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We prove a strong convergence theorem for an infinite family of asymptotically strict pseudo-
contractions and an infinite family of equilibrium problems in a Hilbert space. Our proof is simple
and different from those of others, and the main results extend and improve those of many others.

1. Introduction

Let C be a closed convex subset of a Hilbert space H. Let S : C — H be a mapping and if
there exists an element x € C such that x = Sx, then x is called a fixed point of S. The set of

fixed points of S is denoted by F(S). Recall that

(1) S is called nonexpansive if

IS5x =Syl < [lx -y

, Yx,yeC, (1.1)

(2) S is called asymptotically nonexpansive [1] if there exists a sequence {k,} C [1,00)
with k,, — 1 such that
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[15"x = S"y[| < knllx ~y

, Yx,yeC n>1, (1.2)

(3) S is called to be a x-strict pseudo-contraction [2] if there exists a constant x with
0 < x < 1 such that

2 Vx,yeC (1.3)

[1Sx = Sy||* < |lx = y|I” + || (x - y) - (Sx - Sy)

(4) S is called an asymptotically x-strict pseudo-contraction [3, 4] if there exists a constant
x with 0 < x < 1 and a sequence {y,} C [0, o) with lim,,_, .}, = 0 such that

|5 -5yl < (1o p)lx -yl +wll (e -) - (S'x - S, VryeC nzl (14

It is clear that every asymptotically nonexpansive mapping is an asymptotically 0-
strict pseudo-contraction and every «-strict pseudo-contraction is an asymptotically x-strict
pseudo-contraction with y, = 0 for all n > 1. Moreover, every asymptotically x-strict
pseudo-contraction with sequence {y,} is uniformly L-Lispchitzian, where L = sup{(x +
V1+y(1-x))/(1-x) : n > 1} and the fixed point set of asymptotically x-strict pseudo-
contraction is closed and convex; see [3, Proposition 2.6].

Let @ be a bifunction from C x C to R, where R is the set of real numbers. The
equilibrium problem for @ : C x C — R is to find x € C such that ®(x,y) > 0 for all
y € C. The set of such solutions is denoted by EP(®).

In 2007, S. Takahashi and W. Takahashi [5] first introduced an iterative scheme by
the viscosity approximation method for finding a common element of the set of solutions of
the equilibrium problem and the set of fixed points of a nonexpansive mapping in a Hilbert
space H and proved a strong convergence theorem which is connected with Combettes and
Hirstoaga’s result [6] and Wittmann's result [7]. More precisely, they gave the following
theorem.

Theorem 1.1 (see [5]). Let C be a nonempty closed convex subset of H. Let @ be a bifunction from
C x C to R satisfying the following assumptions:

(Al) O(x,x) =0forall x € C;
(A2) @ is monotone, that is, d(x,y) + D(y,x) < 0 forall x,y € C;
(A3) forall x,y,z € C,

ltigld)(tz +(1-tx,y) <O(x,y); (1.5)

(A4) forall x € C, y — D(x,y) is convex and lower semicontinuous.
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Let S : C — H be a nonexpansive mapping such that F(S) NEP(®)#0, f : H — H bea
contraction and {x,}, {u,} be the sequences generated by

x1 € H,
1
D(un,y) + (Y = thn, Un = X2) 20, Yy €C, (1.6)

Xn+l = anf(xn) + (1 - an)Sun, Vn>1,

where {a,} C [0,1] and {r,} C (0, 0o) satisfy the following conditions:

[ee] [ee]
lima, =0, Zan = oo, Z|“n+1 —ay| < oo,
n— oo
n=1 n=1
(1.7)
o)
liminf r, > 0, er’“l — 7| < oo.
n—oo Tl=1

Then, the sequences {x,} and {u,} converge strongly to z € F(S) N EP(®), where z =
Pr(synep@) f (2).

In [8], Tada and Takahashi proposed a hybrid algorithm to find a common element of
the set of fixed points of a nonexpansive mapping and the set of solutions of an equilibrium
problem and proved the following strong convergence theorem.

