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We introduce a new iterative algorithm for a system of generalized equilibrium problems and
a countable family of strict pseudocontractions in Hilbert spaces. We then prove that the sequence
generated by the proposed algorithm converges strongly to a common element in the solutions set

of a system of generalized equilibrium problems and the common fixed points set of an infinitely
countable family of strict pseudocontractions.

1. Introduction

Let H be a real Hilbert space with the inner product (-,-) and inducted norm || - ||. Let C
be a nonempty, closed, and convex subset of H. Let {fx};., : C x C — R be a family of
bifunctions, and let {Ak}icp : C — H be a family of nonlinear mappings, where A is an
arbitrary index set. The system of generalized equilibrium problems is to find X € C such that

fr(x,y) + (Ax,y-x)>0, VyeC, keA. (1.1)
If A is a singleton, then (1.1) reduces to find x € C such that
f(x,y)+(AX,y-x)>0, VYyeC. (1.2)

The solutions set of (1.2) is denoted by GEP(f, A). If f = 0, then the solutions set of (1.2)
is denoted by VI(C, A), and if A = 0, then the solutions set of (1.2) is denoted by EP(f).
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The problem (1.2) is very general in the sense that it includes, as special cases, optimization
problems, variational inequalities, minimax problems, and the Nash equilibrium problem
in noncooperative games; see also [1, 2]. Some methods have been constructed to solve the
system of equilibrium problems (see, e.g., [3-7]). Recall that a mapping A : C — H is
said to be

(1) monotone if

(Ax-Ay,x-y)>0, Yx,yeC (1.3)

(2) a-inverse-strongly monotone if there exists a constant & > 0 such that

(Ax - Ay, x - y) > a|Ax - Ay||>, Vx,yeC. (1.4)

It is easy to see that if A is a-inverse-strongly monotone, then A is monotone and
1/a-Lipschitz.

For solving the equilibrium problem, let us assume that f satisfies the following
conditions:

(Al) f(x,x) =0forallx € C,
(A2) f is monotone, thatis, f(x,y) + f(y,x) <Oforallx,y € C,
(A3) foreach x,y,z € C, lim;,of(tz+ (1 - t)x, y) < f(x,v),

(A4) for each x € C, y — f(x,y) is convex and lower semicontinuous.

Throughout this paper, we denote the fixed points set of a nonlinear mapping
T:C — CbyF(T) = {x € C:Tx = x}. Recall that T is said to be a k-strict pseudocontraction if
there exists a constant 0 < x < 1 such that

ITx =Tyl < e =yl + (0 =Ty = (T =Ty 15)
It is well known that (1.5) is equivalent to

(Tx=Ty,x~y) < e -yl - 55N T~ Tx - (1 -Tyy (16)

It is worth mentioning that the class of strict pseudocontractions includes properly the
class of nonexpansive mappings. It is also known that every x-strict pseudocontraction is
((1 +x)/(1 - x))-Lipschitz; see [8].

In 1953, Mann [9] introduced the iteration as follows: a sequence {x,} defined by
xp € C and

Xp1 = AuXy + (1 —a,)Sx,, n>0, (1.7)

where {a,};-, C [0,1]. If S is a nonexpansive mapping with a fixed point and the control
sequence {ay ) is chosen so that X ;o) a,(1 — a,) = oo, then the sequence {x,} defined
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by (1.7) converges weakly to a fixed point of S (this is also valid in a uniformly convex
Banach space with the Fréchet differentiable norm [10]).

In 1967, Browder and Petryshyn [11] introduced the class of strict pseudocontractions
and proved existence and weak convergence theorems in a real Hilbert setting by using Mann
iterative algorithm (1.7) with a constant sequence a, = « for all n > 0. Recently, Marino
and Xu [8] and Zhou [12] extended the results of Browder and Petryshyn [11] to Mann’s
iteration process (1.7). Since 1967, the construction of fixed points for pseudocontractions via
the iterative process has been extensively investigated by many authors (see, e.g., [13-22]).

