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We prove the existence of solutions for an elliptic partial differential equation having more
general flux term than either p-Laplacian or flux term of the Leray-Lions type conditions:
- 27:1(6 /0x;)(a(|uy;]) /uy;) = f. Brouwer’s fixed point theorem is one of the fundamental tools
of the proof.

1. Introduction

We are concerned with problems of partial differential equations such as a nonlinear elliptic
equation

-V-J=f, (1.1)

which contains the flux term J. The flux term J is a vector field that explains a movement of
some physical contents u such as temperature, chemical potential, electrostatic potential, or

fluid flows. Physical observations tell us in general that J depends on u and approximately on
its gradient at each point x, thatis, ] = J(x, V, u(x)). For linear cases, one can simply represent
J as J = cVu (on isotropic medium) or J = AVu with a square matrix A (on an isotropic
medium). But for nonlinear cases, the situation can be much more complicated. One of the
common assumptions is that J = |Vu[P~2Vu is to produce the p-Laplacian

Apu =V - |VulP?vu. (1.2)
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Slightly more general conditions, for example, the Leray-Lions type conditions, might be
placed onJ, butitis too good to be true that the flux term has those kinds of growth conditions
in reality.

We prove the existence of solutions for the elliptic partial differential equation

)

o ((alju

=f (1.3)

Galerkin’s approximation method and Brouwer’s fixed point theorem are employed for the
proof.
We introduce a new function space which is designed to handle solutions of nonlinear

equations (1.3). This space is arisen from a close look at the LP-norm || f||» = (fy | f(x)[? dy)l/ P
of the classical Lebesgue spaces L7(X), 1 < p < co. It can be rewritten as

AN, =a <IX zx(|f(x)|)d‘u>, with a(x) := x*. (1.4)

Even though the positive-real-variable function a(x) := x” has very beautiful and convenient
algebraic and geometric properties, it also has some practical limitations to handle general
nonlinear problems. The new space is devised to overcome these limitations without hurting
the beauty of LP-norm too much. Unfortunately the new space is only equipped with an
inhomogeneous norm, and so it lacks the homogeneity property: |kf|| = |k||| f||. However, for
nonlinear problems such as (1.3), the homogeneity property may not be an essential factor—
we try to explain that the new space accommodates the solutions of nonlinear problems
without homogeneity.

Although this space is similar to the Orlicz spaces, we present a different approach of
discovering the new spaces which generalize the space L”.

2. The Space L,(X)

We introduce some terminologies to define the Lebesgue-type function spaces L, (X). In the
following, (X, 9, u) always represents a given measurable space.

2.1. Holder’s Functions

A pre-Holder's function a : R, — R.(Ry = {x € R: x > 0}) is an absolutely continuous bijective
function satisfying a(0) = 0. If there exists a pre-Holder’s function f and A satisfying

a”t ()7 (x) = Mx) (2.1)

and c1x < A(x) < cax (x € Ry) for some constants 1 < ¢1 < ¢y, then f is called the conjugate
(pre-Holder's) function of a linked by . In the relation (2.1), the notations a™!, ! are meant to
be the inverse functions of a, 3, respectively. Examples of pre-Holder’s pairs are (a(x), f(x)) =
(x?,x9),(p>1,1/p+1/g = 1) with A(x) = x and (a(x), f(x)) = (e*—x-1, (1+x)log(1l+x)—x).
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In fact, for any Orlicz N-function A together with complementary N-function A and any
positive constant ¢ < 1, (cA, CA) is a pre-Holder’s pair with A(x) = (1/c)A™! (x)A‘l(x) (see
page 264 in [1]).

