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We obtain some new existence and uniqueness theorems of positive fixed point of mixed monotone
operators in Banach spaces partially ordered by a cone. Some results are new even for increasing
or decreasing operators.

1. Introduction

Mixed monotone operators were introduced by Guo and Lakshmikantham in [1] in 1987.
Thereafter many authors have investigated these kinds of operators in Banach spaces
and obtained a lot of interesting and important results. They are used extensively in
nonlinear differential and integral equations. In this paper, we obtain some new existence
and uniqueness theorems of positive fixed point of mixed monotone operators in Banach
spaces partially ordered by a cone. Some results are new even for increasing or decreasing
operators.

Let the real Banach space E be partially ordered by a cone P of E, thatis, x < vy
if and only if y —x € P. A : P x P — P is said to be a mixed monotone operator
if A(x,y) is increasing in x and decreasing in y, that is, u;,v; i = 1,2) € Pu <
up,v1 > vy implies A(uy,v1) < A(up,vp). Element x € P is called a fixed point of A if
A(x,x) = x.

Recall that cone P is said to be solid if the interior 103 is nonempty, and we denote
x> 0ifx e 103 P is normal if there exists a positive constant N such that 0 < x < y implies
llx|l < N|ly|l, N is called the normal constant of P.

For all x,y € E, the notation x ~ y means that there exist A > 0 and y > 0 such
that Ax < y < px. Clearly, ~ is an equivalence relation. Given h > 0 (i.e.,h > 0 and h#0),
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we denote by Pj, the set P, = {x € E | x ~ h}. It is easy to see that P, C P is convex and

AP, =Py forall A >0.If P#@and h € P, it is clear that P, = P.

All the concepts discussed above can be found in [2, 3]. For more facts about mixed
monotone operators and other related concepts, the reader could refer to [4-9] and some of
the references therein.

2. Main Results

In this section, we present our main results. To begin with, we give the definition of T-¢-
concave-convex operators.

Definition 2.1. Let E be a real Banach space and P a cone in E. We say an operator A: PxP —
P is T-¢-concave-convex operator if there exist two positive-valued functions 7(t), ¢(t) on
interval (a, b) such that

(Hy) 7(t) : (a,b) — (0,1) is a surjection,
(Hy) o(t) > 7(t), for all t € (a,b),
(Hz) A(t(t)x, (1/7(1)y) > p(t)A(x,y), forallt € (a,b), x,y € P.

Theorem 2.2. Let P be normal cone of E, and let A : P x P — P be a mixed monotone and T-(p-
concave-convex operator. In addition, suppose that there exists h > 0 such that A(h, h) € Py, then A
has exactly one fixed point x* in Py,. Moreover, constructing successively the sequence

Xn = A(Xn-1, Yn-1), Yn=AYn1,X01), n=12,..., (2.1)
for any initial xo, yo € Py, one has
n = x| —0,  |lyn—x"]] —0, n— co. (2.2)
Proof. We divide the proof into 3 steps.

Step 1. We prove that A has a fixed point in P,.
Since A(h, h) € P,, we can choose a sufficiently small number ¢ € (0, 1) such that

1
eoh < A(h,h) < e—h. (2.3)
0
It follows from (H;) that there exists fy € (a,b) such that T(ty) = ep, and hence

1
o)l < A ) < . (2.4)
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By (H;), we know that ¢(ty) /T(tp) > 1. So, we can take a positive integer k such that

(roy',
T(to) /) ~ T(to)

It is clear that

() =7

Let ug = [7(to)]¥h, v = (1/[7(ts)]")h. Evidently, up, vy € P, and uy = [7(to)]* vy < vo. By the
mixed monotonicity of A, we have A(ug, v9) < A(vy,ug). Further, combining the condition

(H3) with (2.4) and (2.6), we have

1

k
= h
Alug, vo) A<[T(to)] ool

= A<T(to)[7(f0)]k_1h

1y, Ly
> <P(to)A<[T(t0)] h, (7 (t) "

> ((to)) Al h) > (¢(to)) T (to)

> [7(to)]*h = uo.

Fort € (a,b), from (H3), we get

1 1

A(x,y) = A(T(t)—x, —T(t)}/) > (p(t)A<

T(t) " T(t)

and hence

A(LX,T(t)]/> < LA(x,y), Vt € (a,b), x,y €P.

