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Using the concept of a mixed g-monotone mapping, we prove some coupled coincidence and
coupled common fixed point theorems for nonlinear contractive mappings in partially ordered
complete quasi-metric spaces with a Q-function 4. The presented theorems are generalizations
of the recent coupled fixed point theorems due to Bhaskar and Lakshmikantham (2006),
Lakshmikantham and Ciri¢ (2009) and many others.

1. Introduction

The Banach contraction principle is the most celebrated fixed point theorem and has
been generalized in various directions (cf. [1-31]). Recently, Bhaskar and Lakshmikantham
[8], Nieto and Rodriguez-Lopez [28, 29], Ran and Reurings [30], and Agarwal et al. [1]
presented some new results for contractions in partially ordered metric spaces. Bhaskar and
Lakshmikantham [8] noted that their theorem can be used to investigate a large class of
problems and discussed the existence and uniqueness of solution for a periodic boundary
value problem. For more on metric fixed point theory, the reader may consult the book [22].

Recently, Al-Homidan et al. [2] introduced the concept of a Q-function defined on
a quasi-metric space which generalizes the notions of a T-function and a w-distance and
establishes the existence of the solution of equilibrium problem (see also [3-7]). The aim of
this paper is to extend the results of Lakshmikantham and Ciri¢ [24] for a mixed monotone
nonlinear contractive mapping in the setting of partially ordered quasi-metric spaces with a
Q-function q. We prove some coupled coincidence and coupled common fixed point theorems
for a pair of mappings. Our results extend the recent coupled fixed point theorems due to
Lakshmikantham and Ciri¢ [24] and many others.
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Recall that if (X,<) is a partially ordered set and F : X — X such that for
x,y € X,x < y implies F(x) < F(y), then a mapping F is said to be nondecreasing.
Similarly, a nonincreasing mapping is defined. Bhaskar and Lakshmikantham [8] introduced
the following notions of a mixed monotone mapping and a coupled fixed point.

Definition 1.1 (Bhaskar and Lakshmikantham [8]). Let (X, <) be a partially ordered set and
F : X xX — X. The mapping F is said to have the mixed monotone property if F is
nondecreasing monotone in its first argument and is nonincreasing monotone in its second
argument, that is, for any x, y € X,

x1,x€X, x1<x = F(x1,y) <F(x2,y),
1.1)
vy, €X, i<y = F(x,11) > F(x,1).

Definition 1.2 (Bhaskar and Lakshmikantham [8]). An element (x,y) € X x X is called a
coupled fixed point of the mapping F : X x X — X if

F(x,y) =x, F(y,x) =y. (1.2)
The main theoretical result of Lakshmikantham and Ciri¢ in [24] is the following coupled
fixed point theorem.

Theorem 1.3 (Lakshmikantham and Ciri¢ [24, Theorem 2.1]). Let (X, <) be a partially ordered
set, and suppose, there is a metric d on X such that (X, d) is a complete metric space. Assume there
is a function ¢ : [0,+00) — [0, +o0) with ¢(t) < t and lim, _,;.¢(r) < t for each t > 0, and also
suppose that F : X x X — Xand g: X — X such that F has the mixed g-monotone property and

(1.3)

d(F(x,y), F(u,0)) < (,,<d<g<x>fg<u>> ' d<g<y>,g<v>>>

forall x,y,u,v € X for which g(x) < g(u) and g(y) > g(v). Suppose that F(X x X) C g(X), and
g 1s continuous and commutes with F, and also suppose that either

(a) F is continuous or
(b) X has the following property:

(i) if a nondecreasing sequence {x,} — x,then x, < x forall n,
(ii) if a nonincreasing sequence {y,} — y,then y <y, forall n.

If there exists xo, yo € X such that
8(x0) < F(xo,v0),  8(wo) = F(yo,x0), (14)

then there exist x,y € X such that
gx)=F(xy),  8(y)=F(yx), (1.5)

that is, F and g have a coupled coincidence.
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Definition 1.4. Let X be a nonempty set. A real-valued function d : X x X — R* is said to be
quasi-metric on X if

(M) d(x,y) >0forallx,y € X,

(My) d(x,y) =0ifand only if x = y,

(M3) d(x,y) <d(x,z)+d(z,y) forall x,y,z € X.