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
S :C — C be anonexpansive mapping, f : C x C — R a bifunction, and let A : C — H be
an inverse-strongly monotone mapping.

In 2008, Moudafi [23] introduced an iterative method for approximating a common
element of the fixed points set of a nonexpansive mapping S and the solutions set of a
generalized equilibrium problem GEP(f, A) as follows: a sequence {x,} defined by xo € C
and

1
fWny) + (A%, Y = Yn) + —(Y = Yn, Yn — Xa) 20, VyeC,
Tn (1.8)

Xn1 = Xy + (1 - an)synz n>1,

where {a,};2, C (0,1) and {r,},—y C (0, 00). He proved that the sequence {x,} generated by
(1.8) converges weakly to an element in GEP(f, A) N F(S) under suitable conditions.

Due to the weak convergence, recently, S. Takahashi and W. Takahashi [24] introduced
another modification iterative method of (1.8) for finding a common element of the fixed
points set of a nonexpansive mapping and the solutions set of a generalized equilibrium
problem in the framework of a real Hilbert space. To be more precise, they proved the
following theorem.

Theorem 1.1 (see [24]). Let C be a closed convex subset of a real Hilbert space H, and let
f + CxC — R be a bifunction satisfying (A1)—(A4). Let A be an a-inverse-strongly monotone
mapping of C into H, and let S be a nonexpansive mapping of C into itself such that F(S) N
GEP(f, A) #0. Let u € Cand x1 € C, and let {y,} C C and {x,} C C be sequences generated by

1
fny) + (A0, Y = Yu) + (Y = Yn Yn = xa) 20, Yy €C, 19)

Xt = Puxn + (1= Bn)S[anu+ (1 —an)yn], n>1,

where {ay )52 C [0,1], {Bulsy € [0,1] and {r,};2; C [0,2a] satisfy
(i) imy— oty = 0and 3774 a, = o0,
(i) 0<c<P,<d<l,
(ili) 0<a<r,<b<2a

@iv) limy, o (ry — 741) = 0.

Then, {x,} converges strongly to z = Pr(s)nGEp(f,4)U-
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Recently, Yao et al. [25] introduced a new modified Mann iterative algorithm which is
different from those in the literature for a nonexpansive mapping in a real Hilbert space. To
be more precise, they proved the following theorem.

Theorem 1.2 (see [25]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H.

Let S : C — C be a nonexpansive mapping such that F(S) #0. Let {a, )2, and let {B,}, be

two real sequences in (0,1). For given xo € C arbitrarily, let the sequence {x,}, n > 0, be generated
iteratively by
Yn = Pc[(1 - an)xn],

(1.10)
Xn+l = (1 - ﬂn)xn + ﬂnsyn'

Suppose that the following conditions are satisfied:
(i) imy— oty = 0and 3775 a = o0,
(i) 0 <liminf, ., p, <limsup, B, <1,

then, the sequence {x,} generated by (1.10) strongly converges to a fixed point of S.

We know the following crucial lemmas concerning the equilibrium problem in Hilbert
spaces.

Lemma 1.3 (see [1]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H, let f

be a bifunction from C x C to R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C
such that

f(Z,y)+%<y—z,z—x)20, Yy e C. (1.11)

Lemma 1.4 (see [26]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
f be a bifunction from C x C to R satisfying (A1)-(A4). For x € H and r > 0, define the mapping
T/ : H — 2€ as follows:

Tf(x) = {zeC:f(z,y) + %(y—z,z—x) >0, Vy EC}. (1.12)

Then, the following statements hold:
1) T,f is single-valued,
(2) T,f is firmly nonexpansive, that is, for any x,y € H,

Trfx—Trfy”zg (t/x-Tly,x-y), (1.13)

(3) F(T]) = EP(f),
(4) EP(f) is closed and convex.
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Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let rx > 0
for each k € {1,2,..., M}. Let {fk}kM:1 : C x C — R be a family of bifunctions, let {Ak}ﬁil :
C — H be a family of ax-inverse-strongly monotone mappings, and let {T,},-; : C — C
be a countable family of x-strict pseudocontractions. For each k € {1,2,..., M}, denote the
mapping T{:’A" :C - Cby Trfkk’Ak = Trfkk (I - r¢Ax), where T{k" : H — C is the mapping
defined as in Lemma 1.4.