Some basic identities for a pre-Holder’s pair (a, f) with respect to A are in order: for
&::)coa,andﬁ::)Loﬂ,

r=p( ) o at=p("2), 22)

- ﬂ_ii{x()x)) or &(;) =ploa(x) =" od(x), (2.3)
a1 (x) = [s’—lx(x)’ (2.4)

wfaiffi» : ﬂ'?f;(g)) e 22

% 4 ﬁ(Ly) = V(a(x)), fory:= @ (2.6)
#(x)= 8, &) 2.7)

X @@/ -x
Remark 2.1. The conjugate identity (2.1) implicitly requires to have the following conditions:

Max) _ o o Me@) (2.8)
X

X — 00 X

lim

7
x—0

Let a be a given pre-Holder’s function. For every link-function A satisfying

Mx) _,

AMx)
ro0a1(x) o 29)

x—oog1 (x) -

there exists a conjugate function f of a associated with .

In the following discussion, a function @ represents the two-variable function on R, x
R, defined by

D(x,y) =a ' (x)f " (), (2.10)

provided that a pre-Holder’s pair (a, ) exists.

Definition 2.2. A pre-Holder’s function a : R, — R, together with the conjugate function f
for a link-function A is said to be a Holder’s function if for any positive constants a,b > 0,
there exist constants 01,0, (depending on a, b) such that

01+6,<1 (2.11)
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and that a comparable condition

ab

D(x,y) < 91)L 1x() +62)Lo—ﬁ(b)y

(2.12)

holds for all (x,y) € Ry x R,.

The following proposition and the proof may illustrate that the comparable condition
(2.12) is not farfetched.

Proposition 2.3. Let a be a convex pre-Holder's function with the convex conjugate function p.
Suppose that, for any a, b > 0, there are constants p1, p2, g1, g (depending on a, b) with 1/p1+1/p> <
1 <1/q1 + 1/ gy satisfying the slop conditions

A )
Pl < (a) < g, 12,
Ao ﬁ(b) ﬂ(b) 1)
pr—— <P () <q
Then a is, in fact, a Holder’s function (so is p).
Proof. Indeed, the equation of the tangent plane of the graph of @ at (@, b) reads
z= cpx(a,E) (x-a) + D, (a,E) <y —E) + cp(a,E)
ﬂ*l (E) (@) (2.14)
:/—_(x—ﬁ)+— y-b)+al(@p’ T(x,y).
a' (a”1(a)) p <'3—1 <b>> ( > < )
Then, for a™' (@) := a and 71 (b) := b, T(x, y) can be rewritten as
b a ba(a) ap(b)
T(x,y)=—x+—-——y+ab—- ——— — . 2.15
0= o™ pY T wa) P 19
From the slop conditions (2.13) together with the observation that
ba(a) aﬂ(b) 1
> ab + —ab > ab, 2.16
@ PO S a” (210
we have
T(x,y) < ~—2 L _ab (2.17)

Plloa(a) T e p)”
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Since the restriction z = T(x, a) of the tangent plane z = T(x,y) is the tangent line to the
graph @(x,a) = aa !(x) located inside x-z plane and a™! is concave up on R,, we observe
®(x,a) < T(x,a), which holds for all a. Therefore, we conclude that

ab ab
O(x,y) < Glmx + szy, (2.18)

where we set 0; :=1/p; and 6, :=1/p,. O
Remark 2.4. We want to address the point that the convexity of pre-Holder’s functions is not
essential in the definition of Holder’s functions, which is different from the definition of the

Orlicz spaces.

The notations @ := Lo a, ﬁ := A o p are used throughout the paper.

2.2. Basic Properties of the Space L,(X)

We now define the Lebesgue-Orlicz type function spaces Ly(X):

L (X) := { f : f is a measurable function on X satisfying || f

L < oo}, (2.19)

where we set

I£Il,, =& (fx (| f (x)|)d#>- (2.20)

Holder-type inequality and Minkowski’s inequality on the new space L.(X) are
presented as follows.

