, [|u,, — yul| = 0.

Step 3. We now show that

lim

n—oo

k k-1
O,x, — O, x,

=0, k=12,...,M. (3.17)
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Indeed, let v € Q. It follows form the firmly nonexpansiveness of TrFk’fn that we have, for each
ke{1,2,...,M},

2

k-1 Fr
O, x,-T, v

Tk

Tkn

|z
< <@’,§xn -0, @Z‘lxn - v> (3.18)

-( )

k
Q% — v”

2 2
OFkx, - v” + | Ok lx, - v” - ||®an -0k lx,

Thus, we get

2

ok, —o| < Ok xu o] - [Ohxi -5 ||, K=12...M (19

which implies that, for each k € {1,2,..., M},

2 2
k-1 k-2
- ||en X — OF2x,

2 2
”@ﬁxn - v” < | x, - v” - ”@ﬁxn -0k lx,

2

2
—ee = ' ©’x, -Olx,| - ||®,11xn -0%, (3.20)
2
<l = oI - || ©kxn - O x
By (3.8), un = ©Mx,,, and (3.20), we have, for each k € {1,2,..., M},
llzon - vllz < ayllx, - v”z + (1 - ay)||un - UHZ
2
<agllxg —vlP+ (- ap)||Ofxn -0l VEke(1,2,..., M)
i 5 (3.21)
< ol olF + (1= ) (1 ol - O, - 08 )
2 k k1. |1
<xn =2 = (1 —an)||©nxn — Oy x4
which implies that
(1= @) || O = O x| < [l = 01 = |0 — 0
= (Ilxn = ©ll + llon = 0] ([l = 2]l = [l = o)) (3.22)

< (llxn = ol + llwn = ) |20 = wall.

It follows from ||x;, — wy|| — 0and 0 < ¢ < a,, < d < 1 that (3.17) holds.

Step 4. We now show that lim,, _, .»||Sv, — v,|| = 0.
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It follows from (3.17) that [|x, — u,|| — 0. Since ||x, = yull < %0 — un|l + ||ttn — yull, we
get

lim ||x, — y,|| = 0. (3.23)

n—oo
We observe that

l[on = yall = [P (1 = An Ayn) = Pe(ttn = Ln Aur) |

(3.24)
< [AnAuy = Xy Ay || < Ak = v,
which implies that
nhlr;o”vn —ya| =0. (3.25)
Since ||xn = wall = [|xn = anxn = (1 = @n)Sonl| = [|[(1 - ay) (x, — Svy,)||, we obtain
Jim |lx, — S| = 0. (3.26)
Since [|Svy, — vu| < (|Svn = xull + |20 = Yull + lyn — vnll, we get
lim [|Svy = vy|| = 0. (3.27)

Step 5. We show that x,, — w, where w = Pgxy.

As {x,} is bounded, there exists a subsequence {x,,} which converges weakly to w.
From ||(9flx,1 - @’,‘l’lxnll — (O foreach k = 1,2,..., M, we obtain that @ﬁixm — wfork =
1,2,..., M. It follows from ||x, — wy|| — O, ||v, — yull = 0, and ||u, — y.|| — O that w,, — w,
Yn, — w, and v,, — w.

In order to show that w € Q, we first show that w € ﬂgl EP(F). Indeed, by definition

of Trifn, we have that, for each k € {1,2,..., M},
Fie(©hx y) + ri <y - ©kx,, Okx, - e’,;-lxn> >0, VyeC. (3.28)
kn

From (A2), we also have

% <y - O xn, Ofxy — @’fflxn> > Fi (y, @’;xn>, VyecC. (3.29)
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And hence

@ﬁ'xni - @,r(l-_lxni
y - Oy, ) > Fi(y, Ok 3 ), Wy €eC. (3.30)

rk,n,-

From (A4), (O x,,—©%'x,) /Tin, — 0and ©F x,,, — w imply that, foreach k € {1,2,..., M},

Fi(y,w) <0, VyeC (3.31)

Since x,, C C, x,, — w and C is closed and convex, C is weakly closed, and hence
w € C.Thus, fort with0 <t < landy € C,lety, = ty + (1 - t)w. Since y € C and
w € C, we have y; € C, and hence Fi(y;, w) < 0. So, from (Al) and (A4), we have, for each
keil2,...,M},

0= Fi(yt, yr) < tFi(yr,y) + (1= )F(yr, w) < tFe(ye ), (3.32)

and hence, for each k € {1,2,...,M}, 0 < Fi(y:, y). From (A3), we have, for each k €
{1,2,...,M},0 < Fy(w,y), for all y € C. Thus, w € N, EP(Fy).

We now show that w € Fix(S). Assume that w ¢ Fix(S). Since v,, — w and w # Sw,
from Opial’s condition [13], we have

liminf||v,, — w|| < liminf||v,, — Sw||
1— 00 1— 00

< limsup||vy, — Svy, || + lim inf||Sv,, — Sw||
i— oo t—®

(3.33)
= liminf||Sv,, — Sw||

< lim infl[o,, - w],
1— 00

which is a contradiction. Thus, we obtain w € Fix(S).
We next show that w € VI(C, A). Let

Av+ Ncv, veC,
To = (3.34)

0, véC.

