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We first prove that the product of a family of LI'-spaces is also an LI-space. Then, by using a
Himmelberg type fixed point theorem in LT-spaces, we establish existence theorems of solutions
for systems of generalized quasivariational inclusion problems, systems of variational equations,
and systems of generalized quasiequilibrium problems in LI'-spaces. Applications of the existence
theorem of solutions for systems of generalized quasiequilibrium problems to optimization
problems are given in LI'-spaces.

1. Introduction

In 1979, Robinson [1] studied the following parametric variational inclusion problem: given
x € R, find y € R™ such that

0€g(xy)+Q(x,y), (1.1)

where g : R” x R” — RP? is a single-valued function and Q : R" x R™ — R? is a multivalued
map. It is known that (1.1) covers variational inequality problems and a vast of variational
system important in applications. Since then, various types of variational inclusion problems
have been extended and generalized by many authors (see, e.g., [2-7] and the references
therein).

On the other hand, Tarafdar [8] generalized the classical Himmelberg fixed point
theorem [9] to locally H-convex uniform spaces (or LC-spaces). Park [10] generalized
the result of Tarafdar [8] to locally G-convex spaces (or LG-spaces). Recently, Park [11]
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introduced the concept of abstract convex spaces which include H-spaces and G-convex
spaces as special cases. With this new concept, he can study the KKM theory and its
applications in abstract convex spaces. More recently, Park [12] introduced the concept of
LI-spaces which include LC-spaces and LG-spaces as special cases. He also established the
Himmelberg type fixed point theorem in LT-spaces. To see some related works, we refer to
[13-21] and the references therein. However, to the best of our knowledge, there is no paper
dealing with systems of generalized quasivariational inclusion problems in LI-spaces.

Motivated and inspired by the works mentioned above, in this paper, we first prove
that the product of a family of LI-spaces is also an LI'-space. Then, by using the Himmelberg
type fixed point theorem due to Park [12], we establish existence theorems of solutions for
systems of generalized quasivariational inclusion problems, systems of variational equations,
and systems of generalized quasiequilibrium problems in LI-spaces. Applications of the
existence theorem of solutions for systems of generalized quasiequilibrium problems to
optimization problems are given in LI'-spaces.

2. Preliminaries

For a set X, (X) will denote the family of all nonempty finite subsets of X. If A is a subset of
a topological space, we denote by intA and A the interior and closure of A, respectively.

A multimap (or simply a map) T : X — Y is a function from a set X into the power
set 2Y of Y; that is, a function with the values T(x) C Y for all x € X. Given a mapT: X —Y,
themap T~ : Y — X definedby T~ (y) = {x e X : y € T(x)} forall y € Y, is called the (lower)
inverse of T. Forany A C X, T(A) := Uyes T(x).Forany BC Y, T~ (B) := {x € X : T(x)NB #0}.
As usual, the set {(x, ) €e X xY : y € T(x)} C X x Y is called the graph of T

For topological spaces X and Y, amap T : X —o Y is called

(i) closed if its graph Graph(T) is a closed subset of X x Y,

(ii) upper semicontinuous (in short, u.s.c.) if for any x € X and any open set V in Y
with T(x) C V, there exists a neighborhood U of x such that T(x') C V forallx’ e U,

(iii) lower semicontinuous (in short, 1.s.c.) if for any x € X and any open set V in Y with
T(x)NV #0, there exists a neighborhood U of x such that T(x')NV #@ for all x' € U,

(iv) continuous if T is both u.s.c. and Ls.c.,

(v) compact if T(X) is contained in a compact subset of Y.

Lemma 2.1 (see [22]). Let X and Y be topological spaces, T : X —o Y be a map. Then, T is Ls.c. at
x € X if and only if for any y € T(x) and for any net {x,} in X converging to x, there exists a net
{ya) in Y such that y, € T(x,) for each a and y, converges to y.

Lemma 2.2 (see [23]). Let X and Y be Hausdorf{f topological spaces and T : X —o Y be a map.

