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The purpose of this paper is to introduce and investigate two kinds of iterative algorithms for
the problem of finding zeros of maximal monotone operators. Weak and strong convergence

theorems are established in a real Hilbert space. As applications, we consider a problem of finding
a minimizer of a convex function.

1. Introduction

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. In this paper, we
always assume that T : C — 2H is a maximal monotone operator. A classical method to solve
the following set-valued equation:

0€eTx (1.1)

is the proximal point method. To be more precise, start with any point xo € H, and update
Xn+1 iteratively conforming to the following recursion:

Xp € Xps1 + A TX01, VYn >0, (1.2)

where {1, } C [A, 00) (A > 0) is a sequence of real numbers. However, as pointed out in [1], the
ideal form of the method is often impractical since, in many cases, to solve the problem (1.2)
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exactly is either impossible or has the same difficulty as the original problem (1.1). Therefore,
one of the most interesting and important problems in the theory of maximal monotone
operators is to find an efficient iterative algorithm to compute approximate zeros of T.

In 1976, Rockafellar [2] gave an inexact variant of the method

xo € H, Xp + €ni1 € Xps1 + AnTxpy1, V>0, (1.3)

where {e,} is regarded as an error sequence. This is an inexact proximal point method. It was
shown that, if

> llenll < oo, (1.4)
n=0

the sequence {x,} defined by (1.3) converges weakly to a zero of T provided that T~1(0) # 0.
In [3], Giiler obtained an example to show that Rockafellar’s inexact proximal point method
(1.3) does not converge strongly, in general.

Recently, many authors studied the problems of modifying Rockafellar’s inexact
proximal point method (1.3) in order to strong convergence to be guaranteed. In 2008, Ceng
et al. [4] gave new accuracy criteria to modified approximate proximal point algorithms in
Hilbert spaces; that is, they established strong and weak convergence theorems for modified
approximate proximal point algorithms for finding zeros of maximal monotone operators
in Hilbert spaces. In the meantime, Cho et al. [5] proved the following strong convergence
result.

Theorem CKZ 1. Let H be a real Hilbert space, Q a nonempty closed convex subset of H, and
T : Q — 2H g maximal monotone operator with T-1(0) # 0. Let Pq be the metric projection of H onto
Q. Suppose that, for any given x, € H, A\, > 0, and e, € H, there exists X,, € Q conforming to the
following set-valued mapping equation:

Xp+e, €Xy+ A, TX,, (1.5)

where {A,} C (0, +00) with A, — coasn — oo and
Z||€n||2 < . (1.6)
n=1

Let {a,} be a real sequence in [0, 1] such that

(i) ap = 0asn — oo,
(il) Do &n = 0.

For any fixed u € Q, define the sequence {x,} iteratively as follows:

Xp1 = g+ (1 —a,)Po(x, —e,), VYn>0. (1.7)

Then {x,} converges strongly to a zero z of T, where z = lim;_, , J1u.
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They also derived the following weak convergence theorem.

Theorem CKZ 2. Let H be a real Hilbert space, Q a nonempty closed convex subset of H, and
T : Q — 2H a maximal monotone operator with T~(0) #@. Let Pq be the metric projection of H onto
Q. Suppose that, for any given x, € H, A, > 0, and e, € H, there exists X,, € Q conforming to the
following set-valued mapping equation:

Xn +en € Xp + Ay TXp, (1.8)
where liminf, ., o\, > 0 and
e
> llenll* < oo. (1.9)
n=0

Let {a,} be a real sequence in [0, 1] with limsup,, _, a, <1, and define a sequence {x,} iteratively
as follows:

X0 € Q, Xn+1 = Xy + PnPo(Xn —e4), VYn >0, (1.10)

where a, + P, = 1 for all n > 0. Then the sequence {x,} converges weakly to a zero x* of T.