7(t) ()
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Thus, we have

1
[7(to)]"

At o
- A<T(i’0) [7(t) ]! h, 7 (to) [ (to) ] h>

A(vg, ug) = A< h, [T(fo)]kh>

1 1 .
: (P(tO)A<[T(tO)]k—1 h, [T(to)] 1h> <-ee (2.10)
1 1 ,
<—— A(hh) < — h
(p(to))" (p(t))" (k)
1
< h = .
S

Construct successively the sequences
Uy, = A(Up-1,0n-1), Uy = A(Up-1,Up-1), n=12,.... (2.11)
It follows from (2.7), (2.10), and the mixed monotonicity of A that
upSup < Sy << <<y L0 (2.12)
Note that 1y = [T(to)]Zkvo, so we can get u, > ug > [T(to)]Zkvo > [T(to)]Zkvn, n=1,2,.... Let
rp=sup{r>0|u, >rv,}, n=12.... (2.13)
Thus, we have u,, > r,v,, n=1,2,..., and then
Upel 2 Up > TpUy 2 TyUpp1, n=1,2,.... (2.14)

Therefore, 1,1 > 1y, that is, {r,} is increasing with {r,} C (0,1]. Suppose that r, — r* as
n — oo, then r* = 1. Indeed, suppose to the contrary that 0 < r* < 1. By (Hj), there exists
t1 € (a,b) such that 7(t;) = r*. We distinguish two cases.

Case 1. There exists an integer N such that Ry = r*. In this case, we know that r,, = r* for all
n > N.So, forn > N, we have

1 1
Up1 = AUy, vy) > A(rnvn, —un> = A(T(tl)vn, —u,,) > p(t)Vps1. (2.15)
Tn T(t1)

By the definition of r,,, we get 1.1 = r* > ¢(t1) > 7(t1) = r*, which is a contradiction.
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Case 2. If for all integer n, r, < r*, then 0 < r,,/r* < 1. By (Hj), there exists s, € (a,b) such
that 7(s,,) = r,/r*. So, we have

1 *1 1 1
Up1 = AUy, vy) > A(rnvn, —un> = A(r—"r*vn, r——u,,) = A(T(sn)r*vn, ——un>
T r* Ty 1T* T(s,) r*

> (P(Sn)A<r*vn/ %un> > (P(Sn)(P(tl)erl-
(2.16)

By the definition of r,,, we have
Faa 2 p(sn)g(t) 2 T(s)e(t) = (). (217)

Letn — oo, we get r* > ¢(t1) > 7(t1) = r*, which is also a contradiction. Thus, lim,,_, .7, = 1.
For any natural number p, we have

0 < Un+p — Uy Svp—uU < (1 - rn)UOI
(2.18)
0 < vn+p — U SUy— Uy < (1 - rn)UO-

Since P is normal, we have

|ttnp — un|| < N@A =rp)llvoll  (as n — o),
(2.19)
||vn+p_vn|| SNI-ry)voll (asn — o).

Here, N is the normality constant.
So, {u,} and {v,} are Cauchy sequences. Because E is complete, there exist u*, v* such
thatu, — u*,v, — v*(n — o0). By (2.12), we know that u, < u* < v* < v, and

0<v"—u* <(1-r1y)0p. (2.20)

Further,

[0* —u | < N1 =rn)lwoll  (n — o0), (2.21)

and thus u* = v*. Let x* := u* = v*, we obtain

Uni1 = AUy, 0n) < A(XT,X7) < A(Vy, Un) = Opaa- (2.22)

Letn — oo, we get x* = A(x*, x*). That is, x* is a fixed point of A in Py.
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Step 2. We prove that x* is the unique fixed point of A in P,.

In fact, suppose that x is a fixed point of A in Pj. Since x*,x € P, there exist positive
numbers f > a > 0 such that ax < x* < fx. Let e; = sup{e > 0 | (1/e)x > x* > ex}.

Evidently, e; € (0,1]. We now prove that e; = 1. If otherwise, 0 < e; < 1. From (H,), there
exists t, € (a,b) such that 7(t;) = e;. Then,

x* = A(x*, x*) > A<€1ff elli> = A<T(t2)§’ %?)
> ¢(b) A(X, %) = g(L)X.

x* = A(x", x)<A<1xelx> < (t)x T(tz).X)

A(x,x) =

(2.23)

(t ) (tz)

Since ¢(t;) > T(t2) = ey, this contradicts the definition of e;. Hence, e; = 1, thus, x* = x.
Therefore, A has a unique fixed point x* in Py,.