(i) If T is an u.s.c. map with closed values, then T is closed.
(ii) If Y is a compact space and T is closed, then T is u.s.c.
(iii) If X is compact and T is an u.s.c. map with compact values, then T (X) is compact.
In what follows, we introduce the concept of abstract convex spaces and map classes

R, RC and RO having certain KKM properties. For more details and discussions, we refer
the reader to [11, 12, 24].
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Definition 2.3 (see [11]). An abstract convex space (E, D;I’) consists of a topological space E,
anonempty set D, and amap I' : (D) — E with nonempty values. We denote I' 4 := I'(A) for
A e (D).

In the case E = D, let (E;I') := (E,E;I). It is obvious that any vector space E is an
abstract convex space with I' = co, where co denotes the convex hull in vector spaces. In
particular, (IR; co) is an abstract convex space.

Let (E, D;T) be an abstract convex space. For any D' C D, the I'-convex hull of D' is
denoted and defined by

corD' := | J{Ta| A€ (D)} CE, (2.1)

(co is reserved for the convex hull in vector spaces). A subset X of E is called a I'-convex
subset of (E, D;T) relative to D' if for any N € (D’), we have I'y C X; that is, corD’ C X.
This means that (X, D’;I'|py) itself is an abstract convex space called a subspace of (E, D;T).
When D C E, the space is denoted by (E > D;T). In such case, a subset X of E is said to be
I'-convex if cor(X N D) C X; in other words, X is I'-convex relative to D' = X N D. When
(E;T) = (R; co), I'-convex subsets reduce to ordinary convex subsets.

Let (E, D;T’) be an abstract convex space and Z a set. For a map F : E — Z with
nonempty values, if amap G : D —o Z satisfies

F(T4) Cc G(A), VA€ (D), (2.2)

then G is called a KKM map with respect to F. A KKM map G : D — E is a KKM map with
respect to the identity map 1. Amap F : E — Z is said to have the KKM property and called
a R-map if, for any KKM map G : D — Z with respect to F, the family {G(y)} yeD has the
finite intersection property. We denote

R(E,Z) :={F: E — Z | F is a R-map}. (2.3)

Similarly, when Z is a topological space, a SR¢-map is defined for closed-valued maps
G, and a RO-map is defined for open-valued maps G. In this case, we have

R(E, Z) ¢ RE(E, Z) NRO(E, Z). (2.4)

Note that if Z is discrete, then three classes R, R¢ and RO are identical. Some authors use
the notation KKM(E, Z) instead of RE(E, Z).

Definition 2.4 (see [24]). For an abstract convex space (E,D;I’), the KKM principle is the
statement 1 € RE(E, E) NRO(E, E).
A KKM space is an abstract convex space satisfying the KKM principle.
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Definition 2.5. Let (Y;T') be an abstract convex space, Z be a real t.v.s., and F : Y — Z a map.
Then,

(i) F is {0}-quasiconvex-like if for any {yi,y2,...,¥»} € (Y) and any y €
T'({y1,y2,-..,ya}) there exists j € {1,2,...,n} such that F(y) C F(y;),

(ii) F is {0}-quasiconvex if for any {y1,y2,...,yn} € (Y)andanyy € T({y1, y2, ..., Yn})
there exists j € {1,2,...,n} such that F(y;) C F(y).

Remark 2.6. If Y is a nonempty convex subset of a t.v.s. with I = co, then Definition 2.5 (i) and
(ii) reduce to Definition 2.4 (iii) and (vi) in Lin [5], respectively.

Definition 2.7 (see [25]). A uniformity for a set X is a nonempty family % of subsets of X x X
satisfying the following conditions:

(i) each member of U contains the diagonal A,

(ii) foreachU € U, U ' € U,
(ii1) for each U € U, there exists V € U such that VoV c U,
(fv)ifUeU, Vel ,thenUNV eU,
(v)ifUeUandU cV Cc X xX,thenV € U.

The pair (X, %) is called a uniform space. Every member in % is called an entourage.
For any x € X and any U € U, we define U[x] := {y € X : (x,y) € U}. The uniformity % is
called separating if (\{U € X x X : U € U} = A. The uniform space (X, %) is Hausdorff if and
only if U is separating. For more details about uniform spaces, we refer the reader to Kelley
[25].

