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This paper is devoted to the strong convergence of two kinds of general viscosity iteration
processes for approximating common fixed points of a nonexpansive semigroup in Hilbert spaces.

The results presented in this paper improve and generalize some corresponding results in (X. Li et
al., 2009, S. Li et al., 2009, and Marino and Xu, 2006).

1. Introduction

Let H be a real Hilbert space and A be a linear bounded operator on H. Throughout this
paper, we always assume that A is strongly positive; that is, there exists a constant y > 0 such
that

(Ax,x) >7||lx|>, VxeH. (1.1)

We recall that a mapping T : H — H is said to be contractive if there exists a constant
a € [0,1) such that |Tx - Ty|| < a|lx —y| forallx,y € H.T : H — H is said to be

(i) nonexpansive if

ITx-Ty| <lx-v

, Vx,y € H; (1.2)
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(ii) L-Lipschitzian if there exists a constant L > 0 such that

ITx-Ty| < Lllx -y

, Vx,y € H; (1.3)

(iii) pseudocontractive if

>, Vx,yeH; (1.4)

(Tx-Ty,x-y) <|x-y

(iv) ¢-strongly pseudocontractive if there exists a strictly increasing function ¢ :
[0, +00) — [0, +00) with ¢(0) = 0 such that

(Tx-Ty,x-y) < ||x-y|* - p(lx-y|) |x-y|l, VxyeH. (1.5)

It is obvious that pseudocontractive mapping is more general than ¢-strongly pseudocon-
tractive mapping. If ¢(r) = ar with 0 < a < 1, then ¢-strongly pseudocontractive mapping
reduces to fB-strongly pseudocontractive mapping with 1 —a = f € [0,1), which is more
general than contractive mapping.

A nonexpansive semigroup is a family

I':={T(s):s>0} (1.6)

of self-mappings on H such that

(1) T(0) = I, where I is the identity mapping on H;
2) T(s+t)x =T(s)T(t)x forall x € H and s,t > 0;
(3) T(s) is nonexpansive for each s > 0;

(4) for each x € H, the mapping T(:)x from R* into H is continuous.

We denote by F(I') the common fixed points set of nonexpansive semigroup I’, that is,

FT) = ﬂF(T(s)) ={xe H:T(s)x =x foreach s>0}. (1.7)

520

In the sequel, we always assume that F(I') # .

In recent decades, many authors studied the convergence of iterative algorithms for
nonexpansive mappings, nonexpansive semigroup, and pseudocontractive semigroup in
Banach spaces (see, e.g., [1-15]). Let f : H — H be a contractive mapping with coefficient
a€(0,1),T: H — H be a nonexpansive mapping, and A be a strongly positive and linear
bounded operator with coefficient y > 0. Let F denote the fixed points set of T. Recently,
Marino and Xu [6] considered the general viscosity approximation process as follows:

xr= (I —tA)Tx: +tyf(xe), (1.8)
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where t € (0,1) such that f < ||A|"" and 0 < y < ¥/a. Marino and Xu [6] proved that the
sequence {x;} generated by (1.8) converges strongly as t — 0 to the unique solution of the
variational inequality

((A-yf)x",x-x*)>0, Vxe€F, (1.9)
which is the optimality condition for the minimization problem

minl(Ax,x) + h(x), (1.10)
xeF 2

where h is a potential function for y f, that is, h'(x) = y f(x) forall x € H.

LetI' := {T(s) : s > 0} be a nonexpansive semigroup on H and f : H — H be a
contractive mapping with coefficient a € (0,1). Very recently, S. Li et al. [5] considered the
following general viscosity iteration process:

tn
X, = (I - D(nA)tl J. T(s)xuds + anyf(x,), VYVn>1, (1.11)
nJo

where {a,} C (0,1] and {t,} are two sequences satisfying certain conditions. S. Li et al. [5]
claimed that the sequence {x,} generated by (1.11) converges strongly as t, — oo to x* €
F(I') which solves the following variational inequality:

((A-yf)x*,x—x*) >0, VYxeF(I). (1.12)

More research work related to general viscosity iteration processes for nonexpansive
mapping and nonexpansive semigroup can be found (see, e.g., [5, 6, 12]).