Theorem 1.2 (see [8]). Let C be a nonempty closed convex subset of a Hilbert space H. Let @ be a
bifunction from C x C — R satisfying (A1)—(A4) and let S be a nonexpansive mapping of C into H
such that F(S) NEP(®) # 0. Let {x,} and {u,} be sequences generated by x, = x € H and

u, € C such that ®(u,,y) + %(y — U, Un—Xn) 20, YyeC,
n

wpn = (1 = an)xy + a,Suy,

1.
Co={z€H: wn—2z| < 2|}, (18)

D,={z€H:(x,-z,x—-x,) >0},

Xni1 = Pc,np,x, Vn2>1,

where {a,} C [a,1] for some a € (0,1) and {r,} C (0, o0) satisfies liminf, _, .1, > 0. Then {x,}
converges strongly to Pr(s)nEP(d)X-

Many methods have been proposed to solve the equilibrium problems and fixed point
problems; see [9-13].

Recently, Kim and Xu [3] proposed a hybrid algorithm for finding a fixed point of
an asymptotically x-strict pseudo-contraction and proved a strong convergence theorem in a
Hilbert space.
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Theorem 1.3 (see [3]). Let C be a closed convex subset of a Hilbert space H. Let T : C — C be an
asymptotically x-strict pseudo-contraction for some 0 < «k < 1. Assume that F(T) is nonempty and
bounded. Let {x,} be the sequence generated by the following algorithm:

xo € C chosen arbitrarily,
Yn = anXy + (1= an)T"xy,
Cn= {Z €H: ”]/n - Z” < loen - Z”2 + [ = an (1= an)]llxn - Tnxnllz + Qn}/ (1.9)
D,={z€H: (x,—2zx0—x,) >0},

Xn+l1 = PCnﬂD,, X0, vn 2 ]-/

where

0, =A2(1-ay)yn — 0 (n— o), A, =sup{||x, - z|| : z € F(T)} < oo. (1.10)

Assume that the control sequence {ay} is chosen such that limsup, | a, < 1 - x. Then {x,}
converges strongly to Prr)xo.

In this paper, motivated by [3, 8], we propose a new algorithm for finding a common
element of the set of fixed points of an infinite family of asymptotically strict pseudo-
contractions and the set of solutions of an infinite family of equilibrium problems and prove
a strong convergence theorem. Our proof is simple and different from those of others, and the
main results extend and improve those Kim and Xu [3], Tada and Takahashi [8], and many
others.

2. Preliminaries

Let H be a Hilbert space, and let C be a nonempty closed convex subset of H. It is well known
that, forall x,y e Cand t € [0, 1],

b+ (1= tyy||* = =l + A= Dy ]’ -t - 1)l x -y, 2.1)
and hence
[ltx + (1 =By |I* < Hlxl* + A - 1)y, 2.2)
which implies that
n 2 n
St < Sllxl? (2.3)
i=1 i=1

forall {x;} ¢ H and {t;} C [0,1] with 31", t; = 1.
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For any x € H, there exists a unique nearest point in C, denoted by Pcx, such that
z=Pcx = (x-2z,2z-y)>0, VyeC (2.4)

Let I denote the identity operator of H, and let {x,} be a sequence in a Hilbert space
H and x € H. Throughout the rest of the paper, x, — x denotes the strong convergence of
{x,} to x.

We need the following lemmas for our main results in this paper.

Lemma 2.1 (see [14]). Let C be a nonempty closed convex subset of a Hilbert space H. Let ® be a
bifunction from C x C to R satisfying (A1)—(A4). Let r > 0 and x € H. Then there exists z € C such
that

®(Z,y)+%<y—z,z—x>20, Yy e C. (2.5)

Lemma 2.2 (see [6]). Let C be a nonempty closed convex subset of a Hilbert space H. Let @ be a
bifunction from C x C to R satisfying (A1l)—(A4). For any r > 0 and x € H, define a mapping
T, : H — Cas follows:

T,x = {ZEC:(D(Z,y) +%<y—z,z—x> >0, VyeC}, Vx € H. (2.6)

Then the following hold:
(1) T, is single-valued,
(2) T, is firmly nonexpansive, that is, for any x,y € H,

|Tox - Ty < (Tx - Ty, x-v), (2.7)

(3) F(T,) = EP(®), and
(4) EP(®) is closed and convex.