Definition 2.8 (see [12]). An abstract convex uniform space (E, D;I’; B) is an abstract convex
space with a basis B of a uniformity of E.

Definition 2.9 (see [12]). An abstract convex uniform space (E > D;T; B) is called an LI'-space
if

(i) D is dense in E, and

(ii) for each U € B and each I'-convex subset A C E, the set {x € E: AnU|[x]#0} is
I'-convex.

Lemma 2.10 (see [12, Corollary 4.5]). Let (E > D;I; B) be a Hausdorff KKM LI-space and T :
E —o E a compact u.s.c. map with nonempty closed I'-convex values. Then, T has a fixed point.

Lemma 2.11 (see [24, Lemma 8.1]). Let {(E;, D;;T;)};e; be any family of abstract convex spaces.
Let E := []ic;Ei and D := [1i;Di. For each i € 1, let or; : D — D; be the projection. For each
A € (D), define T(A) := [1;e/Li(7i(A)). Then, (E, D;T) is an abstract convex space.

Lemma 2.12. Let I be any index set. For each i € I, let (X;;T'i; B;) be an LI-space. If one defines
X = [LieXi, T(A) = TTigli(mi(A)) for each A € (X) and B = {()_, u :u e S,j-=
1,2,...,n and n € N}, where S := {{(x,y) € X x X : (x;,y;) € U;} : i € I,U; € B;}. Then,
(X;T; B) is also an LI'-space.
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Proof. By Lemma 2.11, (X;T) is an abstract convex space. It is easy to check that S is a subbase
of the product uniformity of X. Since B is the basis generated by .S, we obtain that B is a basis
of the product uniformity, and the associated uniform topology on X.

Now, we prove that for each U € B and each I'-convex subset A C X, the set {x € X :
ANU[x] #0} is I-convex. Firstly, we show that for each i € I, m;(A) is a I';-convex subset
of X;. For any N; € (m;(A)), we can find some N € (A) with s;(N) = N;. Since A is a I'-
convex subset of X, we have I'(N) C A. It follows that I';(sr;(N)) = I';(N;) C a;(A). Thus, we
have shown that o;(A) is a I';-convex subset of X;. Secondly, we show that the set {x € X :
ANU [x] # 0} is T-convex. Since each U/ € S has the form U/ = {(x,y) € XxX : (x;, ;) € U;,}
for some i; € I and U;, € Bi;, we have that

Ulx] ={yeX: (x,y) eU}

:{yeX:(x,y)EﬁUj}

j=1
={yex:(x,y)eu, vi=12.,n} (2.5)

= {yex;yij Euij[xi]] Vj=1,2,...,1’l}

= H Xi x ﬁui/‘ [xif]'
j=1

iel\{ij:;j=1.2,...n}
[xeX:ANU[x]#0} =dxeX: AN I XixHLIi].[xij] £0
i€\ {ij:j=1,2,..,n} =1

(ri(A) X x T [ (o, (4) U [ 7&@}
j=1

{ lEI\ ij:j= 12 n}

xeX: H 7 (A) N U, [xl]>760}

= ﬁ{x € X : i (A) NU; [xif] 7éQ)}

=1

—.

=ﬁ< [T X {x € Xy (4) N [xlj]#®}>

j=1 \iel\{i;}
(2.6)

By the definition of LI-spaces, we obtain that for each j € {1,2,...,n}, the set {x,-]. € Xj :
i, (A) NU;, [xi;] # 0} is T -convex. It follows from (2.6) that the set {x € X : AnU[x] #0} is
a I'-convex subset of X. Therefore (X;I’; B) is an LI'-space. This completes the proof. O

Remark 2.13. Lemma 2.12 generalizes [26, Theorem 2.2] from locally FC-uniform spaces to
LI-spaces. The proof of Lemma 2.12 is different with the proof of [26, Theorem 2.2].
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3. Existence Theorems of Solutions for Systems of Generalized
Quasivariational Inclusion Problems

Let I be any index set. For each i € I, let Z; be a topological vector space, (X;; 1"} ; B}) be an LT-
space, and (Y;;IT?;B?) be an LI-space with 1y, € RE(Y;, Y;). Let X = [[;;Xi, Y = [1,;Y; and
(X xY;TI'; B) be the product LI'-space as defined in Lemma 2.12. Furthermore, we assume that
(X xY;T; B) is a KKM space. Throughout this paper, we use these notations unless otherwise
specified, and assume that all topological spaces are Hausdorff.