Motivated and inspired by Marino and Xu [8], Moudafi [23], S. Takahashi and W.
Takahashi [24], and Yao et al. [25], we consider the following iteration: x; € C and

Yn = Pc[(1-ay)xn],

Trf]\]/\I/I:AMTfoerMfl o Trfzz'AzT#?’Al]/nz (1.14)

un = T™M-1

Xn+1 = ﬁnxn + (1 - ﬁn) [Yun + (1 - Y)Tnun]/ n>1,

where {a,};2; € (0,1), {Bn};; € (0,1) and y € (0,1).

In this paper, we first prove a path convergence result for a nonexpansive mapping
and a system of generalized equilibrium problems. Then, we prove a strong convergence
theorem of the iteration process (1.14) for a system of generalized equilibrium problems and
a countable family of strict pseudocontractions in a real Hilbert space. Our results extend the
main results obtained by Yao et al. [25] in several aspects.

2. Preliminaries

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. For each x € H,
there exists a unique nearest point in C, denoted by Pcx, such that ||x—Pcx|| = min,ec||x-y||.
Pc is called the metric projection of H onto C. It is also known that for x € H and z € C,
z = Pcx is equivalent to (x — z,y — z) <0 for all y € C. Furthermore,

||y—PCx||2+ llx — Pex]|* < [|x -y 2 (2.1)

for all x € H, y € C. In a real Hilbert space, we also know that

A + (1= Dy |* = Mxl? + A= V|ly]* - ra -0)||lx -y (2.2)

forallx,y € Hand A € [0,1].
In the sequel, we need the following lemmas.

Lemma 2.1 (see [27, 28]). Let E be a real uniformly convex Banach space, and let C be a nonempty,
closed, and convex subset of E, and let S : C — C be a nonexpansive mapping such that F(S) #0,
then I — S is demiclosed at zero.

Lemma 2.2 (see [29]). Let {x,} and {z,} be two sequences in a Banach space E such that

Xn+l1 = ﬂnxn + (]- - ﬂn)zn/ n>1, (23)
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where { P, )., satisfies conditions: 0 < liminf, B, <limsup, . p, <1.Iflimsup,  _ (||zp -

Znll = [[Xne1 = Xul|) <0, then |x, — z4|| — 0asn — oo.

Lemma 2.3 (see [30]). Assume that {ay},.; is a sequence of nonnegative real numbers such that
an+1 < (1 - Yn)an + Yn6nz n>1, (24)

where {y, ), is a sequence in (0,1) and {6, ), is a sequence in R such that

(@) 221 Y = o0; (b) limsup, | 6, <0o0r 377, |[ynbul < oo.
Then, lim,, . ,a,, = 0.

Lemma 2.4 (see [31]). Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
the mapping A : C — H be a-inverse-strongly monotone, and let r > 0 be a constant. Then, we have

|- rA)x - (I -rA)Y|* < ||x - y|* + r(r - 2a) | Ax - Ay ||, (2.5)

forall x,y € C. In particular, if 0 < r < 2a, then I — r A is nonexpansive.