Very recently, Qin et al. [6] extended (1.7) and (1.10) to the iterative scheme
xo € H, Xn+1 = U + P Pc(Xn — en) + YuPcfn, VYVn2>0, (1.11)
and the iterative one

xo € C, Xp+1 = Xy + PuPc(Xn — ) + YuPcfu, Yn>0, (1.12)

respectively, where a,+f,+y, = 1, sup, .|l full < o0, and |le,|| < 17|24 —X, || wWith sup,,. 71, = 7 <
1. Under appropriate conditions, they derived one strong convergence theorem for (1.11) and
another weak convergence theorem for (1.12). In addition, for other recent research works
on approximate proximal point methods and their variants for finding zeros of monotone
maximal operators, see, for example, [7-10] and the references therein.

In this paper, motivated by the research work going on in this direction, we continue
to consider the problem of finding a zero of the maximal monotone operator T. The iterative
algorithms (1.7) and (1.10) are extended to develop the following new iterative ones:

xp € H, X1 = @nlh + BuPc[(1 =y = 60) X + Yu(Xn — €n) + Oufu], Yn >0, (1.13)
xo0 € C, X1 = X + Pulc [(1 =Y = 60)Xn + Yu(Xn — €n) + 6ufu], Yn >0, (1.14)
respectively, where u is any fixed pointin C, a, + , = 1, 1, + 6, < 1, supn20|| fall < o0, and

lleall < nullxn — %u|| with sup, .y, = 17 < 1. Under mild conditions, we establish one strong
convergence theorem for (1.13) and another weak convergence theorem for (1.14). The results
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presented in this paper improve the corresponding results announced by many others. It is
easy to see that in the case when y,, = 1 and 6, = 0 for all n > 0, the iterative algorithms (1.13)
and (1.14) reduce to (1.7) and (1.10), respectively. Moreover, the iterative algorithms (1.13)
and (1.14) are very different from (1.11) and (1.12), respectively. Indeed, it is clear that the
iterative algorithm (1.13) is equivalent to the following:

xo € H,
Yn = (1 “Yn— 6n)xn +Yu(Xn — en) + Onfn, (1.15)

Xni1 = AnU + PpPcyy, VYn>0.

Here, the first iteration step y, = (1 — yu — 6n)Xn + Yn(Xn — €4) + Onfn, is to compute the
prediction value of approximate zeros of T; the second iteration step, x,41 = anu + B, Pcyn,
is to compute the correction value of approximate zeros of T. Similarly, it is obvious that the
iterative algorithm (1.14) is equivalent to the following:

xo € C,
Yn = (1= ¥n=6n)Xn+ Yn(Xn — €n) + Onfu, (1.16)

Xn+1 = ApXy + ﬂnPC]/n/ Vn > 0.

Here, the first iteration step, y, = (1 — yu — 60)Xn + Yn(Xn — €n) + Oufn, is to compute the
prediction value of approximate zeros of T; the second iteration step, x,.1 = ayxy + B Pcyy, is
to compute the correction value of approximate zeros of T. Therefore, there is no doubt that
the iterative algorithms (1.13) and (1.14) are very interesting and quite reasonable.

In this paper, we consider the problem of finding zeros of maximal monotone
operators by hybrid proximal point method. To be more precise, we introduce two kinds
of iterative schemes, that is, (1.13) and (1.14). Weak and strong convergence theorems are
established in a real Hilbert space. As applications, we also consider a problem of finding a
minimizer of a convex function.

2. Preliminaries

In this section, we give some preliminaries which will be used in the rest of this paper. Let H
be a real Hilbert space with inner product (-,-) and norm || - ||. Let T be a set-valued mapping.
The set D(T) defined by

D(T) ={ue H :T(u)#0} (2.1)
is called the effective domain of T. The set R(T') defined by

R(T) = JT() (2.2)

ueH
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is called the range of T. The set G(T') defined by
GT)={(x,u)e HxH:xeD(T), ucT(x)} (2.3)
is called the graph of T. A mapping T is said to be monotone if
(x-y,u-v)>0, V(xu),(yv)eG). (2.4)

T is said to be maximal monotone if its graph is not properly contained in the one of any
other monotone operator.