The following theorem is the main result of this paper.

Theorem 3.1. For eachi € I, suppose that
(i) Ai: X x Y —o X; is a compact u.s.c. map with nonempty closed I’} -convex values,
(ii

(ii

T; : X —o Y; is a compact continuous map with nonempty closed I'3-convex values,

)
)
) Gi: X xY; xY; —o Z; is a closed map with nonempty values,

(iv) for each (x,v;) € X x Y, yi — Gi(x,yi, v;) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v; — Gi(x, y;,v;) is {0}-quasiconvex-like and 0 € G;(x, yi, yi).

Then, there exists (X,y) € X x Y with X = (X;);c; and y = (Y,) ;e such that for each i € I, x; €
Ai(x,Y), y; € Ti(x) and 0 € G;(X, y,, v;) for all v; € Ti(X).

Proof. For eachi € I, define H; : X — T;(X) by
Hi(x) = {yi € T;(x) : 0 € Gi(x,y;,vi) Vvi € Ti(x)}, VxeX. (3.1)

Then, H;(x) is nonempty for each x € X. Indeed, fixany i € I and x € X, define Q : Tj(x) —
Ti(x) by

Qj‘(vi) = {yl € Ti(x) :0€e Gi(x,yi,vi) }, Vvi € Ti(x). (32)

First, we show that Q7 is a KKM map w.r.t. 17,(x). Suppose to the contrary that there exists a
finite subset {v},v?,...,v"} C Ti(x) such that I?({v},v?,...,v"})¢ Uk, QF (vF). Hence, there
exists 7; € I?({v},v?,...,v""}) satisfying ©; ¢ QF (vF) for all k = 1,2,...,n. Since T;(x) is I*-
convex, we have 7; € I'?({v},v?,...,v"}) C Ti(x). By 0; Q¥ (vF) forall k = 1,2,...,n, we
know that 0 ¢ Gi(x,ii,vf) forall k = 1,2,...,n. Since v; — G;(x,v;,v;) is {0}-quasiconvex-
like, there exists 1 < j < n such that

0 € Gi(x,5;,3;) C G (x, o, 0! ) (3.3)

This leads to a contradiction. Therefore, Qf is a KKM map w.r.t. 1r,(x). Next, we show that
Q7 (v;) is closed for each v; € Ti(x). Indeed, if y; € Qf(v;), then there exists a net {y{},c
in Q7 (v;) such that y! — y;. For each a € A, we have y € Ti(x) and 0 € G;(x,y,v;). By
condition (ii), Ti(x) is closed, and hence y; € Ti(x). By condition (iii), G; is closed, and hence
0 € Gi(x,yi,v;). It follows that y; € QX (v;). Therefore, Q7 (v;) is closed. Since 1y, € RE(Y;, Y;)
and T;(x) is Fl.z-convex, we have that 17,(x) € RE(Ti(x), Ti(x)). Having that T; is compact, we
can deduce that (N,.cr, () Q;f (vi) #0. That is H;(x) is nonempty.
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H; is closed for each i € I. Indeed, if (x,y;) € Graph(H;), then there exists a
net {(x% y{)}en in Graph(H;) such that (x%,yf) — (x,y;). One has y € T;(x*) and
0 € Gi(x*, y,v;) for all v; € T;(x%). By condition (ii), T; is closed, and hence y; € T;(x).
Let v; € Ti(x), since T; is L.s.c., there exists a net {vf} satisfying v{" € T;(x*) and v{ — v;. We
have 0 € G;(x%, y{,v{). Since G; is closed, we obtain 0 € G;(x, y;, v;). Thus, we have shown
that (x, y;) € Graph(H;). Hence, H; is closed.