An interesting work is to extend some results involving general viscosity approx-
imation processes for nonexpansive mapping, nonexpansive semigroup, and contractive
mapping to nonexpansive semigroup and ¢-strongly pseudocontractive mapping (pseu-
docontractive mapping, resp.). Motivated by the works mentioned above, in this paper,
on one hand we study the convergence of general implicit viscosity iteration process
(1.11) constructed from the nonexpansive semigroup I' := {T(t) : t > 0} and ¢-strongly
pseudocontractive mapping (pseudocontractive mapping, resp.) in Hilbert spaces. On the
other hand, we consider the convergence of the following general viscosity iteration process:

Xp = (I —ayA)T(t)xXn + any f(xn), VYn>1, (1.13)

where a, € (0,1], y > 0, T(t,) € I and f is a ¢-strongly pseudocontractive mapping
(pseudocontractive mapping, resp.). The results presented in this paper improve and
generalize some corresponding results in [4-6].
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2. Preliminaries

A mapping T with domain D(T) and range R(T) in H is said to be demiclosed at a point
p € H if {x,} is a sequence in D(T) which converges weakly to x € D(T) and {Tx, } converges
strongly to p, then Tx = p.

For the sake of convenience, we restate the following lemmas that will be used.

Lemma 2.1 (see [6]). Let A be a strongly positive and linear bounded operator on a real Hilbert space
H with coefficient y > 0and 0 < p < Al Then ||I - pA| <1-py.

Lemma 2.2 (see [16]). Let E be a Banach space and T : E — E be a ¢-strongly pseudocontractive
and continuous mapping. Then T has a unique fixed point in E.

Lemma 2.3 (see [9]). Let E be a uniformly convex Banach space, K a nonempty closed convex subset
of Eand T : K — E a nonexpansive mapping. Then I — T is demiclosed at zero.

Lemma 2.4 (see [10]). Let C be a nonempty bounded closed convex subset of a real Hilbert space H
and I = {T(s) : s > 0} be a nonexpansive semigroup on H. Then for any h > 0,

t t
% fo T(s)xds —T(h) <% fo T(s)xds>

lim sup
t= o yec

‘ =0. 2.1)

3. Main Results

We first discuss the convergence of general implicit viscosity iteration process (1.11)
constructed from a nonexpansive semigroup I' := {T(s) : s > 0}.

Theorem 3.1. Let I' := {T(s) : s > 0} be a nonexpansive semigroup on H and f : H — H be an
L¢-Lipschitzian ¢-strongly pseudocontractive mapping with lim; ., ;. p(t) = +oo. Let A be a strongly
positive and linear bounded operator on H with coefficient y. Then for any 0 < y <Y, the sequence
{xn} generated by (1.11) is well defined. Suppose that

tlirgan =0, lim t,, = co. (3.1)

n—oo

Then the sequence {x,} converges strongly as n — oo to a common fixed point x* € F(I') that is the
unique solution in F(I') to variational inequality (VI):

(yf(x*) - Ax*,x* =p) >0, VpeF(). (3.2)

Proof. Since lim, _, ., = 0, we may assume without loss of generality that a, < ||A||_1, for
any n > 1. Let us define a mapping T, : H — H provided by

tn
Tox = ayyf(x)+ (I - D(nA)tl f T(s)xds, VYn>1. (3.3)
nJo
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An application of Lemma 2.1 yields that

tn
(Tux - Ty, x - y) = <(I - anA)% f [T(s)x -T(s)y]ds, x - y> +any(f(x) - f(y), x—y)

0
< - anAlllx -y + anr<llx —y|I> - ¢(llx - y|)|lx - yII)
_ 2
<[ -an(r=]llx=ylI" - anyd(|[x -yl [|x - vl

< flx=yl” - aarg(llx -yl llx -y

7

(3.4)

and thus T, is ¢-strongly pseudocontractive and strongly continuous. It follows from
Lemma 2.2 that T}, has a unique fixed point (say) x, € H, thatis, {x,} generated by (1.11) is
well defined.

Taking p € F(I'), we have

tn
AR Oy (EPRAT W AENE PR

0
< an(yf(xn) = Yf(P), Xn = P) + an(yf (p) = Ap, Xu = p) + | - anAll|| 20 - p||?