The pair (X, d) is called a quasi-metric space.

Definition 1.5. Let (X,d) be a quasi-metric space. A mapping g : X x X — R" is called a
Q-function on X if the following conditions are satisfied:

(Qq) forallx,y,z€ X,

(Q2) if x € X and (yn),»1 is a sequence in X such that it converges to a point y (with
respect to the quasi-metric) and g(x,y,) < M for some M = M(x), then g(x,y) <
M;

(Q3) for any € > 0, there exists & > 0 such that g(z,x) < 6, and q(z,y) < 6 implies that
d(x,y) <e.

Remark 1.6 (see [2]). If (X, d) is a metric space, and in addition to (Q1)—(Q3), the following
condition is also satisfied:

(Qq) for any sequence (x,),»; in X with lim, ., sup{q(x,, x,) : m > n} = 0 and
if there exists a sequence (y,),»; in X such that lim,_q(x,,v,) = 0, then
hmn—>ood(xnr yn) =0,

then a Q-function is called a T-function, introduced by Lin and Du [27]. It has been shown
in [27]that every w-distance or w-function, introduced and studied by Kada et al. [21], is a
T-function. In fact, if we consider (X, d) as a metric space and replace (Q>) by the following
condition:

(Qs) for any x € X, the function p(x,:) — R* is lower semicontinuous,

then a Q-function is called a w-distance on X. Several examples of w-distance are given in
[21]. It is easy to see that if g(x,-) is lower semicontinuous, then (Q;) holds. Hence, it is
obvious that every w-function is a T-function and every 7-function is a Q-function, but the
converse assertions do not hold.

Example 1.7 (see [2]). (a) Let X = R. Defined : X x X — R* by

dGoy) =1 Y (16)
' ly|, otherwise,

andg: X xX — R* by
q9(xy) =yl VxyeX. (17)

Then one can easily see that d is a quasi-metric and g is a Q-function on X, but g is neither a
T-function nor a w-function.



4 Fixed Point Theory and Applications

(b) Let X = [0,1]. Define d : X x X — R* by

-x, if x <y,
d(xy) =47 Y (1.8)
2(x-y), otherwise,

andg: X xX — R* by

g(x,y) =|x-y|, Vx,yeX (1.9)

Then g is a Q-function on X. However, g is neither a T-function nor a w-function, because
(X, d) is not a metric space.

The following lemma lists some properties of a Q-function on X which are similar to
that of a w-function (see [21]).

Lemma 1.8 (see [2]). Let g : X x X — R* be a Q-function on X. Let {x,} ey and {Yn} e be
sequences in X, and let {a, ),y and {Pn} e be such that they converge to 0 and x,y,z € X. Then,
the following hold:

(1) if g(xn, y) < ap and q(xp, z) < Py foralln € N, then y = z. In particular, if g(x,y) = 0
and q(x,z) =0, then y = z;

(2) if g(xn, yu) < &y and q(x,, z) < Py foralln € N, then {y,},cy converges to z;

(3) if g(xn, xm) < ay for all n,m € N with m > n, then {x,},cy is a Cauchy sequence;
4) if q(y, xp) < an foralln € N, then {x,},cy is a Cauchy sequence;
)

(5) if q1,92,93,- - ,qn are Q-functions on X, then q(x,y) = max{qi(x,y),q(x,y),...,
gn(x, 1)} is also a Q-function on X.

2. Main Results

Analogous with Definition 1.1, Lakshmikantham and Ciri¢ [24] introduced the following
concept of a mixed g-monotone mapping.

Definition 2.1 (Lakshmikantham and Ciri¢ [24]). Let (X, <) be a partially ordered set, and
F:XxX — Xand g : X — X. We say F has the mixed g-monotone property if F
is nondecreasing g-monotone in its first argument and is nondecreasing g-monotone in its
second argument, that is, for any x,y € X,

x1,x € X, g(x1) < g(xp)implies F(x1,y) < F(x2,y), 0

vy €X, g(y1) < g(y2) implies F(x,y1) > F(x,y2).