H;(x) is I'*-convex for each i € I and x € X. Indeed, if {y},y?,...,y"} € (Hi(x)),
then we have that {y},y?,...,y"} C Ti(x) and 0 € G;(x,yF,v;) for all v; € T(x) and all
k=1,2,...,n Forany giveny, € I?({y}, v?,...,y'}), we have ¥, € T;(x) because T;(x) is I'*-
convex. For each v; € T;(x), since y; — G;(x, y;, v;) is {0}-quasiconvex, there exists 1 < j <n
such that

G; (x, yf, vi> c Gi(x,y,,vi). (3.4)

Hence, 0 € Gj(x,y,,v;) for all v; € T;(x). It follows that i, € H;(x) and H;(x) is l"f—convex.
Since H;(X) C T;(X) and T;(X) is compact. It follows from Lemma 2.2(ii) that H; is a
compact u.s.c. map for each i € I. Define Q : X xY — X x Y by

Q(x,y) = [HA,- (x,y)] x [HH,-(x)], V(x,y) €XxY. (3.5)

i€l i€l

It follows from the above discussions that for each i € I, H; is a compact u.s.c. map with
nonempty closed I'7-convex values. Thus, Q is a compact u.s.c. map with nonempty closed
I'-convex values. By Lemma 2.10, there exists (X, ) € X x Y such that (x,y) € Q(x,y). That is
there exists (x,y) € X xY withx = (x;);c; and y = (y,)c; such that for eachi € I, x; € A;(x, V),
y,; € Tiy(x) and 0 € G;(X, y,,v;) for all v; € T;(x). This completes the proof. O

For the special case of Theorem 3.1, we have the following corollary which is actually
an existence theorem of solutions for variational equations.

Corollary 3.2. For eachi € I, suppose that conditions (i) and (ii) in Theorem 3.1 hold. Moreover,

(iii); G; : X xY; xY; — Z; is a continuous mapping;
(iv)1 foreach (x,v;) € X xY;, yi — Gi(x,yi,v;) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v; — Gi(x,yi,v;) is also {0}-quasiconvex and G;(x,y;, y;) = 0.

Then, there exists (x,y) € X x Y with X = (X;);c; and y = (Y,);e; such that for each i € I, x; €
Ai(f,y), yi € TZ(E) and Gi(y,yi, Ul’) = 0f01" all v; € Tl(f)

Theorem 3.3. Foreach i € I, suppose that conditions (i) and (ii) in Theorem 3.1 hold. Moreover,

(iii), Hj : X —o Z; is a closed map with nonempty values and Q; : X x Y; x Y; —o Z; is an u.s.c.
map with nonempty compact values;

(iv)a for each (x,v;) € X xY;, yi —o Qi(x, yi,v;) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v; — Qi(x, yi,v;) is {0}-quasiconvex-like and 0 € H;(x) + Qi(x, vi, yi).

Then, there exists (x,y) € X x Y with X = (X;);c; and y = (y,);e; such that for each i € I, x; €
A,’(E,y), yi € Tl(f) and 0 € HI(E) + Qi(z’yi’ Ui)fOT all v; € Tl(y)
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Proof. For eachi € I, define G; : X xY; xY; — Z; by
Gi(x,yi,vi) = Hi(x) + Qi(x, yi,vi), V(x,y;,vi) € XxYix Y. (3.6)

Obviously, G; has nonempty values. Now, we show that G; is closed. Indeed, if
(x,vi,vi,zi) € Graph(G;), then there exists a net {(x%, y{, v{, z7)} ,ca in Graph(G;) such that

(x*,yf,vf,zf) — (x,y;,vi,2;). Since

zf € Gi(x%, yf, vf) = Hi(x*) + Qi(x%, y!, vf), (3.7)
there exist u € H;(x%) and w{ € Q;(x*,y7,v{) such that z¥ = uf + w!. Let

K={x":aeAlU{x}, Li={yf:acA}lUly}, Mi={vf:acAlUfv}. (3.8)

Then K is a compact subset of X, L; and M; are compact subsets of Y;. By condition (iii), and
Lemma 2.2(iii), Q; (K x L; x M;) is a compact subset of Z;. Thus, we can assume that w{ — w;.
By condition (iii)z, Q; is closed, and hence w; € Q;(x, y;, v;). Since z! — w{ = u! € H;(x*) and
Hi is closed, we have z; — w; € H;(x). Letting u; = z; — wy, it follows that

zi = ui + wi € Hi(x) + Qi(x, yi,vi) = Gi(x, yi,vi), (3.9)

and so G; is closed.