< [1=an(F =) llxn =PI = @y d(l|xn = pl) 1 = pll + ally £ (p) = Apll[lx. - p
(3.5)

and so

(7 =D llxn =pll + v¢llxn = pl) < llyf (p) - Ap|l- (3.6)

This implies that ||x, — p|| < 7' (|lyf(p) — Apl||/y) and {x,} is bounded.

We denote z, = (1/t,) [;" T(s)x,ds and have ||z, - p|| < |lx, — pl|, for any p € F(T).
Since {x,} and {z,} are bounded, it follows from the Lipschitzian conditions of I' and f that
{Az,} and {f(x,)} are two bounded sequences. Therefore,

llxn — zall = “n”Yf(xn) - Azn” — 0. (3.7)

Let

Cc- {er; Ix - pll 5¢1<—||Yf(P>Y_AP||>}' (3.8)

Since t, — oo, C is a nonempty bounded closed convex subset and T'(s)-invariant (i.e., T (s)C
is a subset of C), it follows from Lemma 2.4 that

lim ||z, —=T(s)zn| =0, Vs2>0. (3.9)
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For each s > 0, we know that

X0 = T(8)xnll < |20 = zull + 120 = T(5)zall + T (5)2n = T(5)xn]|

(3.10)

< 2|xn = zall + |20 = T(8) znl|-

Consequently, we have from formulas (3.7) and (3.9) that
Jim flx, = T(s)xal =0, Vs 20. (3.11)

Because {x,} is bounded, there exists a subsequence {x,, } C {x,} which converges weakly to
some x*. It is known from Lemma 2.3 that I — T(s) is demiclosed at zero for each s > 0, where
I is the identity mapping on H. Thus, x* € F(I') follows readily.

In addition, by (1.11) and Lemma 2.1, we observe

ty
I, — x*||* = an(y f(xn) = Ax*, x — x*) + <(I - oan)fl f [T(s)x, —x*]ds, x, — x*>
nJo

< (Y f () =Y (), 20 = %) + @y (&) = Ax", 2 = ) 4 T = Al — 7

< [1=an(F = V) xn=x"1" = auyd(|l2ca—x" |20 =X || + @y f(x*) = Ax", x5 — x*),
(3.12)

which implies that
Yo (ln = X" Dllxn = 27 < {y f(x7) = Ax", 2 = x7). (3.13)

This means that {x,, } converges strongly to x". If there exists another subsequence {x,,} C
{xn} which converges weakly to y*, then from (3.11) and (3.13) we know that {x;, } converges
strongly to y* € F(T'). For any p € F(I'), it follows from (1.11) that

1
<AZ" = Yf(xn), xn - P> = a_<zn = Xn, Xn — P>
n
1 1 (™
- L[ - pldsx-p) - ln-pl) 19
ap th Jo
<0.
The convergence of sequences {x,, } and {x,, } yields that

(Ax"—yf(x"),x" -y") <0,

3.15
(Ay" -yf(y"),y" —x") <0. 19
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Thus,
Tl -y Il < (A" -y, x" - v")
<y(f(x) - fy*),x" -y") (3.16)
2
-19(| )l

x*_y* x*_y*

<yl =y
This implies that x* = y*. Therefore, {x,} converges strongly to x* € F(I'). From (3.14) and
the deduction above, we know that x* is also the unique solution to VI (3.2). This completes

the proof. O

Theorem 3.2. Let I := {T(s) : s > 0} be a nonexpansive semigroup on H and f : H — H be an
L¢-Lipschitzian pseudocontractive mapping. Let A be a strongly positive and linear bounded operator
on H with coefficient y. Then for any 0 < y <, the sequence {x,} generated by (1.11) is well defined.
Suppose that

lima, =0, lim ¢, = co. (3.17)
t— oo n— oo

Then the sequence {x,} converges strongly as n — oo to a common fixed point x* € F(I') that is the
unique solution in F(I') to VI (3.2).