Note that if g is the identity mapping, then Definition 2.1 reduces to Definition 1.1.
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Definition 2.2 (see [24]). An element (x,y) € X x X is called a coupled coincidence point of a
mapping F: X x X — Xand g: X — Xif

F(x,y)=gx), F(y,x)=g(y). (2.2)

Definition 2.3 (see [24]). Let X be a nonempty setand F : X x X — X and g : X — X. one
says F and g are commutative if

g(F(x,y)) = F(g(x),g(y)) (2.3)

forall x,y € X.
Following theorem is the main result of this paper.

Theorem 2.4. Let (X, <,d) be a partially ordered complete quasi-metric space with a Q-function q
on X. Assume that the function ¢ : [0,+00) — [0, +o0) is such that

p(t) <t, foreacht>0. (2.4)

Further, suppose that k € (0,1) and F : X x X — X;g : X — X are such that F has the mixed
g-monotone property and

2(F(6), Flu,0)) <k <q<g<x>,g<u>> : q(g(y»g(v))) 25)

forall x,y,u,v € X for which g(x) < g(u) and g(y) > g(v). Suppose that F(X x X) C g(X), and
g 1s continuous and commutes with F, and also suppose that either

(a) F is continuous or

(b) X has the following property:

(i) if a nondecreasing sequence {x,} — x, then x, < x for all n,

(ii) if a nonincreasing sequence {y,} — y, then y <y, for all n.

If there exists xo, yo € X such that
g(x0) < F(x0,%0),  &(yo) = F(yo,x0), (2.6)

then there exist x,y € X such that
g =F(xy),  g(y)=Fx), 2.7)

that is, F and g have a coupled coincidence.
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Proof. Choose x, 19 € X to be such that g(xo) < F(xo, yo) and g(yo) > F(yo, xo). Since F(X x
X) € g(X), we can choose x1,y1 € X such that g(x1) = F(xo,y0) and g(y1) = F(yo, xo).
Again from F(X x X) C g(X), we can choose x;,y» € X such that g(x») = F(x1,y1) and
g(y2) = F(y1,x1). Continuing this process, we can construct sequences {x,} and {y,} in X
such that

g(xns1) = F(xn,yn),  §Wns1) = F(Yn, xn), VYn>0. (2.8)

We will show that
g(xn) < g(xn1), Vn 20, (2.9)
() > 8(Yns1), Yn>0. (2.10)

We will use the mathematical induction. Let n = 0. Since g(xo) < F(xo,¥0) and g(yo) >
F(yo,x0), and as g(x1) = F(xo,yo) and g(y1) = F(yo, x0), we have g(xo) < g(x1) and g(yo) >
g(y1). Thus, (2.9) and (2.10) hold for n = 0. Suppose now that (2.9) and (2.10) hold for some
fixed n > 0. Then, since g(x,) < g(x4+1) and g(yn+1) < g(yx), and as F has the mixed g-
monotone property, from (2.8) and (2.9),

8(xni1) = F(Xn, Yn) S F(Xns1,¥n),  F(Yne1, Xn) < F(Yno Xn) = §(Yns1), (2.11)

and from (2.8) and (2.10),

§(xns2) = F(Xpe1, Yni1) 2 F(Xni1, Yn),  F(Yne1,%n) 2 F(Ynat, Xni1) = §(Yns2).  (2.12)

Now from (2.11) and (2.12), we get

g(xpi1) < g(xp42),
(2.13)

g(Yn1) 2 g(Yns2).

Thus, by the mathematical induction, we conclude that (2.9) and (2.10) hold for all n > 0.
Therefore,

g(xp) < g(x1) < g(x) < glxaz) <+ < g(xn) < g(xpr) <--+ )
(2.14)

(o) 28(y1) 28(v2) 28(ya) 2 2 8(yn) 2 g(Yns1) 2+
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Denote

6n = q(g(xn), 8(xn41)) +q(8(Yn), & (Yn+1))-

We show that

6n < 2k¢<5’;‘1>.