3. Main Results
Now, we are ready to give our main results.

Lemma 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C — C be an
asymptotically x-strict pseudo-contraction with sequence {y,} C [0, o0) such that F(T) # 0. Assume
that {B.} C [x,1] and define a mapping S, = Pl + (1 = p,)T" for each n > 1. Then the following
hold:

2
7

1S = SuvllP < (1) e -ylP, Vayec,
(3.1)

IS0 = x| < yullx — x| +2(x = Spx, x —x*), VxeC, x* € F(T).
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Proof. For all x,y € C, we have

1Sux = Suyll” = 1u(x = y) + (1= o) (T"x = T"y) I
= Bullx = yIP + (1= B)IT"x = T"y[[2 = B (1 = B I(T = T")x = (I - T")y||?
< Pallx =yl + (1= Bu) [(1+ ) lx = 12+ (T = T")x = (1 = T")y ]
=B (1= BT =T = (1 - T")y]?
= Bullx = ylI* + (1= B) (1 + ya) lIx = yII?
+ (1= ) (k= Bl = T")x = (I - T")y]?
< Bullx = ylI? + (1= B) (1 + ya) lIx = yII?

< (T +y)lx -yl

(3.2)
By this result, for all x € C and x* € F(T), we have
(1+ 7)1 = x*[1* 2 [|Snxx = Spx*||* = ||Snx — x + x — x*|*
(3.3)
= ||Sux — x| + || = x*||* + 2(Spx — x, x — x*),
and hence
1Snx = xII* < yullx = x°[I* + 2(x = Spx, x = x7). (34)
This completes the proof. O

Lemma 3.2. Let C be a nonempty closed subset of a Hilbert space H. Let T : C — C be an
asymptotically x-strict pseudo-contraction with sequence {y,} C [0, 0) satisfying y» — 0 as
n — oo. Let {z,} be a sequence in C such that ||z, — zy+1|| — 0 and ||z, — T"z,|| — 0 as
n — oo. Then ||z, = Tz,|| — 0asn — co.

Proof. The proof method of this lemma is mainly from [15, Lemma 2.7]. Since T is an
asymptotically x-strict pseudo-contraction, we obtain from [3, Proposition 2.6] that

Tn+1 Zp — Tn+1 Znil

< L”Zn _Zn+1||/ (35)

where L = sup{(k++/1+y,(1 —x))/(1-x) : n > 1}. Note that ||z, — zn+1|| — 0, which implies
that | Tz, — T"*1z,,1]| — 0, and observe that
Tz, - Tz,

|z = Tzull < |20 = Znet || + || Zne1 — Tn+1zn+1

|

Tn+1 Zpl — Tn+l Zn || +

(3.6)

< (1+L)||zn - zpa +| Tz, - Tz,

n+1
Zni1 = 1T Zpi || + |
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Since T is uniformly Lipschitzian, T is uniformly continuous. So we have

It follows from ||z, — zy41]| — O0and ||z, — T"z,|| — 0asn — oo thatlim,_, ||z, — Tz,|| = 0.
This completes the proof. O

Tz, —Tz,|| — 0 asn— oo. (3.7)

Let H be a Hilbert space, and, let C be a nonempty closed and convex subset of H. Let
{®,,} be a countable family of bifunctions from C x C to R satisfying (A1)-(A4) and let {r,}
be a real number sequence in (r, o0) with r > 0. Define

T.x = {ZEC:(I)i(z,y) +%<y—z,z—x) >0, Vy e C}, Vx € H. (3.8)

Lemma 2.2 shows that every T, (i > 1) is a firmly nonexpansive mapping and hence
nonexpansive and F(T},) = EP(®;).