Proof. Similar to the proof of Theorem 3.1, we can verify that the sequence {x,} generated by
(1.11) is well defined,

1 .
Pl < = I £(p) - Apllforafixed p € FOD),
ey (3.18)

lim ||x, = T(s)x,|| =0, Vs>0.
n— oo

Thus, {x,} is bounded and so there exists a subsequence {x,,} C {x,} which converges
weakly to some x*. It is obvious that x* € F(I').
In addition, by (1.11) and Lemma 2.1, we can show that

* 1 * * *
|l — x ||2§ﬂ<yf(x)—Ax,xn—x>. (3.19)

This means that {x, } converges strongly to x*. The rest of the proof is almost the same as
Theorem 3.1. This completes the proof. O

Remark 3.3. (1) Theorems 3.1 and 3.2 improve and generalize Theorem 3.1 of [5] from
contractive mapping to ¢-strongly pseudocontractive mapping and pseudocontractive
mapping, respectively. (2) Theorems 3.1 and 3.2 also improve and generalize Theorem 3.2 of
[6] from nonexpansive mapping to nonexpansive semigroup, and from contractive mapping
to ¢-strongly pseudocontractive mapping and pseudocontractive mapping, respectively.

A strong mean convergence theorem for nonexpansive mappings was first established
by Baillon [17], and later generalized to that for nonlinear semigroup (see, e.g., [8]). Itis clear
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that Theorems 3.1 and 3.2 are valid for nonexpansive mappings. Thus, we have the following
mean ergodic assertions of general viscosity iteration process for nonexpansive mappings in
Hilbert spaces.

Corollary 3.4. Let H, f, A be as in Theorem 3.1, T : H — H be a nonexpansive mapping such that
the fixed points set F of T is nonempty. Let {a,} C (0,1] be a real sequence such that lim,, _, xa,, = 0.
Then for any 0 < y <, there exists a unique {x,} such that

1 &
xp = (I - anA)n 1 E T'xp +any f(xn), Yn20. (3.20)
j=0

Moreover, the sequence {x,} generated by (3.20) converges strongly as n — oo to a common fixed
point x* € F that is the unique solution in F to variational inequality (VI):

(yf(x*) - Ax*,x*—p) >0, VpeF. (3.21)

Corollary 3.5. Let H, f, A be as in Theorem 3.2, T : H — H be a nonexpansive mapping such that
the fixed points set F of T is nonempty. Let {a,} C (0, 1] be a real sequence such that lim,, _, ,a, = 0.
Then for any 0 < y < Y, there exists a unique {x,} satisfying (3.20). Moreover, the sequence {x, }
generated by (3.20) converges strongly asn — oo to a common fixed point x* € F that is the unique
solution in F to VI (3.21).

We now turn to discuss the convergence of general implicit viscosity iteration process
(1.13) constructed from a nonexpansive semigroup I' := {T(t) : t > 0}.

Theorem 3.6. Let I := {T(t) : t > 0} be a nonexpansive semigroup on H and f : H — H be an
L¢-Lipschitzian ¢-strongly pseudocontractive mapping with lim; _, ;. ¢(t) = +oo. Let A be a strongly
positive and linear bounded operator with coefficient y. Then for any 0 < y <y, the sequence {x,}
generated by (1.13) is well defined. Suppose that for any bounded subset K C H,

gzr})igg”T(s)x -x|| =0, (3.22)
. .y

limt, = lim — =0. (3.23)
n—oo n—owt,

Then the sequence {x,} converges strongly as n — oo to a common fixed point x* € F(I') that is the
unique solution in F(I') to VI (3.2).

Proof. Since lim,, _, ,at, = 0, we assume without loss of generality that a,, < [|A|™, for any
n>1. Let

Tix = ayyf(x) + (I - ay A)T(t)x, Yn > 1. (3.24)
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By Lemma 2.2, we know
(Thx=Tly,x—y) = (I = axA) (T(t)x = T(tn)y), x = y) + @y (F(X) = £ (), x~ )

<= Alllx -yl + @y (2 - ylI* - g(llx-yiDlIx-yl) 325

7

2
<lx=yl” -y llx - ylDllx -y

and thus T,{ is ¢-strongly pseudocontractive and strongly continuous. It follows from

Lemma 2.2 that T,{ has a unique fixed point (say) x, € H, thatis, {x,} generated by (1.13) is
well defined.
Taking p € F(I'), we note