Since g(xp-1) < g(x,) and g(Yn-1) > §(yn), from (2.11) and (2.5), we have

q(g(xn)/g(xn+1)) = q(F(xn—lryn—l)/ F(xnz]/n))
< kq)<q(g(xn_1),g(xn)) + q(g(yn—l)/g(yn))>

2
= k(P<6;_l>

Similarly, from (2.11) and (2.5), as g(yx) < §(¥n-1) and g(x,) > g(xy-1),

q(8(Yn1),8(yn)) = G(F (Yn, xn), F (Yn-1,Xn-1))
< ko <q(g(yn—1)fg(yn)) +q(g(xn-1), §(xn)) >

2
= k(p<6ré_1 >

(2.15)

(2.16)

(2.17)

(2.18)

Adding (2.17) and (2.18), we obtain (2.16). Since ¢(t) < t for t > 0, it follows, from (2.16), that

0< 6, <k6yq <k*6,0<--- < k"8y,

and so, by squeezing, we get

lim 6, = 0.

n—oo

Thus,

Jim [q(8(xn), §(xn1)) +4(8(¥n), §(Yns1))] = lim 6, = 0.

(2.19)

(2.20)

(2.21)
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Now, we prove that {g(x,)} and {g(y,)} are Cauchy sequences. For m > n, and since ¢(t) <t
for each t > 0, we have

Eum = 4(g(xn), §(xm)) + (8 (Yn), §(Ym))
< [q(g(xn), §(xni1)) + 4 (8 (Yn), §(Yns1))]
+ [9(8(xni1), g(xns2)) +4(8 (Yns1), 8 (Yms2))]
++ [q(g(em-1), §(xm)) + 4(§(Ym-1), §(Ym))]

=6n+6n+1+6n+2+"'+6m—1

< 6y +2k(p<%) +2k(p<6’;1) + ...+2k(p<%>

S6n+2k<ﬁ+5n+1 +~-+%>

2 2 (2.22)
<6y +k(6y+06n1+06p2+)
<6, +k<6n +2kq)<@) +2k¢<%> +)
2 2
<6, +k(6,+k6y+ kb1 +--+)
§6n+k<6n+k6n+k26n+k36n+--->
=6n<1+k+k2+k3+~->
—(—1 >6 =15, — 0 — <)L——1 >
=777 )0 = A0 , asn o0 1% )
This means that for m > n > ng,
q(8(xn), §(xm)) <A6n,  q(g(Yn), §(Ym)) < A6n. (2.23)

Therefore, by Lemma 1.8, {g(x,)} and {g(y»)} are Cauchy sequences. Since X is complete,
there exists x, y € X such that

Jim g(x) =x,  lim g(yn) =y, (2.24)
and (2.24) combined with the continuity of g yields

lim g(g(xn)) = g(x),  lim g(g(yn)) = g(v)- (2.25)



Fixed Point Theory and Applications 9
From (2.11) and commutativity of F and g,

8(8(xns1)) = g(F(xn,yn)) = F(8(xn), 8 (yn)),
8(8(ynr1)) = §(F(Yn xn)) = F(8(Yn), §(xn)).

(2.26)

We now show that g(x) = F(x,y) and g(y) = F(y, x).

Case 1. Suppose that the assumption (a) holds. Taking the limit as n — oo in (2.26), and using
the continuity of F, we get

§(x) = lim g(g(xn1)) = lim F(g(xu), g(yn)) = F (nlijgog(xn)f Jim g(yn)> =F(xy),

8(y) = lim g(g(yns1)) = lim F(g(yn), g(xn)) = F <,}er;0 8(yn), ,}er;og(xn)> =F(y,x).
(2.27)

Thus,
gx)=F(x,y), g(y)=F(y,x). (2.28)

Case 2. Suppose that the assumption (b) holds. Let h(x) = gg(x). Now, since g is continuous,
{g(x,)} is nondecreasing with g(x,) — x,g(x,) < x for all n € N, and {g(y.)} is

nonincreasing with ¢(y,) — y,8(yx) > y for all n € N, so (h(xn)),» is nondecreasing,
that is,

h(x0) < h(x1) < h(x2) < h(x3) < < h(xn) € B(p01) < - - - (2.29)

with h(x,) = gg(x») — g(x), h(x,) < g(x) for all n € N, and (h(y»)),>; is nonincreasing,
that is,

h(yo) 2 h(y1) 2 h(y2) > h(ys) 2 -+ > h(yn) > h(Yna1) > - (2.30)

with h(yn) = gg(yn) — g(y), h(ya) 2 g(y) foralln e N.
Let

Yn = q(h(xn)/ h(xy41)) + Q(h(]/n)/ h(yn+l))- (2.31)

Then replacing g by h and 6 by y in (2.16), we get y,, < 2k¢(y,-1/2) such that lim,, _, ..y, = 0.
We show that

lim g(h(xn), g(x)) +q(h(yn), 8(y)) =0,

Tim q(h(xn), F(x,)) +q(h(yn), F(y,x)) = 0.