Remark 2.5. Let a be a Holder’s function, and let 8 be the corresponding Holder’s conjugate
function. Then, for any f € L,(X) and any g € Lg(X), we have

Uxf (x)g(x)d#| <IA s, (2.21)
and, for any fi, f> € L,(X), we have
| f1+ f2 L S | f1 .t [l 2 Lo’ (2.22)

The space L,(X) is a topological vector space with inhomogeneous norm || - ||; . Further-
more, for k >0,

[k—l] - Ilf (2.23)

L < lIkf

L S TR f

L.’
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where [k] is the ceiling of k, the smallest integer that is not less than k (see the appendix for
the proof). Also, the metric space L,(X) is complete with respect to the metric

d(f,g) = ||f -g for f,g € Ly(X). (2.24)

L.”

Remark 2.6. The metric space L,(X) and the classical Orlicz space Ls(X) differ by the
convexity assumption as pointed in Remark 2.4 and by the choice of the conjugate function.
In fact, for Orlicz space L (X), the complementary N-function A of A is designed to satisfy
the relation

A= (A7, (2.25)
which implies, in turn,
cix <Al (x)A‘l(x) < ox (2.26)

for some constants ¢, ¢z > 0 (see, e.g., page 265 in [1]). Hence, the conjugate relation (2.1) is
devised so that the space L,(X) contains Orlicz spaces with the Aj-condition.

Whereas the Luxemburg norm for the Orlicz space L(X) requires the convexity of
the N-function A for the triangle inequality of the norm, the inhomogeneous norm for the
space L,(X) does not ask the convexity of Holder’s function, and it has indeed inherited the
beautiful and convenient properties from the classical Lebesgue’s norm (1.4).

Here we present some remarks on the dual space of L,(X). To each g € Lg(X) is
associated a bounded linear functional ¥4 on L, (X) by

Fo(f) = fxﬂx)g(x)dy, (2.27)

and the operator (inhomogeneous) norm of ¥, is at most ||| L

|[x f&ap]|

T L f € Lo(X), f#O} < gl (2.28)

1%l = sup{

Ly

For 0# g € Lg(X), if we put f(x) := ﬁ(|g(x)|) sgn(g(x))/|g(x)|, then we have that f € L,(X)
and

d d
19l =supf AL g .o, prof s I gy, -
Il il

This implies that the mapping g — ¥, is isometric from Lg(X) into the space of continuous
linear functionals L,(X)'. Furthermore, it can be shown that the linear transformation ¥ :
Ls(X) — La(X)' is onto the following.



Fixed Point Theory and Applications 7

Remark 2.7 (dual space of L,(X)). Let B be the conjugate Holder’s function of a Holder’s
function ar. Then the dual space L,(X)' is isometrically isomorphic to Lg(X).

2.3. Sobolev-Type Space W]

Let Q be an open subset of R”. The Sobolev-type space W} (Q) is employed by

WﬂQ):{uELAQHa%uELAQLj=LZ”wn} (2.30)

together with the norm

6x/.u

u>>, (2.31)

where 0,, := 0/0x;. Then it can be shown that the function space W,;(Q) is a separable
complete metric space and C*(Q) NW}(Q) is dense in W} (Q). The proofs are very similar to
the case of Orlicz spaces (see page 274 in [1]).

n
) ~-1 ~
Il =l + <Za(|
j=1

The completion of the space C(£2) with respect to the norm || - [|1 is denoted by
W;/O(Q), where C2(Q) is the space of smooth functions with compact support.

We are in the position of introducing the trace operator and Poincaré’s inequality on
W(Q), which are important by themselves and also useful for the proof of the existence
theorem. We say that a pre-Holder function f is to satisfy a slope condition if there exists some
positive constant ¢ > 1 for which

B s e P2 (2.32)

holds for almost every x > 0. The slope condition (2.32), in fact, corresponds to the A,-
condition for Orlicz spaces (page 266 in [1]).