To deal with a family of mappings, the following conditions are introduced: let C
be a subset of a real Hilbert space H, and let {T,};.; be a family of mappings of C such
that (,—; F(T,) # 0. Then, {T,} is said to satisfy the AKTT-condition [32] if for each bounded
subset B of C,

Z sup{||Tns1z — Tnz|| : z € B} < o0. (2.6)

n=1

Lemma 2.5 (see [32]). Let C be a nonempty and closed subset of a Hilbert space H, and let {T,} be

a family of mappings of C into itself which satisfies the AKTT-condition. Then, for each x € C, {T,x}
converges strongly to a point in C. Moreover, let the mapping T be defined by

Tx = lim T,x, VYxeC. (2.7)

n— oo
Then, for each bounded subset B of C,

limsup{||Tz - T,z| : z€ B} =0. (2.8)

n— oo

The following results can be found in [33, 34].

Lemma 2.6 (see [33, 34]). Let C be a closed, and convex subset of a Hilbert space H. Suppose that
{Tu )y is a family of k-strictly pseudocontractive mappings from C into H with (\;—; F(T,) # @ and
{pn); is a real sequence in (0,1) such that >, u, = 1. Then, the following conclusions hold:

(1) G == 3721 ynTw : C — H is a x-strictly pseudocontractive mapping,
(2) F(G) = M2y F(T).
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Lemma 2.7 (see [34]). Let C be a closed and convex subset of a Hilbert space H. Suppose that {S;}72;

is a countable family of x-strictly pseudocontractive mappings of C into itself with (2 F(Si) # 0.
Foreachn €N, define T, : C — Cby

T,x = i‘uilsix, x€C, (2.9)
i=1
where {yt,} is a family of nonnegative numbers satisfying
(1) Xt =1foralln €N,

(ii) p' == limy, o, > 0 foralli € N,

(i) 35570 X [ = il < 0.
Then,

(1) Each T, is a k-strictly pseudocontractive mapping.

(2) (T} satisfies AKTT-condition.
(3) If T : C — C is defined by

Tx = ZyiSix, xeC, (2.10)
i=1

then Tx = limy, _, o Tyx and F(T) = ;24 F(Ty) = N2 F(Si).

In the sequel, we will write ({T,}, T) satisfies the AKTT-condition if {T}} satisfies the
AKTT-condition and T is defined by Lemma 2.5 with F(T) = (72, F(T,).

3. Path Convergence Results

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let S: C — C be
a nonexpansive mapping. Let { fk}kM=1 : Cx C — R be a family of bifunctions, let {Ag}M, :
C — H be a family of ai-inverse-strongly monotone mappings, and let rx € (0, 2ay). For each
ke {1,2,..., M}, we denote the mapping Tf:’Ak :C — Cby

T/ = TI(T - 1 Ap), (3.1)

where Trfkk is the mapping defined as in Lemma 1.4. For each t € (0,1), we define the mapping
S;: C — C as follows:

Spx = ST/wAMT A A p (1 - h)x], VxeC. (3.2)

rm-1

By Lemmas 1.4(2) and 2.4, we know that T,fk" and I — rAx are nonexpansive for each
k € {1,2,..., M}. So, the mapping Té"’A" is also nonexpansive for each k € {1,2,..., M}.
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Moreover, we can check easily that S; is a contraction. Then, the Banach contraction principle
ensures that there exists a unique fixed point x; of S; in C, that is,

xy = ST AT oA A p 1 - f)x], e (0,1). (3.3)

rm-1

Theorem 3.1. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
S : C — C be a nonexpansive mapping. Let { fk}kM:1 : CxC — R bea family of bifunctions,
let {Ax)t, : C — H be a family of ax-inverse-strongly monotone mappings, and let ry €
(0,2ayx). For each k € {1,2,..., M}, let the mapping TZ(’“Ak be defined by (3.1). Assume that
F := (ﬂﬁil GEP(fx, Ax)) N (Mg F(Ty)) #0. For each t € (0,1), let the net {x;} be generated by
(3.3). Then, as t — 0, the net {x;} converges strongly to an element in F.