The class of monotone mappings is one of the most important classes of mappings
among nonlinear mappings. Within the past several decades, many authors have been
devoted to the study of the existence and iterative algorithms of zeros for maximal monotone
mappings; see [1-5, 7, 11-30]. In order to prove our main results, we need the following
lemmas. The first lemma can be obtained from Eckstein [1, Lemma 2] immediately.

Lemma 2.1. Let C be a nonempty, closed, and convex subset of a Hilbert space H. For any given
xXn € H, Xy > 0,and e, € H, there exists X, € C conforming to the following set-valued mapping
equation (SVME ):

Xy + e, €Xy+ A TX,. (2.5)

Furthermore, for any p € T~1(0), we have

(Xp = Xn, Xn —Xn+€n) < (Xn =P, Xn—Xn+€n),
(2.6)
1%, — en _Pllz < lxw - P”z = |lxn - xn”2 + ||en||2-

Lemma 2.2 (see [30, Lemma 2.5, page 243]). Let {s,} be a sequence of nonnegative real numbers
satisfying the inequality

Sni1 < (1 —ay)s, + anﬁn + Yn, Vn >0, (2.7)

where {a,}, {Pn}, and {y,} satisfy the conditions
(i) {an} € [0,1], X an = oo, or equivalently [Ty (1 — an) =0,
(ii) limsup, , B <0,
(iif) {yn} C [0, 00), 35520 ¥n < o0

Then lim,, _, ,S, = 0.

Lemma 2.3 (see [28, Lemma 1, page 303]). Let {a,} and {b,} be sequences of nonnegative real
numbers satisfying the inequality

ap1 <a,+b,, Vn>0. (2.8)

If 3 g by < oo, then limy, _, o, a, exists.
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Lemma 2.4 (see [11]). Let E be a uniformly convex Banach space, let C be a nonempty closed convex
subset of E, and let S : C — C be a nonexpansive mapping. Then 1 — S is demiclosed at zero.

Lemma 2.5 (see [31]). Let E be a uniformly convex Banach space, and and B, (0) be a closed ball
of E. Then there exists a continuous strictly increasing convex function g : [0,00) — [0, 00) with
g(0) = 0 such that

1A + pry +vzl? < Al + pllyl? + vllzl? = Apg (llx = ylI) (2.9)
forall x,y,z € B,(0)and A, u,v € [0, 1] with A + p+v = 1.
It is clear that the following lemma is valid.

Lemma 2.6. Let H be a real Hilbert space. Then there holds

[|x + y||2 < lx|> + 2y, x+y), VYx,yeH. (2.10)

3. Main Results

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. We always assume
that T : C — 2H is a maximal monotone operator. Then, for each t > 0, the resolvent J; =
(I +tT)" is a single-valued nonexpansive mapping whose domain is all H. Recall also that
the Yosida approximation of T is defined by

T= (- J)). (3.1)

Assume that T-1(0) # @, where T~1(0) is the set of zeros of T. Then T~ (0) = Fix(J;) forallt > 0,
where Fix(J;) is the set of fixed points of the resolvent J;.

Theorem 3.1. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
T : C — 2" g maximal monotone operator with T~1(0) # 0. Let Pc be a metric projection from H
onto C. For any given x, € H, A, >0, and e,, € H, find x,, € C conforming to SVME (2.5), where
{An} € (0,00) with A, — c0asn — oo and ||ey|| < Hullxn — Xn|| with SUp,ofn =1 < 1. Let {a,},
{Bu}, {yn}, and {6, } be real sequences in [0, 1] satisfying the following control conditions:

() an+Pp=1andy, +6, <1,

(ii) limy o0, = 0 and 3775 ay = 00,

(iii) limy, —oyn = Land >,77 6, < oo.