Theorem 3.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let {T;} : C — C
be an infinite family of asymptotically x;-strict pseudocontractions with the sequence {y;,} C [0, o)
satisfying Yin — Oasn — oo foreachi > 1 and y1, > Yin for each i > 1 and n > 1. Let
{®,} be a countable family of bifunctions from C x C to R satisfying (A1)—(A4). Assume that Q =
Niz1 (E(T;) NEP(D;)) is nonempty and bounded. Set ag = 1 and 6y = 1. Assume that {a;} is a strictly
decreasing sequence in [0, a] for some 0 < a < 1, {6, } is a strictly decreasing sequence in (0,1), {Bin}
is a sequence in [x;, ) with 0 < x; <« < 1 foreachi > 1, and {r,} is a sequence in (r, oo) with r > 0.
The sequence {x,} is generated by x1 = x € C and

Zn = Op Xy + Z(Gi—l - Gi)Tr,-xn/

i=1

n
Wy = ApXpy + Z(“i—l - “i) (ﬂi,nI + (1 - ﬂi,n)Tin)Zn/
i=1

3.9
Cu= (0 €C: lwy ~ 0]l < [~ 0]l + n), 39)

n

D, =(\Cj,
j=1
Xp+1 = Pp,x, Vn2>1,
where {T,,} is defined by (3.8) and

A=A -an)y1ndn — 0 (n— 0), A, =sup{|jx, —v| :v € Q}. (3.10)

Then {x,} converges strongly to Pox.
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Proof. We show first that the sequence {x,} is well defined. Obviously, C, is closed for all
n > 1. Since

lwn = || < ||lxn = || + Ay (3.11)
is equivalent to
lwn = Xull? + 2(20n = X, X = 2) < Ay, (3.12)
C, is convex foralln >1.So D,, = ﬂ7=1 C; is also closed and convex for all n > 1.

Foreachn >1andi>1,putS;, = fi.I + (1 - pin)T". Letp € Q. Note that 6y = 1, {6, }
is strictly decreasing and each T;, is firmly nonexpansive. Hence we have

120 =PIl < Oallxn = pll + 261 = )| T - |

i=1
n

< Oullxn = pll + 25(0i1 = 0)||xu — | (3.13)
i=1

< Oullxn = pl[ + (1= 6n) [|l2n — p|

=||lxu-p|, VYn>1

Since a9 = 1 and {a,} is strictly decreasing, by (3.13) and Lemma 3.1, we have
n
20w = pll < anllxn = pll + 2 (@1 = @) [[Sinza — |
i=1

< atn|2n = pl| + D (i1 — ai)\/1+yinl|zn - |
i=1

(3.14)

n
< anl|xn = pl| + 21 = a) (1+y1) |0 = p|

i=1

< [|n = pll + An.

So we have p € C, and hence p € Dy, = (\_; C; for all n > 1. This shows that © C D, for all
n > 1. This implies that the sequence {x,} is well defined.

Since Q is a nonempty closed convex subset of H, there exists a unique z* € Q such
that

z* = Pox. (3.15)

From x,.1 = Pp,x, we have

|xne1 —x|| < ||z = x|, Yz € D,. (3.16)
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Since z* € Q C D, we have
lxpe1 —x|| < ||zF = x|, Vn>1. (3.17)

Therefore, {x,} is bounded. From (3.13) and (3.14), {z,} and {w,} are also bounded.
From x,.1 = Pp,x and D,,.; C D,, one sees that x,,o = Pp,,,x € D41 C Dy, foralln > 1.
It follows that

n+l

||Xn+1 - x” < ||xn+2 - x”, Vn > 1. (318)

Since {x,} is bounded, the sequence {||x—x,||} is bounded and nondecreasing. So there exists
¢ € R such that

c= ;11111}0||x = X (3.19)

Since xy41 = Pp,x € Dy, Xp42 = Pp,., X € Dyy1 C Dy and (xXp41 + Xp42) /2 € D, we have

n+1

2

[l = et || < ”x _ Xnt1 + Xni2
2
1 1 2
= ||5(x = Xns1) + 5 (x — Xus2) (3.20)
2 2
1 1 1
= Ellx = X |* + Ellx — Xna2® - Z”xnﬂ = Xz *
So we get
1 1 1
7l = Xnio||® < 5llx - Xnia|” = Sllx - X1 |- (3.21)
Since limy, —, oo ||x = Xp41 || = limy, - oo || X = xp42|| = ¢, we obtain
Jijr;o”xnﬂ - xn+2|| =0, (3.22)
that is,
im [l = 2] = 0. (3.23)
Now, for each I > 1, from (3.23) we get
”xn+l - xn” < ||xn+l - xn+l—1” +oeeet ”xn+1 - xn”
(3.24)

— 0 asn— oo.
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This implies that there exists an element x € C such that x, — Xasn — oo.