(2.32)
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In 6., replacing g by h and 6 by y, we get
q(h(x), h(xm)) + g(h(yn), h(Ym)) < Ayn — 0, asn— oo, (2.33)

thatis, for m > n > ny,
AYn
Ao, B ) < 2 a(h(yn) B(ym)) < 2, (234

orform>n=mny+1,

Q(h(xnoﬂ)/ h(xm)) < )LYng+1/

(2.35)

)‘Yng+1
q(h(]/n0+1)/ h(]/m)) < T

Let Mg(x) = Ayne1, and Mgy = (A/2)yny41. Then, since h(x,,) — g(x), h(ym) — g(y), and
h(xpy+1), h(Yny1) € X, by axiom (Q») of the Q-function, we get

g(h(xng+1),8(x)) < Mgy, q(h(Ynp+1), 8(¥)) < Mg(y)- (*)

Therefore, by the triangle inequality and (*), we have (for n > ng)

Case 3.
q(h(xn), 8(x)) +q(h(yn), g(v)) < [a(h(xn), h(xns1)) + G(h(Yn), B (Yns+1))]
+ [q(h(xni1), 8(%)) + q(M(yn1), 8 ()] ()
< Yn + M) + Mgy)-
This implies that

q(h(xn), (%)) < Yn + Mg(x) + Mg(y),
(2.36)

q(h(yn), 8(¥)) < ¥n + Mg(x) + Mgy)-
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Case 4. Also, we have

q(h(xn), F(x,)) + p(h(yn), F(y,x))
< [q(h(xn), h(xna1)) + G(R(Yn), B (Yne1))]
+ [a(h(xna), F(x,y)) + q(h(Yna), F(y, x))]
=Yn+ [q(F(8(xn), 8(yn)), F(x, ¥))
+q(F(3(yn), 8(x)), F(y,x))] (2:37)
s kq)(q(gg(xn),g(x)) +q(88(yn). 8(v)) >

2

.\ kq)<q(gg(yn),g(y))2+ q(38(xn), 8(%)) >

or

q(h(xn), F(x,y)) +q(h(yn), F (v, x))
- k(P(q(h(xn),g(X)) + q(h(yn),g(y))>

2

. k(p<q(h(yn)/g(y)) + q(h(xn),g(x))>

2

= Yn+2k()p<Q(h(xn),g(x)) Zq(h(yn),g(y))> (2.38)

<Y+ k(q(h(xn), (%)) +q(h(yn),8(Y)))
< Yn +k(Yn + Mg + Mygy)) (by (%))

= UYn, wherey:1+k<1+x+%).

That is, for n > ny,
q(h(xn), F(x,y)) <pyn,  q(h(yn), F(y, %)) < pyn- (2.39)

Hence, by Lemma 1.8, g(x) = F(x,y) and g(y) = F(y,x). Thus, F and g have a coupled
coincidence point. 0

The following example illustrates Theorem 2.4.
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Example 2.5. Let X = [0, oo) with the usual partial order <. Defined : X x X — R* by

d(x,y) = yoa sy (2.40)
' 2(x-y), otherwise,

andg: X xX — R* by

, Yx,yeX (2.41)

q(x,y) = |x~-y

Then d is a quasi-metric and g is a Q-function on X. Thus, (X, <, d) is a partially ordered
complete quasi-metric space with a Q-function g on X. Let ¢(t) = t/2, for t > 0. Define
F:XxX — Xby

X y, ifx >y,
F(x,y)=4 ° (2.42)

0, ifx <y,

and g : X — X by g(x) = 5x/k, where 0 < k < 1. Then, F has the mixed g-monotone
property with

X —

,ifx 2y
g(F(xy) =4 k = F(g(x),g(v)), (2.43)
0, ifx<y,

and F, g are both continuous on their domains and F(X x X) C g(X). Let x,y,u,v € X be
such that g(x) < g(u) and g(y) > g(v). There are four possibilities for (2.5) to hold. We first
compute expression on the left of (2.5) for these cases:

(i) x>and u > v,

q(F(x,y),F(u,v)) = |F(x,y) - F(u,v)]

(x-y) (u-o
5 5

(2.44)

|(x—u) - (y -v)|

<l —ul+ |y -o|).