The boundary trace on C*(Q) can be extended to the space W1(Q) as follows. For the
case Q = R” := {(x,x,) : ¥ € R", x, > 0} and for a smooth function § € C*(R"), we
observe

(19,00 1) =~ [ " 0n (4<% ),

s fo a(|gp(x, xn)|)|0x,@(x', xn) | doxy (2.33)
<1105, ¢ (< ) 00 17 (1S G DD 000

Owing to the identity (2.6), we have

at)=s+ t& s= @. (2.34)

p(s)’ t
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On the other hand, we can notice that the slope condition (2.32) is equivalent to saying

[ a(t) c
ﬁ( ; >2)u(a(t))t' (2.35)

Reflecting this to the identity (2.34), we have

” c #(|9(™)])
O e TSI

x = (x',xp). (2.36)

Therefore, we have

([ paoce mamas) <5 ([7H( L D ), )
(D) o
I

([ a ez e, ).

IN
—_—
a
|
—_

1]
—_—
a
[
—_

Inserting this into the right side of (2.33), we obtain

Xn

< Cla([|ox¢(x-)

#(

La(O,oo)> + Ec<||(]>(x’,-)

)
La(0,00) >] !

for some positive constant C. The comparable condition (2.12) has been used in the second
inequality. Taking integration on both sides over R""!, we obtain

a( n) +(

This inequality says that the trace on C2(R") can be uniquely extended to the space W1 (R")
as a metric space. For the case Q being a bounded open subset (€2 can be more general,
e.g., it permits unbounded domains satisfying the uniform C™-regularity condition (page
84 in [1])), the partitions of unity can be employed to turn the case locally into that of R”
with appropriate Jacobians. Gluing a finite number of estimates (2.39), we get the following
proposition (for details, see page 164 in [1] or page 56 in [2]).

(2.38)

) <ClE([18x,9 ")) (2.39)

Proposition 2.8 (Trace map on W}). Let (a, ) be a Holder pair obeying the slope condition (2.32),
and let Q be a bounded open set with smooth boundary in R". Then the trace operator y : WL(Q) —
L (0R) is continuous and uniquely determined by y(u) = u|aq on those u € CZ Q).

We present Poincaré’s inequality whose proof can be found in the appendix.



Fixed Point Theory and Applications 9

Proposition 2.9 (Poincaré’s inequality). Let (a, ) be a Holder pair with the slope condition (2.32),
and let Q be an open set in R" which is bounded in some direction; that is, there is a vector v € R"
such that

sup{|x-v|:x € Q} < co. (2.40)

Then there is a constant C > 0 such that, for any f € WL(Q) with f(x) = 0 (in the sense of the trace
map) for x € 0Q and x - v#0,

(2.41)

1AW, < Cllo-vs

Ly*

3. Nonlinear Elliptic Equations of General Flux Terms

In this section Q is a fixed bounded open set in R” with smooth boundary. We are concerned
with an elliptic partial differential equation:

-V-Jw) = f, (3.1)

where the flux vector field is given by

(3.2)

J(u) = <&(|ax1u|) &(laxzul) a(laxnu|)>.

Oxu ' Oxpu T Oyu

We look for solutions of the elliptic equation (3.1) on an appropriate space. In fact, the
function space that can permit solutions of (3.1) turns out to be the space W;/O(Q) =V.

Now, we state the existence theorem of the nonlinear elliptic equation with general
flux term (3.1).

Theorem 3.1. Let (a, ) be a Holder pair satisfying the slope condition (2.32). Then, for any
functional f € V', there exists a solution u € V satisfying the elliptic partial differential equation

_ni &(uxj>

ox; Uy,

=f (3.3)

j=1

We start to set up the functional equation associated with (3.1). Let ¢ € C*(L). Then
we have

[ veywpdu= [ span (34)
Q Q

Then, by Gauss-Green theorem, the left-hand side becomes

0 &( )
- j@ V-(J(Vu)pdu = JQ](Vu) Vodu= fQ ZTaxjgb du. (3.5)

j=1 xj
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We will consider the operator </ defined by

¢x/- d,ll/ (36)

u x;j

Hu(p) = f ‘;bx] dp = Zf floa

foru,v € V := W} (Q). We investigate some properties of the operator o : V. — V' which
will be used for the proof of the existence theorem.