Proof. First, we show that {x;} is bounded. For each t € (0,1), let y; = Pc[(1 - t)x¢] and
Uy = TﬁfM’V"AMTfM’l’AM’1 . -Tfll'Alyt. From (3.3), we have for each p € F that

M-
e =pll = 1S = Spll < e =pll < [ly: = pll < A=) l]x = pl| +lp]] (3.4)
It follows that
[l =pll < [l (3.5)
Hence, {x;} is bounded and so are {y;} and {u;}. Observe that

ly: = x:|| < tllxell — 0, (3.6)

ast — 0 since {x;} is bounded.
Next, we show that |lu; — x;|| — 0ast — 0. Denote ©F = T,fk""L?"‘T,fk":ll’A"’1 e Trfll’A1 for

any k € {1,2,..., M} and @° = I. We note that u; = @Myt foreacht € (0,1). From Lemma 2.4,
we have foreach k € {1,2,..., M} and p € F that

Ak k- Ak k-1 ||?
Trj;(k Fok 1]/t_T1£k fok 1P||

forur -+ -

T,fk" <@k*1yt - rkAk@kflyt> - T,fk" <@ki1p - rkAk@k*1p> ”2

(3.7)
<[00 -ra@ ) - (op - )|

< ||9k_1yt - P”2 + 1i(ric — 2a) ”Akek_l}/t - AkP”Z-
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It follows that
= = |y -
<|lye-pl* + %Ti(ri - 2a;) ”Ai@iflyt - Ailf’”2
i=1

M . 2

= [|Pel(1 = ] = pl* + Driri - 2a) || A€y - A (38)
i=1
M . 2

< ([lxi = pll + Hixil)* + Yritri - 2a9) || 407y - A |
i=1

) M - 2
<||x —pl|” + M1 + Zi’i(i’i —2a;) ”Ai@l Vi — Aip” }
i1

where My = sup_, {2||x: = plll|x:|| + t]|x¢]|*}. So, we have

e = pII” < e = pII°

) M L 5 (3.9)
< |Jxe = p||” + M1+ Zfi(Ti - 2a;) ||Ai@17 Yi— AiP” ,
i=1
which implies that

lim | A©* "y - Awp|| =0, (3.10)
for each k € {1,2,..., M}. Since Trfk" is firmly nonexpansive for each k € {1,2,..., M}, we

have foreachp € Fand k € {1,2,..., M} that

k 2 S Ak k-1 oAk k-1, ||

| yi—p||" = |17 & - T ek |

T/ (O 1y, - nA®y,) - T (0 - 1 A©*p) ||2

< <®k‘1yt — e AO 1y, — (p - e Akp), OF s — p>

- % <||@k_1]/t - 1cAk© 'y — (p - rAkp) ”2 + ”@kyt - P”z

—||9k_1yt -1 AO y; - (p - T Arp) - <9kyt B P> ”2)
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< % <||®’<—1yt - p||2 +||okyi - p||2 - || @y - Oy - re (A0 Ty - Ap) ||2>
<5(le -+ ey —p[ - o -
+27% ||@k’1yt - kat” ”Ak@k’lyt - Akp||>.
(3.11)
This implies that
SR I S I T
+ 2|05y - Ok y ||| Ak i - Avp| (3.12)
o o - el e -
where M, = maxi<k<m SUPy;.; {27k[|©* 'y — ©Fyy||}. This shows that
e = Il = ||@y - ||
M. o2 M .
<lye-pll* - 2 |o7y-etw| + M:2, |4y - | (3.13)
M ) M
<l = p||2 +tM; - Z”@Hyt - @iyt|| + MZZ”A,-@Hyt - A,-p”.
i=1 i=1
Hence,
I = pI* < [lue - p|I*
Mo o Mo (3.14)
< Iz —pl* + My = Y ||0 ye - ||+ M2 |4y - A
i=1 i=1
From (3.10), we obtain
M
S vi-ey| —o (3.15)
in1
ast — 0.So, we can conclude that
lim||©*~y, - Oy =0, (3.16)

t—0
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foreach k € {1,2,..., M}. Observing

l1tn = ell = {|©My: - wi|

3.17
e Y S R S
it follows by (3.16) that
lim{|, - ]| = 0. (3.18)
From (3.6) and (3.18), we have
%iil’&”ut - x| =0. (3.19)
Hence,
It = Sx¢|| = ||Suy — Sxi|| < ||ur — x¢]| — O, (3.20)
ast — 0.