By the above discussions, we know that condition (iii) of Theorem 3.1 is satisfied. It is
easy to check that condition (iv) of Theorem 3.1 is also satisfied. By Theorem 3.1, there exists
(x,y) € X x Y with x = (Xi),c; and y = (¥,);¢; such that for eachi € I, x; € Ai(X,y), y; € Ti(x)
and

0 € Gi(%, 7, vi) = Hi(%) + Qi(X, 7, 1), (3.10)

for all v; € T;(x). This completes the proof. O

For the special case of Theorem 3.3, we have the following corollary which is actually
an existence theorem of solutions for variational equations.

Corollary 3.4. For each i € I, suppose that conditions (i) and (ii) in Theorem 3.1 hold. Moreover,

(iii)s H; : X — Z;jis a continuous map and Q; : X x Y; x Y; — Z; is a continuous map;
(iv)s for each (x,v;) € X xYi, yi — Qi(x, yi, v;) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v; — Qi(x,yi,v;) is also {0}-quasiconvex and H;(x) + Qi(x, yi, yi) = 0.

Then, there exists (x,y) € X x Y with X = (X;);c; and y = (Y,);e; such that for each i € I, x; €
Ai(x,y),y,; € Ti(x) and H;(x) + Qi(X,y,;,vi) = 0 for all v; € T;(x).

From Theorem 3.3, we establish the following corollary which is actually an existence
theorem of solutions for systems of generalized vector quasiequilibrium problems.
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Corollary 3.5. For each i € I, suppose that conditions (i) and (ii) in Theorem 3.1 hold. Moreover,

(iii)4 C; : X —o Z; is a closed map with nonempty values and Q; : X x Y; x Y; —o Z; is an u.s.c.
map with nonempty compact values;

(iv)4 for each (x,v;) € X xY;, yi —o Qi(x, yi, vi) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v;i — Qi(x, yi,vi) is {0}-quasiconvex-like and Q;(x, yi, yi) N Ci(x) #0.

Then, there exists (x,y) € X x Y with X = (X;);c; and y = (Y,);e; such that for each i € I, x; €
Ai(x,y), y; € Ti(x), and Qi(X,y,;,v;) N Ci(x) #0 for all v; € T;i(X).

Proof. Define H; : X — Z; by H;i(x) = —Cj(x) for all x € X. Since C; is a closed map with
nonempty values, we have that H; is a closed map with nonempty values. All the conditions
of Theorem 3.3 are satisfied. The conclusion of Corollary 3.5 follows from Theorem 3.3. This
completes the proof. O

4. Applications to Optimization Problems

Let Z be a real topological vector space, D a proper convex cone in Z. A point iy € A is called
a vector minimal point of A if forany y € A, y—y ¢ —D)\ {0}. The set of vector minimal point
of A is denoted by Minp A.

Lemma 4.1 (see [27]). Let Z be a Hausdorff t.v.s., D be a closed convex cone in Z. If A is a nonempty
compact subset of Z, then Minp A # §).

Theorem 4.2. For each i € I, suppose that conditions (i), (ii) in Theorem 3.1 and conditions (iii)s,
(iv)y in Corollary 3.5 hold. Furthermore, let h : X x Y —o Z be an u.s.c. map with nonempty compact
values, where Z is a real t.v.s. ordered by a proper closed convex cone in Z. Then, there exists a solution
to:

Min, ) h(x,y), (4.1)
where x = (x;);c; and y = (Yi) ey such that foreachi € 1, x; € Ai(x,y), yi € Ti(x), and Q;(x, yi, v;)N
Ci(x) #0 for all v; € Ti(x).