Next we show that X € 2, F(T;) and x € 2, EP(®;).
From x,,1 € C,, we have

1 — wnll < [l26n = Xnaa || + | X041 — wnl|

(3.25)
< 2||xpn = xpa1 |l + Ao
By (3.10) and (3.23), we obtain
lim [|x, — w0 = 0. (3.26)
For p € Q, we have, from Lemma 2.2,
”Trixn - P”z = ”Trixn - Tripllz
< <Trixn - Trip/ Xn — P)
(3.27)
(T - pya - p)
1 2 2 2
= 5 (ITon =pIP + lxn = I = 120 = T %),
and hence
| T2en = pII” < ||26n = pII = %0 = Tral®, Vi 1. (3.28)
Therefore
1z = pII* < Bullxn = pII* + (B = 6)[| Ty = p|”
i=1
< Ol = plI* + X (01 = 0 ([l = pII* = 1 = Tl (3.29)
i=1

n
=l =PI = X (01 — 012w — Tyl
i=1
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By (3.29) and Lemma 3.1, we have

n
leow = pII* < aulloen = pII + X (i1 — @) [|Sinza = I’

i=1
2 L 2 2
< ay||xn = pl|”+ D (@i — @) (L+y10) |20 —
i=1
= an“xn - p”2 +(1- an)(l + Y1,n)2||2n - p”2
< ayllxa—p|*+ (1-an) (1 +m)2<llxn ~plI* = 3011 - 0)1x —:rrixn||2>
i=1

= [lxn = pIP + (1= @) (2010 + 12, llxn — pI

n
— (1= a) (1 + Y1) (Bi-1 = ) 120 = Trxull?,
i=1

(3.30)
and hence
2 L 2
(1= an)(1+y10)" D (0i-1 = 0:) |0 = Tyl
i=1
< NI~ lleow =l + 0 = @) (2010 + 72, 1~ (331
2 2
< lxn = wall (|| = p| + [[wn = p||) + (1 —an)(Znn +n,n)llxn -pll*
This shows that
(1= ) (1 +y1.0) (611 — 6:)[|%n — Ty, x|
< [lxn = wall(||xn = pl| + [[zon = p|) (3.32)

2 Vi>1.

+ (1= ) (200 +12,) llxa —p

Since {a,} C [0,a] withO <a <1,y1, — 0, {6,} is strictly decreasing and ||x,, —w,|| — 0, we
get

lim [l - Trxall =0, Vi 1. (3.33)
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Let M,, = supizl{llxn —T,,x,||} for eachn > 1. Then M,, — 0 asn — oo. Hence, from (3.33),

one has

n
llxn = zall < Z(Qi—l = 0)| T xn — x|

i=1

z 3.34
< 3 (61 0) M, = (1-6,) M, (3.34)
i=1
— 0.
From (3.26) and (3.34), we obtain
1zn = wall < |20 = Xnl + ||2Xn = wn|| — 0. (3.35)
Noting that
n
Z(“H — ;i) (2n — SinzZn) = AnXp + (1 — ay)zy — Wy
i=1 (3.36)
=y (xy —wy) + (1 - an)(zn — wn),
we have
Z(“i—l - (X,’)<Zn - Si,nzn/ Zn — P)
i=1 (3.37)
= 0y (Xp — W, Zn — ) + (1 — 40) (20 — Wn, 20 — p).
By Lemma 3.1, we have
||Zn - Si,nzn”2 < Yi,n”zn - P”z + 2<Zn - Si,nzn/ Zp — P)
) (3.38)
< Yl,n”zn - P” + 2<Zn = SinZn, Zn — P>
Therefore, combining this inequality with (3.37), we get
n
> (@1 = )|z = Sinzall?
i=1
(3.39)

< Yin(l = @) || 2e = P + 200 (20 = Wy, 20 — p)

+2(1 - an)(zn — Wn, 20 — p),
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and hence (noting that a;_; > a; for eachi > 1)

1- 2
||Zn _Si,nznll2 < M”Zn _P”2+ o <xn _wnzzn_P>
i1 — QA i1 — & (3.40)
2(1 - ay) '
+ — (zn — Wn, 20 — p).
From (3.26), (3.35) and lim,, . y1,» = 0, we have
1}1_1:20”271 - Si,nzn” =0, Vi>1l (341)