Let {x,} be a sequence generated by the following manner:

xo € H, Xt = At + BuPc[(1 = Yn = 6p)Xn + Yn(Xn — €4) + Oufu], Yn >0, (3.2)

where u € C is a fixed point and { f,} is a bounded sequence in H. Then the sequence {x,} generated
by (3.2) converges strongly to a zero z of T, where z = limy _, o Jyu, if and only ife, — 0asn — oo.
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Proof. First, let us show the necessity. Assume that x, — z asn — oo, where z € T71(0). It
follows from (2.5) that

1% = 2l = 1], (xn + €n) = J1, (2]
< lxn =zl + llenl
_ (3.3)
< ”xn - Z” + rln”xn - xn”
< (1 + 1) Nl = 2l + 1l - zll,
and hence
— 1+7, 1+7n
—z| < —z|| € ——||x, — z||. )
1% = 2l < g b = 21 < b = (3.4)
This implies that X, — zasn — oo. Note that
lenll < 1all2en =%nll < 1a(lloen = 21 + Iz = Xul])- (3.5)

This shows thate, — 0Oasn — oo.
Next, let us show the sufficiency. The proof is divided into several steps.

Step 1 ({xy} is bounded). Indeed, from the assumptions ||e,|| < 77xxn — X»| and sup,47. =
1 < 1, it follows that

llenll < llxn = Xnll- (3.6)
Take an arbitrary p € T~1(0). Then it follows from Lemma 2.1 that
10 = en = plI* < ll2tw = pII* = llxn = Xull* + llenl* < llxn = plI?, (3.7)

and hence

IPc[(1 = yu— 6n)%n + Y (Xn — €n) + 6nfn] — pII*
<N =y = 6n) Xn + Yu(Xn — €n) + G fr = pII?
=11 =y = 6n) (Xu =) +Yu(Zn = €n = p) + 6u(fu —pP)I 68)
< (1= yu = ) lln = pI* + yul X = €0 = pII* + 6all fu - pII?
< (1= Yn = 6u)llxn = pII* + yullxw = pII* + 6l fr — pII?

= (1= 6n)llxn = plI* + Eall fr — pII*-
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This implies that
||xn+1 - P”z = ||“nu + ﬂnPC [(1 —Yn— (Sn)xn + Yn(yn —ey) + 6nfn] - P”Z
< an“” - p”z + ﬁn”PC[(l ~—Yn— (Sn)xn + Yn(yn - en) + 6nfn] - P”Z
< anllu - P”z + P [(1 = On)|lxn — P||2 +Onll fn — P”Z] (3.9)

= aullte = pI* + Bu(1 = 8u)ll2n = pI* + Pubull fu = pI°

< ag|lu- P”z + ﬁn(l = On)llxn — P||2 + ﬁnénsu(l])”fn - P”z
n>i

Putting
M= max{ Ixo = pIP, 1 = pIP, supll i ~ p||2}, (3.10)
n

we show that ||x, — p||> < M for all n > 0. It is easy to see that the result holds for n = 0.
Assume that the result holds for some n > 0. Next, we prove that ||x,+1 — p||> < M. As a
matter of fact, from (3.9), we see that

wa — pIP < M. (3.11)

This shows that the sequence {x,} is bounded.

Step 2 (limsup,,_,  (u—z, X411 —z) <0, where z = lim; _, , J;u). The existence of lim; ., . Jyu is
guaranteed by Lemma 1 of Bruck [12].
Since T is maximal monotone, Tyu € T Jyu and Ty, x, € T ], x,, we deduce that

(u—Ju, Jy,xn = Jou) = —t{Tyu, Jiu — ]y, xn)

= _t<Ttu - T/\,,xn/ ]tu - ]/\,,xn> - t<T/\,,xn/ ]tu - ]/\,,xn> (312)

t
< —)L—(xn =\, Xn, Ji = J1, Xn).
n

Since A, —» o asn — oo, for each t > 0, we have

limsup(u — Ju, Jy,xn — Jou) <0. (3.13)

n—oo
On the other hand, by the nonexpansivity of J,,, we obtain that

”])Ln(xn ten) — ]/\nxn” <1 (xn + en) = xull = llexll- (3.14)
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From the assumption e, — 0asn — oo and (3.13), we get

limsup(u — Jiu, J1, (X + €x) — Jiu) <0.