Proof. By Corollary 3.5, there exists (x,y) € X x Y with x = (x;);;; and ¥ = (¥,);¢; such that
foreachi €I, x; € Ai(x,y), vy, € Ti(x) and Q;(X,y,,v;) N Ci(x) #@ for all v; € T;(x). For each
iel, let

M;={(x,y) e XxY :x; € Ai(x,y),yi € T;(x),

(4.2)
Qi(x, yi,v;) NCi(x) #0 Yov; € Ti(x)},
and M = gy M. Then (x,y) € M and M # 0. We show that M; is closed for each i € I.
Indeed, if (x,y) € M;, then there exists a net {(x%, y*)},ex in M; such that (x*, y*) — (x,y).
For each a € A, (x%, y*) € M, implies that

xf e Ai(x%,y%), yfeT;(x%), Qi(x*yfv)NCi(x*)#0 Vo; € T;(x%). (4.3)
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By the closedness of A; and T;, we have that x; € A;(x,y) and y; € Ti(x). Now, we prove
that Q;(x, yi, vi) N Ci(x) #0 for all v; € T;(x). For any v; € T;(x), since T; is L.s.c., there exists a
net (v}, satisfying v € T;(x%) and v — ©v;. Let uf € Q;(x%, y{,v") N C;(x*). Since Q; is
u.s.c. with nonempty compact values, we can assume that u — u; € Z;. By the closedness
of Q; and C;, we have that u; € Q;(x,yi,v;) N Ci(x). Thus, Q;(x, yi,v;) N Ci(x) #0. It follows
that M; is closed. Hence, M is closed. Note that M C JT;c;Ai(X xY) x [Tie;Ti(X). We know
that M is a nonempty compact subset of X x Y. It follows from Lemma 2.2(iii) that k(M) is a
nonempty compact subset of Z. By Lemma 4.1, Minph(M) # 0. That is there exists a solution

of the problem: Min,)h(x, y) where (x,y) € M. This completes the proof. O

Theorem 4.3. For each i € I, suppose that X; is compact and condition (ii) in Theorem 3.1 holds.
Moreover,

(iii)s Q; : X x Y; x Y; — Ris a continuous function;

(iv)s for each (x,v;) € X xY;, yi — Qi(x,yi,v;) is {0}-quasiconvex; for each (x,y;) € X x Y;,
v — Qi(x,yi,vi) is also {0}-quasiconvex and Q;(x,yi, yi) > 0.

Furthermore, let h : X xY — Riis a L.s.c. function. Then there exists a solution to:
min h(x,y), (4.4)
where x = (x;);e; and y = (Yi);e; such that for each i € 1, y; € Ti(x) and Qi(x,y;,vi) > 0 for all
v; € Ti(x).
Proof. For eachi € I, define A;: X xY — X;and C; : X — R by
Ai(x,y) =X;, Y(x,y)eXxY,

(4.5)
Ci(x) =[0,+0), Vx€eX,

respectively. It is easy to check that all the conditions of Corollary 3.5 are satisfied. For each
i € I, define

Mi={(x,y) eXxY:y€Ti(x), Qi(x,y;,vi)>0 Vv €Ti(x)}, (4.6)

and M = (\;c; M;. Then, by Corollary 3.5, there exists (X, 7) € M and hence M # (). Arguing as
Theorem 4.2, we can prove that M is a nonempty compact subset of X x Y. Hence there exists
a solution to the problem min,,,)h(x,y) where (x,y) € M. This completes the proof. O

Remark 4.4. Theorem 4.3 generalizes [28, Corollary 3.5] from locally convex topological
vector spaces to LI'-spaces.

Theorem 4.5. For each i € 1, suppose that X; is compact and condition (ii) in Theorem 3.1 holds.
Moreover,

(iii) Fi : X x Y; — R is a continuous function;

(iv)e foreach x € X, y; — Fi(x,y;) is {0}-quasiconvex.
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Furthermore, let h : X xY — R be a Ls.c. function. Then, there exists a solution to the problem:
ming ) h(x,y), (4.7)

where x = (xi)jc; and y = (Yi);er such that for each i € I, y; is the solution of the problem
ming,er, (x) Fi (x, vi).

Proof. For eachi € I, define Q; : X xY; xY; — Rby
Qi(x,yi,vi) = Fi(x,v;) - Fi(x,yi), VY(x,y;,v) € XxY;x Y, (4.8)

It is easy to check that all the conditions of Theorem 4.3 are satisfied. Theorem 4.5 follows
immediately from Theorem 4.3. This completes the proof. O
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