Lemma 3.2. One has an estimate: foru € V,

(3.7)

| #u(@)] < 7o a(llullwy) -

In particular, the operator # : V. — V' is bounded; that is, for any bounded set S in V, the image
HA(S) of S is bounded in V.

Proof. By Holder’s inequality and identity (2.2), we have

)

(@) < 3 &Oaa—uax]qsdﬂ
| a axju i B

A <|anu|> an Ja (]

_ ZﬁG( |)dﬂ>

zgﬁ—loa( .)

Holder’s inequality with respect to the counting measure reads as for a;, b; > 0

éa;b]’ <a! <é&(aj)>ﬁl <éﬁ(b]~)>. (3.9)

Apply this inequality to (3.8), and we get
b > > (3.10)

n
o, )>a1 <Za<
i=1
Since a and [5’1 are continuous on R, the operator < is bounded. O

axj¢|)dﬂ>

IN
M=
?

~.
]
—_

(3.8)

a"f'(‘i)”La

Ox;U

Xj

3y,

|tu(¢)| < B! (Za(

<ploa(luly)-

]
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Lemma 3.3. The operator o4 : V. — V' is continuous.

Proof. For each 1 <i < n, we have |luyll;, < [lu|ly:. Hence, the operator 6/0x; : wWhQ) —
L,(Q) is continuous. Hence, we define an operator T : L,(Q2) — Lg(Q) by T(u) = a(|ul)/u
for u#0and T(0) = 0. Then the operator T is well defined. Indeed, for u € L,, we have

fQﬁ(IT(u)I)du=f ﬂ( ?' ||)> W= J; a(Jul)dp < oo. (3.11)

This says that ||T ()|, ;= Btoa(|ul 1,), which implies the continuity of T.
Define (0/0x;)* : Ly — V' by

a *
(6_> v(P) :=J v(X) Py, (x)dx, (3.12)
xl' Q
for v € Ly and ¢ € V. Then the operator (3/0x;)" is continuous, since
|G=) -
axi

Therefore, the composition maps S; := (0/0x;)" 0T o (0/0x) : V — V', j=1,2,...,n, are
continuous. Since the operator <4 is just a linear combination of the operators S;, we have the
continuity of <4. O

v(x) Py, (x)dx Illr, || $x .
= sup o < up — = < olly,
Vi liglly #0 ¢l gy zo lllly

(3.13)

For a,b > 0, we have

(@_Q)( a-b)=(p'oala)-poa))(a-b)>0, (3.14)

a

from the fact that ! o a is monotone increasing. This implies the following.

Lemma 3.4. The operator # is monotone, that is,
(Au—-Av)(u-v)>0 foru,veV. (3.15)

Proof. By the above computation, we get

wl)
Uy, Uy,

Uy,

(Au — Av)(u—v) :iJ‘Q &< > (uxj—vx].>dx>0, (3.16)
=1

foru,veV. O
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We say that an operator «/ : V. — V' is coercive if

Hu(u)
_— = 3.17
lully —oo [|lly 317
Remark 3.5. Coercivity of o implies that for any f € V, there is N > 0 such that
f(u) < Au(u), (3.18)

provided that ||u|l;; > N. In fact, the limit (3.17) says that, for any M > 0, there exists a
positive integer N such that #u(u) > M|ul|y for |lully, > N. Hence, in particular, by taking
M = ||fll,, we have

fa) < |f@| < || fllyllully < Auw), (3.19)

if [lully > N.

In the following lemma, we assume that the Holder pair (a, ) permits the slope
condition (2.32).