Qi = Q1| =
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(ii) x>yand u <,

q(F(x,y),F(u,0)) = |F(x,y) - 0]

:@5;?/)‘

- La-w--w) (2.45)

|(x—u) - (y-0)|(u<v)

(iii) x <yand u > v,

q<F<x,y),F(u,U)) = |0—F(u,v)|

| (u-0)
| 5

=1|(u_x)+(x-v)| (2.46)

IN

UTIH U‘H

-+ (y-o)|(x <)

{lx—ul+ |y —v|}.

(ivy x<yandu<wo,

q(F(x,y),F(u,v)) =|0-0] =0. (2.47)

On the other hand, (in all the above four cases), we have

2

k¢<q(g(x),g(u)) +4q(3(y),8(0)) >

_ . (4(g(x), gw)) +49(8(y). 8(2))) /2
2 (2.48)

- {3 x-u s ly-oh)}

5
:Z{|x—u|+|y—v|}.
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Thus, F satisfies the contraction condition (2.5) of Theorem 2.4. Now, suppose that
(Xn) us1; (Yn) n>1 be, respectively, nondecreasing and nonincreasing sequences such that x,, —

x and y, — y, then by Theorem 2.4, x, < x and y, > y foralln > 1.
Let xo = 0, yo = 5k. Then, this point satisfies the relations

g(x0) =0=F(x0,10), as xo<yoand g(yo) =25>k = F(yo,x0). (2.49)

Therefore, by Theorem 2.4, there exists x, y € X such that g(x) = F(x,y) and g(y) = F(y, x).

Corollary 2.6. Let (X, <,d) be a partially ordered complete quasi-metric space with a Q-function q
on X. Suppose F : X x X — Xand g : X — X are such that F has the mixed g-monotone property
and assume that there exists k € (0, 1) such that

ﬂF@m)wa)Sgh@wxﬂm)+ﬂg@%ﬂwﬂ (2:50)

forall x,y,u,v € X for which g(x) < g(u) and g(y) > g(v). Suppose that F(X x X) C g(X), and
g is continuous and commutes with F, and also suppose that either

(a) F is continuous or

(b) X has the following properties:

(1) if a nondecreasing sequence {x,} — x, then x, < x for all n,

(ii) if a nonincreasing sequence {y,} — y, theny <y, for all n.

If there exists xo, yo € X such that
8(x0) <F(x0,%0),  &(yo) 2 F(yo, %0), (2.51)

then there exist x,y € X such that
gx)=F(xy),  8(y)=F(yx), (2552)

that is, F and g have a coupled coincidence.
Proof. Taking ¢(t) =t in Theorem 2.4, we obtain Corollary 2.6. O

Now, we will prove the existence and uniqueness theorem of a coupled common fixed
point. Note that if (S, <) is a partially ordered set, then we endow the product S x S with the
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following partial order:

for (x,y),(w,v) € SxS, (xy)<(uv)=x<u y>ov. (2.53)

From Theorem 2.4, it follows that the set C(F, g) of coupled coincidences is nonempty.