[l = pII* = au{y f (xu) = Ap, 20 = p) + (I = aw A) (T (tn)Xn = p), Xu — p)
< an(yf(n) = Yf (P), Xn = p) + an(yf (p) = Ap, xu = p) + | = anAll|| 20 = p||*

< [1=an(F =) lIxa =PI = @y d(lxa = pI) 120 = pll + anlly £ (p) = Ap|l[lx: — p
(3.26)

7

and so ||x, - pll < ¢71(llyf(p) — Apll/y), the sequence {x,} is bounded. It follows from the
Lipschitzian conditions of I' and f that {AT(t,)x,} and {f(x,)} are bounded. (1.13) implies
that

l1¢n = T(tn)xn |l = anl|y f (xn) = AT (£2)xu|| — O. (3.27)

For any givent > 0,

[t/t,]-1
ll2cn, = T (#)xn|| = |T((k +1)t,)x, — T(kty)x,| +
k=0

T(t)x, — T( [é] tn>x,1
o[t

< AT (ta) o — ¥ f ()| + max{IT()%s = xall 10 < 5 < ),
n

<[] Tt + (3.28)

n

~~

where [t/t,] is the integral part of t/t,. Since lim, _, (@, /t,) = 0 and T(-)x : R* — H is
continuous for any x € H, it follows from (3.22) that

Jim [lxc, = T()xn] =0V £20, (3.29)

Because {x,} is bounded, there exists a subsequence {x,, } C {x,} which converges weakly
to some x*. By Lemma 2.3, we know that x* € F(I').
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In addition, by (1.13) and Lemma 2.1, we observe

I, — x*||* = an(yf(xn) — Ax*, x, — X*) + (I = ay A) (T (tn) X0 — x*), X — X*)
< an<Yf(xn) - Yf(x*)/ Xn — x*>
+ o (Y f(x*) = AX", %0 — x*) + [T - anAll[|xn — x| (3.30)

< 1= (7~ )] 120 = 2P =yl — 2"l — '
+a(yf(x") — AxX", x, — X*),

which implies that
Yo (ln = %" Dllxn = 7 < {y f(x7) = AX", 2 = x7). (3.31)

For any p € F(I'), it follows from (1.13) that

<AT(tn)xn =¥ f(xn), xun - P) = ain<T(tn)xn —= Xn, Xn — P>

1 2 (3.32)
s ((T(t)xn = x = p) = [0 - |
<0.

The rest of the proof is the same as Theorem 3.1. This completes the proof. O

To illustrate Theorem 3.6, we give the following example concerned with a nonexpan-
sive semigroup I' := {T(t) : t > 0} on H.

Example 3.7. Let H be a Hilbert space. For each givent > 0, let T(t) : H — H be defined by

T(t)x=e'x, VxeH. (3.33)

Then it is easy to check that I' := {T'(t) : t > 0} is a nonexpansive semigroup satisfying (3.22)
and F(I') is a singleton {6}, where 0 is the zero point in H.

Combining the proofs of Theorems 3.2 and 3.6, we can easily conclude the following
result.

Theorem 3.8. Let f : H — H be an L¢-Lipschitzian pseudocontractive mapping and I' := {T(t) :
t > 0} be a nonexpansive semigroup on H such that (3.22) holds. Let A be a strongly positive and
linear bounded operator with coefficient y. Then for any 0 < y <Y, the sequence {x,} generated by
(1.13) is well defined. Suppose that

lim £, = lim 2% = 0. (3.34)

n—oo n—ooly
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Then the sequence {x,} converges strongly as n — oo to a common fixed point x* € F(I') that is the
unique solution in F(I') to VI (3.2).

Remark 3.9. (1) Theorems 3.6 and 3.8 improve and generalize Theorem 3.2 of [6] from
nonexpansive mapping to nonexpansive semigroup, and from contraction mapping to ¢-
strongly pseudocontractive mapping and pseudocontractive mapping, respectively. (2) If A
is the identity mapping I, f, and I are restricted on a nonempty closed convex subset in H,
then Theorem 3.6 of [4] follows by Theorems 3.6 and 3.8. So, Theorems 3.6 and 3.8 generalize
Theorem 3.6 of [4].
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