n— oo
From (2.5), we see that

IPc[(1 = yn = 6n)Xn + Yn(Xn — €n) + Enfu] — Ja, (xXn +€n)]l

< ”(]- —Yn— 6n)xn + Yn(in - en) + 6nfn - ])Ln(xn + en)”

(3.15)

< (1 ~Yn— 6n)”xn =, (en + el + yull n = en) = Ji, (n + en) |l + 6nll fro = T, (20 + €0) |

= (1 —Yn— 6n)”xn =, (xn +en)|l + Yn”(«’n” + 6n||fn — Ja, (30 + en) |-

(3.16)

Since limy, o) = 1 and 3774 6, < oo, we conclude from ||e,|| — 0 and the boundedness of

() that

1112’1’;”Pc[(1 —Yn— (Sn)xn + Y (Xy — en) + 6nfn] = Ja, (xn + en)|l = 0.

Combining (3.15) with (3.17), we have

limsup(u — Jiut, Pc[(1 = yn = 60) Xn + Yn(Xn — €n) + Onfu] — Jiu) <O.

n—oo
In the meantime, from algorithm (3.2) and assumption a, + f3, = 1, it follows that

Xn+l1 — PC[(1 —Yn— 6n>xn + Yn(yn —ep) + 6nfn]
= ap{u—Pc[(1=yn—6n)Xn + Yn(Xn — €n) + Oufu] }-

Thus, from the condition lim,, _, ., = 0, we have
X1 — Pe[(1 = Yn = 60)Xn + Yu(Xn — €4) + 6nfn] — 0 as n— oo.
This together with (3.18) implies that

lim sup(u — Jiut, xp1 — Jiu) <0, VE>0.

n— oo
From z = lim; _, o, Jyu and (3.21), we can obtain that

limsup(u -z, x,.1 —2) <0, Vt>0.

n—oo

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Step 3 (x, — zasn — o). Indeed, utilizing (3.8), we deduce from algorithm (3.2) that

|2p1 — 2”2 = ”(1 - an){PC[(l —Tn _6n)xn +Yn(Xn —en) + 6nfn] - Z} + oty (u— Z)”2
< (1= an)?1Pc[(1 = Y = 62)%n + Yu(Fn — €n) + 6nfn] — 2l
+ 20, (U — 2, Xp41 — Z)
< (1= ) [(1= )12 = 21 + 6l fu = 21| + 200 (0 = 2,201 - 2)
< (1 - an)”xn - Z”z +ay - 2(” - Z,Xn+1 — Z> + 6n||fn - Z”z'

(3.23)

Note that 32,6, < oo and { f,,} is bounded. Hence it is known that 32 6, fx — z|* < oo.
Since 3% an = oo, limsup, | 2(u -z, X, —z) <0, and 50 6all fn — z|I* < oo, in terms of
Lemma 2.2, we conclude that

|xp —z|]| — 0 asn— co. (3.24)

This completes the proof.
O

Remark 3.2. The maximal monotonicity of T is only used to guarantee the existence of
solutions of SVME (2.4), for any given x, € H, 1, > 0, and e, € H. If we assume that
T : C — 2H is monotone (not necessarily maximal) and satisfies the range condition

D(T) =C c(\R(I +1T), (3.25)

r>0

we can see that Theorem 3.1 still holds.

Corollary 3.3. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
S : C — Cademicontinuous pseudocontraction with a fixed point in C. Let Pc be a metric projection
from H onto C. For any x, € C, A, >0, and e, € H, find x,, € C such that

X+ en = (1+ M) % — 1S, (3.26)

where {1} C (0, 00) with Ay — o0 asn — oo and |lex|| < 7ullxn — Xu|| with sup, 1. = 1 < 1. Let
{an}, {Bn}, {yn}), and {6} be real sequences in [0, 1] satisfying the following control conditions:

(i) an+Pp=1andy, +6, <1,
(if) limy— 0y, =0and 3775 ay, = 00,
(iil) imy, o)yn = Land 3,57, 6, < oo.