It is worth to note that in this case the mapping T is maximal monotone and 0 € Tv if and
only if v € VI(C, A) (see [14]). Let (v,u) € G(T). Since u — Av € Ncv and v, € C, we have
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(v — vy, u — Av) > 0. On the other hand, from v, = Pc(u, - \,Ay,) and v € C, we have
(v =0y, Uy — (Uy — Ay Ayy)) > 0, and hence (v -v,, (v, —u,) /Ay + Ayy,) > 0. Therefore, we have

(v =y, u) > (v -0y, Av)

> (v -0y, Av) - <U - Un;, % + Ayni>
ni

_ _ _ _ On; — U,
_<v i e > (3.35)

- <U - v"i’Av - Av"i> + <U - U"ifAvni - Ayni> B <U — Onyy vni)t_ = >
n;

Up, — Un,
> (v — U, AUy, — AY,) — <v — Uy, %>
n;

Since limy, —, o»||vn — yu|| = 0 and A is k-Lipschitz continuous, we obtain that lim,,_, .»||Av, —
Ayyl|l = 0. From v,, = w, liminf, _, ,A, > 0, and lim,, _, »||v,, — u,|| = 0, we obtain

(v-—w,u) >0. (3.36)

Since T is maximal monotone, we have w € T~10, and hence w € VI(C, A), which implies that
w € Q. Finally, we show that x,, — w, where

w = Paxg. (3.37)

Since x, = Pc,xp and w € Q C C,, we have ||x, — x9|| < ||w — x]|. It follows from
lp = Paxg and the lower semicontinuousness of the norm that

llfo = xoll < flew = xo]| < Lim inf[|x,; — xo]| < limsupllacs, = xoll < [llo = xo]]. (3.38)

i— oo
Thus, we obtain w = [y and

1 [|x, = xol| = [z = xo]. (3.39)

From x,,, — xo — w — x¢ and the Kadec-Klee property of H, we have x,,, —xg — w —xy,
and hence x,, — w. This implies that x, — w. It is easy to see that u, — w, y, — w, and
w, — w. The proof is now complete. 0

By Theorem 3.1, we can easily obtain some new results as follows.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R satisfying (A1)—(A4), let A be a monotone and k-Lipschitz continuous
mapping of C into H, and let S be a nonexpansive mapping from C into itself such that Q =
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Fix(S) N VI(C, A) N EP(F) #0. Pick any xo € H, and set C1 = C. Let {x,},{yn}, {wn}, and {u,}
be sequences generated by x1 = Pc, (xo) and

uy € C, such that F(u,,y) + ri<y —Up, Uy —X) 20, VyeC,

Yn = PC(un - -)‘nAun)r

wn = anxn + (1 - an)SPC (un - )‘nA]/n), (340)

Crn = {z € Cp: [lwn = z|| < lxn - 2]},

Xn+l = PCnH (xo)

foreach n € N. If {A,,} C [a,b] for some a,b € (0,1/k),{a,} C [c,d] for some c,d € (0,1), and
{rn} C (0, 0) satisfies liminf, 1, > O, then {x,}, {u}, {yn}, and {w,} converge strongly to
Pa(x0).

Proof. Putting Fa; = Fap-1 = - -+ = F1 = F in Theorem 3.1, we obtain Corollary 3.2. ]

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let Fi,
k € {1,2,..., M} be a family of bifunctions from C x C to R satisfying (A1)—(A4), and let S be
a nonexpansive mapping from C into itself such that Q = Fix(S) N (N1, EP(Fx)) #0. Pick any
xo € H, and set C; = C. Let {x,}, {w,}, and {u,} be sequences generated by x1 = Pc, (xo) and

_ mFm pFpma F, F;
Up = TTMn Terl,n e Trzr,, Trlrnxﬂ/

Wy = apxy + (1 —a,)Suy,,

(3.41)
Chnn=1{z€Cy: |lwy —z| < |xn — z|l},

Xn1 = Pc,., (x0)
foreachn € N. If {a,} C [c,d] for some c,d € (0,1) and {ri,} C (0, 00) satisfies iminf, _, 7y, > 0
foreach k € {1,2,..., M}, then {x,}, {u,}, and {w,} converge strongly to Po(xy).
Proof. Let A = 0 in Theorem 3.1, then complete the proof. O

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A be a
monotone and k-Lipschitz continuous mapping of C into H, and let S be a nonexpansive mapping
from C into itself such that Q = Fix(S) N VI(C, A) #0. Pick any xo € H, and set C; = C. Let
{xn}, {yn}, and {wy} be sequences generated by x1 = Pc, (x) and

Yn = Pc(xn — AuAxy),
Wy = ApXy + (1 — ) SPc (y — AuAyn),
(3.42)

Cni = {z€Cy: Jwn =zl < llxn =z},

xn+1 = PCn+1 ('xo)
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foreach n € N. If {A,,} C [a,b] for some a,b € (0,1/k), {an} C [c,d] for some c,d € (0,1), then
{xn}, {yn}), and {w,} converge strongly to Po(xo).

Proof. Putting Fa; = Fapp-1 = -+ = F1 = 0 in Theorem 3.1, we obtain Corollary 3.4. O

Remark 3.5. Letting Fp; = Fp1 = -+ = F1 = F in Corollary 3.3, we obtain the Hilbert space
version of Theorem 3.1 in [11]. Letting A = 0 in Corollary 3.4, we recover Theorem 4.1 in [8].
Hence, Theorem 3.1 unifies, generalizes, and extends the corresponding results in [8, 11] and
the references therein.
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