Theorem 2.7. The hypothesis of Theorem 2.4 holds. Suppose that for every (x,y), (y*, x*) € X x X
there exists a (u,v) € X x X such that (F(u,v), F(v,u)) is comparable to (F(x,y), F(y,x)) and
(F(x*,y*), F(y*,x*)). Then, F and g have a unique coupled common fixed point; that is, there exist a
unique (x,y) € X x X such that

x=g(x)=F(xy), y=g()=Fyx). (2.54)

Proof. By Theorem, 2.1 C(F, g)#¢. Let (x,y), (x*,y*) € C(F, g). We show that if g(x) =
F(x,v),8(y) = F(y,x) and g(x*) = F(x*,y*), g(y*) = F(y*,x*), then

gx)=g(x"),  gy)=gW") (2.55)

By assumption there is (u,v) € X x X such that (F(u,v), F(v,u)) is comparable with
(F(x,y),F(y,x)) and (F(x*,y*), F(y*,x*)). Put up = u, vp = v and choose u;,v; € X so
that g(u1) = F(uo,vo) and g(v1) = F(vg,up). Then, as in the proof of Theorem 2.4, we can
inductively define sequences {g(u,)} and {g(v,)} such that

g(Un+1) = F(un, vy), Z(Un+1) = F(vn, uy). (2.56)

Further, set xo = x, yo = y, xj = x*, y; = y*, and, as above, define the sequences
{g(xn)}, {g(yn)} and {g(x;)}, {g(y;)}. Then it is easy to show that

) =F(xy),  8g(yn) =F(y,x), gx)=Fx"y"), gy, =F(y" x*)
(2.57)

for all n > 1. Since (F(x,y), F(y,x)) = (§(x1),8(v1)) = (8(x),&(y)) and (F(u,v), F(v,u)) =
(g(u1), g(v1)) are comparable; therefore g(x) < g(u1) and g(y) > g(v1). It is easy to show that

(g(x),g(y)) and (g(uy), g(v,)) are comparable, that is, g(x) < g(u,) and g(y) > g(v,) for all
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n > 1. From (2.5) and properties of ¢, we have

q(g(n1), g(x)) +q(g(vn1), g(y))
= q(F(un,yn), F(x,)) +q(F (vn, un), F(y, x))
. kq)<q(g(un),g(x)) +q(g(yn), 8(v)) )

2

+ kg <q(g(vn),g(y)) 2+ 9(8(n), §(x)) > (by (2.6))

_ 2k¢<‘1(8(un),g(x)) ;q(g(vn)/g(]/)) >

< k(q(g(un), g(x)) +q(g(vn), g(y))) (k)
p kz(p<q(g(un-1),g(x)) +q(g(Wn-1),8(¥)) >

2

ey <q(g(vn_1),g(y)) ; q(8(un1), 8(x)) > (by (2.6))
(2.58)

_ 2kzq)<q(g(vn-1),g(y)) ; q(g(ttn-1), §(x)) >

<K (q(8(un1),8(x)) +q(8(vn1),8(¥))) ()

. k3¢<q(g(unz),g(X)) + q(g(vnz),g(y))> (by (2.6))

2

i (P<q(g(vn_z),g(y)) ; q(g(tn-2), g(x)) >

_od (P<q(g(un-z),g(X)) +q(8(@n2), 8(v)) >

2
<k*(q(2(0n-2), 8()) + (8 (1tn2), g()) ()
< <k"(g(g(m), g(x)) +q(8(0), 8(y))) (k")

=k'"ty— 0, asn— oo,

where ty = q(g(uo), g(x)) + q(g(vo), g(y)). From this, it follows that, for eachn € N,

q(g(un+1)/ g(x)) < kntO/ q(g(vwrl)/g(]/)) < kntO- (259)
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Similarly, one can prove that
q(g(unn), g(x")) <k, 4(8(vnn),8(y")) <k'ty, neN, (2.60)

where t; = q(g(uo), g(x*)) + q(g(v0), g(y*)). Thus by Lemma 1.8, g(x) = g(x*) and g(y) =
g(y*). Since g(x) = F(x,y) and g(y) = F(y, x), by commutativity of F and g, we have

8(8(x)) = g(F(x,y)) = F(g(x),8(v)),  8(8()) =g(F(y,x)) = F(g(y),g(X))-(2 o

Denote g(x) = z,g(y) = w. Then from (2.61),

g(z) = F(z,w), g(w) = F(w, z). (2.62)

Thus, (z,w) is a coupled coincidence point. Then, from (2.55), with x* = z and y* = w, it
follows that g(z) = g(x) and g(w) = g(y); that s,

g(z) =z, g(w) =w. (2.63)
From (2.62) and (2.63),

z=g(z) = F(z,w), w = g(w) = F(w,z). (2.64)