Step 3. We prove (2.2).
For any xy, yo € P, we can choose a small number e; € (0, 1) such that

eoh < xp < lI’l, eoh < Yo < lh (224)
) e

Also from (H3), there is t3 € (a, b) such that 7(t3) = e», and hence

1
T(t)h < xg < ——h, T(t)h < yp < 2.25
(t3)h < xo < ) (t)h <yo < (t ) (2.25)
We can choose a sufficiently large integer m, such that
p(tz)]™ 1
2.26
7(t3) T(ts) (220)

Let uy = [t(t3)]"h, vy = (1/[7(t3)]")h. It is easy to see that uy, vy € P, and
W < X < 05, < Yo < V. Put ity = A1, 057), Op = A, n 1), Xn = A(Xn, Yus),
Yn = A(Yn-1,%4-1), n = 1,2,.... Similarly to Step 1, it follows that there exists y* € P; such
that A(y*,y*) = vy*, lim,_u, = lim,_ v, = y*. By the uniqueness of fixed points of
operator A in Py, we get y* = x*. And by induction, u,, < x, < Uy, Uy, S Yy <V, n=1,2....
Since P is normal, we have lim,,_, ,x, = x*, lim,, _, .y = X*. 0

3. Concerned Remarks and Corollaries

If we suppose that the operator A : P, x P, — P, or A: 10j X IOJ — lo’ with P is a solid cone,
then A(h, h) € P, is automatically satisfied. This proves the following corollaries.
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Corollary 3.1. Let P be a normal cone of E, and let A : P, x P, — Py, be a mixed monotone and
T-(p-concave-convex operator, then A has exactly one fixed point x* in P,. Moreover, constructing
successively the sequence

Xn = A(Xn-1,Yn1),  Yn = A(Yn-1,Xn1), n=12,..., (3.1)
for any initial xo, yo € Py, one has

%2 =" —0,  ||ya—x"|]| —0, n-— co. (3.2)

Corollary 3.2. Let P be a normal solid cone of E, and let A : P x P — P be a mixed monotone
and T-p-concave-convex operator, then A has exactly one fixed point x* in P. Moreover, constructing
successively the sequence

Xn = A(Xn-1,Yn1),  Yn = A(Yn1,Xn1), n=12,..., (3.3)

for any initial xo, yo € P, one has

llx, — x*|| — O, |lyn—x*|| — 0, n— oo. (3.4)

When (t) = t, ¢(t) = t*®, 0 < a(t) < 1,0 < t < 1, the conditions (Hy) and (H) are
automatically satisfied. So, one has

Corollary 3.3. Let P be a normal cone of a real Banach space E,h > 0. A : Py x P, — Py, is a mixed
monotone operator. In addition, suppose that for all 0 < t < 1, there exists 0 < a(t) < 1 such that

A(tx, %y) >t"DA(x,y), VYx,yeP, 0<t<l, (3.5)

then A has exactly one fixed point x* in P,. Moreover, constructing successively the sequence
Xp=A(Xn1,Yn1),  Yn=AWYn1,%n), n=12,..., (3.6)
for any initial xo, 1o € Py, one has
l|lx, — x*|| — O, |lyn—x*|| — 0, n— oo. (3.7)

Remark 3.4. Corollary 3.3 is the main result in [5]. So, our results generalized the result in [5].

When 7(t) = t, o(t) = t#, 0 < t < 1, the conditions (H;) and (H,) are automatically
satisfied. So, we have the following.
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Corollary 3.5. Let P be normal solid cone of E, and let A : Px P — P be a mixed monotone operator.
In addition, suppose that there exists 0 < p < 1 such that

A(tx, %y) > tﬁA(x,y), Vx,yeP, 0<t<1, (3.8)

then A has exactly one fixed point x* in P. Moreover, constructing successively the sequence

Xn=AXn1,Yn1),  Yn=AWYn1,%0), n=12,..., (3.9)

o
for any initial xo,yo € P, one has

l|lx, — x*|| — O, lyn—x*|| — 0, n— oo. (3.10)

Remark 3.6. Corollary 3.5 is the main result in [4]. So, our results generalized the result in [4].
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