Let {x,} be a sequence generated by the following manner:

xg € C, X1 = @nlh + BuPc[(1 = Y = 60) X + Yu(Xn — €n) + Onfu], Yn >0, (3.27)
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where u € C is a fixed point and { f,} is a bounded sequence in H. If the sequence {e,} satisfies the
condition e, — 0asn — oo, then the sequence {x,} converges strongly to a fixed point z of S, where
z =limy_ oo [I + (I - S)] u.

Proof. Let T =1—-S.ThenT : C — H is demicontinuous, monotone, and satisfies the range
condition:

D(T) = C c (\R(I +1T). (3.28)

r>0
For any y € C, define an operator G : C — C by

1

Gx = me + my

(3.29)

Then G is demicontinuous and strongly pseudocontractive. By the study of Lan and Wu [21,
Theorem 2.2], we see that G has a unique fixed point x € C; that is,

y=x+t{I-S)x. (3.30)

This implies that y € R(I + tT) for all t > 0. In particular, for any given x, € C, A, > 0, and
e, € H, there exists x,, € C such that

Xp+te,=x,+ N, Tx, Yn>0, (3.31)
that is,

X+ en = (14 X)X — 1, ST (3.32)

Finally, from the proof of Theorem 3.1, we can derive the desired conclusion immediately. [
From Theorem 3.1, we also have the following result immediately.

Corollary 3.4. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
T : C — 2" qa maximal monotone operator with T~1(0) #0. Let Pc be a metric projection from H
onto C. For any x, € H, A, > 0 and e, € H, find x,, € C conforming to SVME (2.5), where
{An} € (0,00) with \,, — ooasn — oo and |le|| < 1ul|xn — X || with sup, o = 11 < 1. Let {a,,},
{Bn}, and |y} be real sequences in [0, 1] satisfying the following control conditions:

(1) Xn +ﬂn = 1/
(ii) lim, g, =0and 377 a, = oo,

(iii) limy oy = 1.
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Let {x,,} be a sequence generated by the following manner:
xp € H, Xni1 = Al + PuPe[(1 = yu) Xn + yu(Xn —en)], Yn >0, (3.33)

where u € C is a fixed point. Then the sequence {x,} converges strongly to a zero z of T, where
z =limy_, o Jiu, ifand only if e, — Oasn — oo.

Proof. In Theorem 3.1, put 6,, = 0 for all n > 0. Then, from Theorem 3.1, we obtain the desired
result immediately. O

Next, we give a hybrid Mann-type iterative algorithm and study the weak
convergence of the algorithm.

Theorem 3.5. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
T : C — 2" g maximal monotone operator with T~1(0) # 0. Let Pc be a metric projection from H
onto C. For any given x, € C, A, > 0, and e, € H, find x,, € C conforming to SVME (2.5), where
liminf, Ay > 0 and |[en|| < 1nllxn — Xnl| with sup, g1, = 1 < 1. Let {an}, {Pn}, {yn}, and {64}
be real sequences in [0, 1] satisfying the following control conditions:

(i) an+Pp=1andy, +6, <1,
(ii) liminf, B, >0,

(iil) iminf, ., oy, > 0and 35" 6, < 0.
Let {x,} be a sequence generated by the following manner:

xg € C, Xni1 = 0nXp + PuPc[(1 = Y — 60) X + Yu(Xn — €n) + Onfn], Yn >0, (3.34)

where { f,} is a bounded sequence in H. Then the sequence {x,} generated by (3.34) converges weakly
to a zero x* of T.

Proof. Take an arbitrary p € T71(0). Utilizing Lemma 2.1, from the assumption ||e,|| < 77, [|x, —
Xn|| with sup, .7, = 11 <1, we conclude that

|(xn —en) _P”z < lxy —P||2 = [ln _Erl”2 + ||en||2
<l = pIP = |20 = Xull* + 17310 — Xl (3.35)

< Jlew = pI2 = (1= 1) llxen = %l
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It follows from Lemma 2.5 that

|41 — P”z = ||lanx, + ﬁnPC[(l —Yn— 6n)xn + Yn(Xn — en) + 6nfn] - P”Z
< ay|xp _Pllz +ﬂn||PC[(1 —Yn— 6n)xn + Yn(yn —en) + 6nfn] _P”z
< apl|x, = pl* + Ball (1= yn—6n)Xn +Yn(Xn — €n) + Onfn— pll?