From the definition of S;,, and (3.41), we have (noting that {f;,} C [x;, x) C (0,1))

1
|zn = T!'zu|| € ———lzn — Sinznll — 0, Vi>1. (3.42)
1- ﬂi,n
We next show (3.42) implies that
lim ||z, - Tiz,|| =0, Vi>1. (3.43)
n—oo

As a matter of fact, from (3.23) and (3.34) we have

1zn = Znst || < Nz = Xl + |20 = Xnst || + |Xns1 = Zna ||
(3.44)

— 0.

Now, (3.42), (3.44), and Lemma 3.2 imply (3.43).

Since each T; is uniformly continuous and z, — X asn — oo, one get x € F(T;) for
eachi > 1 and hence x € N2, F(T)).

Now we show X € N2, EP(®;).

Since every T, is nonexpansive, from (3.33) and x, — X, wehave x € F(T},) and hence
X € NZ F(T,,). Lemma 2.2 shows that x € (72; EP(®;).

Finally, we prove that X = Pox. From x,,.1 = Pp,x, one sees

(Xp41 — 2, X —Xp41) 20, Vz€D,. (3.45)
Since Q C D, for all n > 1, one arrives at

(Xps1 —2,X—Xp41) 20, VzeQ. (3.46)

Taking the limit for above inequality, we get
(X—2z,x-X)>0, VzeQ. (3.47)

Hence X = Pox. This completes the proof. O
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As direct consequences of Theorem 3.3, we can obtain the following corollaries.

Corollary 3.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let {®D,} be a
countable family of bifunctions from: CxC to R satisfying (A1)—(A4). Assume that Q = (72, EP(D;)
is nonempty and bounded. Let {r,} be a sequence in (r, co) with r > 0. Set 6y = 1. The sequence {x, }
is generated by x1 = x € C and

n
Zn = O0p Xy + Z(Gi—l - Gi)Tr,-xn/

i=1

Ch={veC:|za—v| <lxu—2l},
(3.48)

D, = _ﬂcj,

n
j=1
Xn+1 = PD,,x/ vn Z ]-/

where {T, } is defined by (3.8) and {0, } is a strictly decreasing sequence in (0,1). Then {x, } converges
strongly to Pgx.

Corollary 3.4. O

Proof. Putting T; = I for alli > 1 and a, = 0 for all n > 1 in Theorem 3.3, we obtain

Corollary 3.5. Let C be a nonempty closed subset of a Hilbert space H. Let T be an asymptotically
K-strict pseudo-contraction with sequence {y,} C (0, o) satisfying y, — 0asn — oo and F(T) # 0.
Let {x,} and {u,} be sequences generated by x1 = x € H and

Zy = Opxn + (1 = 0,)Pexy,
Wy = apxn + (1= an) (Bl + (1= ) T") zn,

Cu={veC:|wn-2| <|x,—0l},
(3.49)

n
D, =(\C;,
j=1

Xn+1 = pan/ vn 2 ]-/

where {6,} C (0,1), {a,} C [0,a] with0 < a <1, and {f,} C [x,«) with x < &' < 1. Then {x,}
converges strongly to Pp(r)x.

Proof. Put ®@;(x,y) = 0 for all x,y € C and setr, = 1 for all n > 1 in Theorem 3.3.
By Lemma 2.2, we have T,,x, = Pcx, for each i > 1. Hence, by Theorem 3.3, we obtain

Corollary 3.5. O

Remark 3.6. Our algorithms are of interest because the sequence {x,} in Theorem 3.3 is very
different from the known manner. The proof is simple and different from those of others. The
main results extend and improve those of Kim and Xu [3], Tada and Takahashi [8], and many
others.
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Remark 3.7. Putay =1,00 =1,k =3/4,r=1,yin = 1/4", x; =1/4+1/B+i),a, =1/(1 +n),
0,=1/4+1/8n,pin=1/4+1/B+i)+1/8nforalli>landalln>1,rg=1,andr, =1+1/n.
Then these control sequences satisfy all the conditions of Theorem 3.3.
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