Therefore, (z,w) is a coupled common fixed point of F and g. To prove the uniqueness,
assume that (p,q) is another coupled common fixed point. Then, by (2.55), we have p =

8(p) = g(z) =zand g = g(g) = g(w) = w. O

Corollary 2.8. Let (X, <,d) be a partially ordered complete quasi-metric space with a Q-function q
on X. Assume that the function ¢ : [0,+00) — [0, +00) is such that ¢(t) < t for each t > 0. Let
ke (0,1),and let F : X x X — X be a mapping having the mixed monotone property on X and

q(F(x,y),F(u,v)) < k(P<q(x,u)-;—q(y,v)>, for each x <u, y >wv. (2.65)

Also suppose that either

(a) F is continuous or

(b) X has the following properties:

(i) ifa nondecreasing sequence {x,} — x, then x, < x for all n,
(ii) if a non-increasing sequence {y,} — y, theny <y, for all n.

If there exists xg, yo € X such that

xo < F(x0,40), Yo > F(yo, x0), (2.66)
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then, there exist x,y € X such that
x=F(x,y), y=F(y,x). (2.67)

Furthermore, if xo, yo are comparable, then x =y, that is, x = F(x, x).

Proof. Following the proof of Theorem 2.4 with g = I (the identity mapping on X), we get

Xp = g(xn) — x, Yn=8(m) — v,
(2.68)

x=F(xy), y=F(yx).

We show that x = y. Let us suppose that xy < . We will show that x,, y, are comparable for
all n > 0, that is,

Xy <Y, Yn 20, (2.69)

where x, = F(xp-1, Yn-1), Yn = F(Yn-1, yn-1), n € {1,2,...}. Suppose that (2.69) holds for some
fixed n > 0. Then, by mixed monotone property of F,

Xnt+1 = F(xnr ]/n) < F(]/n/ xn) = Yn+l (270)
and (2.69) follows. Now from (2.69), (2.65), and properties of ¢, we have

q(xni1,x) = q(F (X, yn), F(x,y))

. k(p(q(xn,x) - q(yn,y)>

2

S k q(xn/ x) 42_ Q(yn, y)

K <k¢<q(xn—1, %) +q(Yn1,Y) > N k(P<q(yn—1, y) +q(na, ) >>
2 2 2 (2.71)

:kzq)<q<xn_ux>+q<yn_by>>

2

<Ky < q(xXn-2,%) + 4(Yn-2,y) >

2

< . < kn+1(P<q(x01x) +q(y01y)

7 > =k"lsy — 0, asn— oo,
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where sg = ¢((q(x0, x) + q(y0,y))/2). Similarly, we get
q(xni1,y) = q(F(xn, yn), F(y,x)) <kK"'wy — 0, asn— oo, (2.72)

where wy = p((q(x0,y) + q(yo,x))/2). Hence, by Lemma 1.8, x = y, that is, x = F(x, x). O

Corollary 2.9. Let (X, <,d) be a partially ordered complete quasi-metric space with a Q-function q
on X. Let F : X x X — X be a mapping having the mixed monotone property on X. Assume that
there exists a k € (0,1) such that

k

q(F(x,y),F(u,v)) < > [q(x,u) +q(y,v)], foreachx<u, y>o. (2.73)

Also, suppose that either

(a) F is continuous or

(b) X has the following properties:

(i) if a nondecreasing sequence {x,} — x, thenx, < x forall n,

(ii) if a nonincreasing sequence {y,} — y,theny <y, for all n.
If there exists xo, yo € X such that
x0 < F(x0,40), Yo = F(yo,x0), (2.74)
then, there exist x,y € X such that
x=F(x,y), y=F(yx). (2.75)

Furthermore, if xo, yo are comparable, then x =y, that is, x = F(x, x).
Proof. Taking ¢(t) = t in Corollary 2.8, we obtain Corollary 2.9. O

Remark 2.10. As an application of fixed point results, the existence of a solution to the
equilibrium problem was considered in [2-7]. It would be interesting to solve Ekeland-type
variational principle, Ky Fan type best approximation problem and equilibrium problem
utilizing recent results on coupled fixed points and coupled coincidence points.
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