< aulln = I+ Ba [ (1= o = 60) 120 = pIP + Yall GBu =€) = I + 6l f = pI]

< anlln = pIP + Bu{ (1= = 60 1 = pIP + 32 [len = pI2 = (1= ) lew = %l
+8ullfa - Pl

= a1 =PI + P (1 = )l =PI = Bu¥n (1= 1) 13 = Fall® + Pl f — I

< 1% =PI = aya (1= 17) In = Kl + 6ull £ = pI®

<Al = plI* + Eall fu - P>
(3.36)

Utilizing Lemma 2.3, we know that lim, .. ||x, — p|| exists. We, therefore, obtain that the
sequence {x,} is bounded. It follows from (3.36) that

P (1 =12 )llxn = %all? < [l = pII? = Ixne1 = pI* + 6all fu = pII*. (3.37)

From the conditions liminf, _, . f, > 0, liminf, Yy, > 0, and >,,-, 6, < oo, we conclude that

lim ||x;, — x,]| = 0. (3.38)
n—oo
Note that
”xn - ])Lnxn” = ”xn — Xy +Xp — ])Lnxn”
<l = Xnll + 130 = Ja, %ull (3.39)

< (1 + ﬂn)”xn = Xl
In view of (3.38), we obtain that

im [lx, = Jy, % = 0. (3.40)
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Also, note that

1,2 = Tl = 1T T,
< inf{||w]| : w € TJy, xu}
< 1T, xall (3.41)

_ [l = Ja, xnll
A ’

In view of the assumption liminf, _, A, > 0 and (3.40), we see that

Jim [, % = 13,2 = 0. (3.42)

Let x* € C be a weakly subsequential limit of {x,} such that {x,} converges weakly to
x* asi — oo. From (3.40), we see that | 1, Xn; also converges weakly to x*. Since J; is
nonexpansive, we can obtain that x* € Fix(J;) = T~'(0) by Lemma 2.4. Opial’s condition (see
[23]) guarantees that the sequence {x, } converges weakly to x*. This completes the proof. O

By the careful analysis of the proof of Corollary 3.3 and Theorem 3.5, it is not hard to
derive the following result.

Corollary 3.6. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
S : C — Cademicontinuous pseudocontraction with a fixed point in C. Let Pc be a metric projection
from H onto C. For any x, € C, A, >0, and e, € H, find x, € C such that

Xy +e,=(1+A,)x, — A, Sx,, Yn>0, (3.43)
where liminf, —, , Ay > 0 and ||ex|| < 1ull2cn — X || with sup, o1n =1 < 1. Let {an}, {Pn}, {yn}, and
{61} e real sequences in [0, 1] satisfying the following control conditions:

() an+Pp=1andy, +6, <1,
(ii) liminf, B, > 0,

(iii) liminf, Y, > 0and 32, 6, < co.

Let {x,} be a sequence generated by the following manner:
x0 €C, X1 = Xy + PulPe[(1=yn = 6n)Xn + Yn(Xn —€n) + 6nfn], Yn >0, (3.44)

where { fn} is a bounded sequence in H. Then the sequence {x,} converges weakly to a fixed point x*
of S.

Utilizing Theorem 3.5, we also obtain the following result immediately.

Corollary 3.7. Let H be a real Hilbert space, C a nonempty, closed, and convex subset of H, and
T : C — 2" qa maximal monotone operator with T~1(0) #0. Let Pc be a metric projection from H
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onto C. For any x, € C, \,, > 0, and e, € H, find x, € C conforming to SVME (2 5) where
liminf, oAy > 0and |lex|| < 11nll2n — Xul| with sup, g1, =1 < 1. Let {an}, {fn}, and {yn} be real
sequences in [0, 1] satisfying the following control conditions:

(1) Xn + ﬂn = 1/
(ii) limsup, , a, <1,
(iii) liminf, o yn > 0.