Lemma 3.6. The operator o4 : V. — V' is coercive.
Proof. By virtue of Poincaré’s inequality, we see that

full, < Ca* ([ @) < i < > a(

]

Uy,

)dx) ) (3.20)

] >dx>. (3.21)

for some positive constant C. Then we have

ey = Nl + & <Zl [ a( )dx> <€+ <Zl [ a(

Hence, as ||u||y, — oo, we observe Z;’:l fg a(luy,[)dx — co. Therefore, we get

)dx

Uy,

Uy,

Uy,

Au(u) S Z?ﬂ fga<

lully — (C+Dat <Z;‘1=1 f9&< Usj >dx> (3.22)
Lo~
- ﬁ1<jz_;fga<uxj >dx>—>oo,
as [lully — oo. -

We now present the proof of the main theorem.
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Proof of Theorem 3.1. We note that V = {u € W1(Q) | u = 0 on 0Q} is a separable reflexive
complete metric space. Hence, we can choose an independent set of vectors {wi,w», ...}
whose linear spans are dense in V. For each m > 1, we denote by V,, the subspace of V

spanned by the set of vectors {w1, wy,...,wy,}, thatis, V,, = span{w,w»,...,w,}, and we
define the natural (vector space) isomorphism j,, : V;, — R™ by

m
Zaiwi — (ay,az,...,a4n). (3.23)
i1

Note that j,! : R™ — V,, is continuous, because it is a combination of finitely many scalar
multiplications and additions each of which is continuous. Hence, by denoting the inclusion
map from V,, to V by i,, : V,, — V, wehave o, =iy, 0 j,‘n1 :R™ — V is continuous.

We define

>¢xj dx, (3.24)

Uy,

S &<|uxf'> S -1
e4u(¢)=]§fg ™ d)xjdx:j;jgﬂ o a(

for u, ¢ € V. For fixed m € N, we will find a solution u,, € V,, for a system
A(um) (wy) = f(wj), 1<j<m. (3.25)

To accomplish it, we first show that 7}, 0 o/ 0 T, : R™ — (R™)' is continuous, where we set

7 (@) (x) == ¢(mm(x)), for ¢ € V', x € R™. Indeed, the nonlinear operator &/ : V. — V'is

continuous by Lemma 3.3, and the dual linear operator o}, : V' — (R™)' of o, is continuous.
Now we define a map F,, : R" — (R™)' by

Fu(v) = a5, 0 A 0 7 (0) — 75, (f) (3.26)

for all v € R™. We will show that F,, has a root. By Lemma 3.6 and Remark 3.5, there is a
positive number N > 0 such that for any u with ||u||;, > N, we have

Hu(u) > f(u). (3.27)
Hence, for any |7, (v)|lv > N, we obtain

F(v)(v) = o), 0 A 0 0y (V) (v) — 0, f (V)

= A (7 (0)) (7T (0)) = f (7m (0)) > 0.

(3.28)

From the fact that limy|—, 7, (V) = oo, there is r > 0 such that |v| > r implies ||, (v)|ly > N.
Therefore, by letting R : R” — (R™)' the Riesz map and putting F,, := R™' o F,,, we obtain

Fn(v) -0 = Fp(v)(v) >0, if o] > (3.29)



14 Fixed Point Theory and Applications
Together with the continuity of PN’m, we know that ﬁm has a root inside the ball {x € R™ :

|x| < r} by virtue of Brouwer’s fixed point theorem. Hence, F,, has a root F,(u,,) = 0 for some
[t2,,] < r. Therefore, for each m > 1, we have

(A 0 T (1)) (7 (V) = f (7 (0)) =0 Vo € R™, (3.30)

or equivalently

(A 0 Ty (U))(w) — f(w) =0 Yw € V. (3.31)

Denote 7y, (i) := Uy, and we get

Huy, = f in V., (3.32)

It follows from (3.28) that ||u,, ||y < N. We also have that the sequence {||«#u,,|y-} is bounded
since the operator <4 is bounded (Lemma 3.2). Thus, the sequence {|f (u,,)|} is bounded. Then
there exists a subsequence {u,,, } of {u,,} and an element u in V such that

(i) Uy, —uinV,
(ii) Ay, — f in V' (by (3.32)),
(iii) (Aum,)(Um,) = f(Um,) — f(u) (by the weak continuity of f).