Let {x,} be a sequence generated by the following manner:
x0 €C, X1 = AnXn + PulPc[(1 = yn) Xn + yu(Xn —en)], ¥Yn>0. (3.45)

Then the sequence {x,} converges weakly to a zero x* of T.

4. Applications

In this section, as applications of the main Theorems 3.1 and 3.5, we consider the problem of
finding a minimizer of a convex function f.

Let H be a real Hilbert space, and let f : H — (—oo, +o0] be a proper convex lower
semi-continuous function. Then the subdifferential 0f of f is defined as follows:

of(x)={yeH: f(z)>f(x)+(z-x,y), ze H}, VxeH. 4.1)

Theorem 4.1. Let H be a real Hilbert space and f : H — (—oo,+o0] a proper convex lower semi-
continuous function such that (('ﬂf)f1 (0) #0. Let {A,} be a sequence in (0,+o0) with A, — oo as
n — oo and {e,} a sequence in H such that ||e,|| < 1,||x, — Xn|| with sup, . = 11 < 1. Let X, be
the solution of SVME (2.5) with T replaced by Of; that is, for any given x, € H,

Xn+en € Xy +1,0f(X,), Vn>0. (4.2)

Let {an}, {Pn}, {yn}, and {6,} be real sequences in [0, 1] satisfying the following control conditions:

(1) cxn+ﬂn =landy, +6, <1,
(if) limy— 0y, =0and 3775 ay, = 00,
(iii) limy—ooyn = 1and 377 6, < oo.

Let {x,,} be a sequence generated by the following manner:
xo € H,
T, = arg miner{f(x) + gl = - en||2}, (43)
Xna1 = anth + PP [(1 = Yn = 60) Xn + Y (Xn — €n) +6ufu], Y >0,
where u € H is a fixed point and { f,} is a bounded sequence in H. If the sequence {e,} satisfies the

condition e, — 0asn — oo, then the sequence {x,} converges strongly to a minimizer of f nearest
to u.
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Proof. Since f : H — (—o0,+o0] is a proper convex lower semi-continuous function, we have
that the subdifferential 0f of f is maximal monotone by the study of Rockafellar [2]. Notice
that

— . 1
Xp = arg mmer{f(x) + ﬂﬂx - Xp — en||2} (4.4)
is equivalent to the following:
— 1 _
0€of(xn)+ J\—(xn—xn—en). (4.5)
n
It follows that
Xn + ey € Xy +1,0f(X,), Vn>0. (4.6)
By using Theorem 3.1, we can obtain the desired result immediately. O

Theorem 4.2. Let H be a real Hilbert space and f : H — (—oo,+00] a proper convex lower semi-
continuous function such that (('ﬂf)_1 (0) #0. Let {A,,} be a sequence in (0, +oo) with liminf, _, A, >
0 and {ey} a sequence in H such that ||e,|| < 1x||x, — Xy|| with sup, 1. = 1 < 1. Let X, be the
solution of SVME (2.5) with T replaced by Of; that is, for any given x,, € H,

Xn +€n € Xy +1,0f(Xn), Vn2>0. (4.7)

Let {a,}, {Pn}, {yn}, and {6,} be real sequences in [0, 1] satisfying the following control conditions:

() an+Pp=1andy, +6, <1,
(ii) liminf, B, > 0,

(iii) liminf, oy, > 0and X2, 6, < co.
Let {x,} be a sequence generated by the following manner:
xo € H,
_ . 1 2
Xp =argmin {1 f(x) + illx —xn—en|” t, (4.8)
n

Xn+l = AnXn +ﬁnPC[(1 ~Yn— 6n)xn +Yn(Xn —en) + 6nfn]/ Vn >0,

where { f,} is a bounded sequence in H. Then the sequence {x,} converges weakly to a minimizer of
f.

Proof. We can obtain the desired result readily from the proof of Theorems 3.5 and 4.1. O
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