Since &4 is monotone (Lemma 3.4), we have that, forallv € V,

(Attm,) (Um,) = (HAttm, ) (V) = (H0) (t,) + (H0) (V) 2 0. (3.33)

Then take the limit as k — oo, and we get f(u) — f(v) — (#v)(u) + (Hv)(v) > 0. This is
equivalent to

(f —Av)(u-v) 20, (3.34)
and this holds for all v € V. Now take v := u — tw for any w € V and any t > 0, then plug v

into (3.34) to have t(f — A (u —tw))w > 0, or f(w) — HA(u — tw)w > 0. By the continuity of <
(Lemma 3.3), we lett — 0 to obtain

f(w) —Au)w >0, (3.35)
for all w € V. We replace w in (3.35) with —w to find

(f —Aw))(w) 0. (3.36)
Combine (3.35) with (3.36), and we finally obtain

f=d). (3.37)

The proof is now completed. O
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Appendix
We present the proof of Proposition 2.9. We first set up the following lemma.

Lemma A.1. The scalar multiplication on L,(X) over R is continuous. Furthermore, for k > 0,

-1
[ A0, < kAN, < KA, (A1)
where [k is the ceiling of k, the smallest integer that is not less than k.
Proof. The monotonicity of a, a~! and Minkowski’s inequality deliver
1% flle, < HTR1f I, < TRULAL, (A2)

Hence, f, — f in L«(X) implies kf, — kf in Ly(X). In turn, it leads to ||f|, =
A/ k)kflly, < [1/k]llkfll,, , and so [1/k]_1||f||La < |lkfll;,- Now, it remains to check that the
conditions k, — k and f € Ly(X) imply k,f — kf in L,(X). Indeed, the inequality (A.2)
shows implicitly that the sequence {a(|(k, — k) f|)} is dominated by an L,-function a(2M]|f|)
with M := [max,en|k,|]; hence, by Lebesgue-dominated convergence theorem, we have

lim j Ft(|(kn—k)f|)dy=f lim &(|(ky, — k) f(x)|)dp = 0. (A.3)
n—oo X X n—oo
This gives the desired convergence. O

We now return to prove Proposition 2.9.

Proof of Proposition 2.9. Without loss of generality, we may assume that v = (1,0,...,0). For
P € C2(Q),

Ox, (1&(|p()])) = &([p()]) + 1 (|¢(x) |) (58 $(x)) (0, P (x))- (A4)

Integration of both sides yields

[ anaipeax = [ a@lpedrs [ w@(1pe])senpeo) @nd0)dx
Q Q Q (A5)

The boundary condition makes the left-hand side zero: [, 9, (x1&(|¢(x)]))dx = 0. Then, by
virtue of Holder’s inequality, identity (A.5) becomes

[ @peDax< kg ([ pa(s@Dhax)a (| @lad@hdx), (o)
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where k = sup{|x - 9| : x € Q}. The slope condition (2.35) together with the identity (2.34)
and the argument presented at Section 2.2 yield

([ o) < ([ (55000 )

(A7)
_ C ~_1 ~
[l sasenes)
Therefore, from the estimate (A.6), we conclude that
&(llgll,.) = cpoa(lll,, ) loxsl,., (A8)
or equivalently
“(”‘]’ L,,,) <clis A9
< cloudll,, (A9)
proa(llgll,.)
for some constant C. Identity (2.3) leads to ||§||; < Cl|0x,¢||; . The density argument gives
the desired inequality. O
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