Next, we show that {x;} is relatively norm compact ast — 0. Let {t,} C (0,1) be
a sequence such thatt, — 0asn — oo. Put x,, := x;,. From (3.20), we obtain

Tim [Jx, = Sx, | = 0. (3.21)

Since {x,} is bounded, without loss of generality, we may assume that {x, } converges weakly
to x* € C. Applying Lemma 2.1 to (3.21), we can conclude that x* € F(S).

Next, we show that x* € (., GEP(f, Ax). Note that Oy, = T,{k'Ak@k‘lyn =
Trfk" (© 1y, — reAx©ly,) for each k € {1,2,...,M}. Hence, for each y € C and k €
{1,2,..., M}, we obtain

(O ) + % (y - 0%y, Oy, - (6 yu - e AO Ty, ) ) 2 0. (3.22)
From (A2), we have
rlk<y - 0y, 0y, — (O - e AO ) ) 2 fi(v,0a), Wy eC. (3.23)
Therefore,

@ky ‘ _@kfly ‘
<y ~ 0"y, % + Ak@klynj> > fi (y, ekynj), Yy eC. (3.24)
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For eacht € (0,1) and y € C, put z; = ty + (1 — t)x*. Then, we have z; € C. From (3.24),
we get that

<Zt - ekynj/Ath> > <Zt - @kynj/Akzt>

oky, -k 1y,
- <Zt -y, # + A© ) + fi (zt,@kyn,-)

= <Zt - Oy, Arzi - A®yy, > + <Zt - Oy, A® Y, — AO 1y, >

Oy, -0 1y,
- <Zt - @kynj/ M> +fk (Zt,@kynj>.

Tk
(3.25)

We note that [|Ax©%y,, — Ax©@ 1y, || < (1/a1) |0 Yy, — Oy, || — 0,0Fy,, — x*asj — oo,

and { A}, is a family of monotone mappings. It follows from (3.25) that

(zt — X", Akze) > fre(ze, x7). (3.26)
So, by (Al), (A4) and (3.26), we have foreachy € Cand k € {1,2,..., M} that

0= fk(zt/zt) < tfk(zt/y) + (1 - t)fk(Zt,x*)
<tfe(zi,y) + (1= 1)(z - x", Axzi) (3.27)

=tfi(ze,y) +t(1 - ) (y — x*, Aczs).
This implies that
fe(zoy) + (1-t(y - x*, Axzi) 20, VyeC. (3.28)
Letting t — 0in (3.28), it follows from (A3) that

fi(x*,y) + (y —x*, Akx*) 20, VyeC. (3.29)
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Hence x* € ﬂﬁil GEP(fk, Ax); consequently, x* € F. Further, we see that

llxe = x*|* = [|Su = x7|?

2
< e = x|

2

<y -«
(3.30)
<l = x* =t
= ||locr = x*||* = 28(x, x — ) + ||
= |locr = x*||F = 28 (xp — x*, xp — ) = 28(x*, xp — x°) + 12|22
So, we have
* (12 * ok t 2
v = I < (", 6" = ) + 2l (331)
In particular,
%12 * * tTl 2
ot = I < {2 = ) + 2 (332)

Since x, — x*, we have x, — x* asn — oo. By using the same argument as in the proof of
Theorem 3.1 of [25], we can show that x; — x* € Fast — 0. This completes the proof. O

4. Strong Convergence Results

Theorem 4.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let { fy }Q’il :
C x C — R be a family of bifunctions, let (A}, : C — H be a family of ax-inverse-strongly
monotone mappings and let {T,,};2, : C — C be a countable family of k-strict pseudocontractions for
some 0 < x < 1such that F := (N}, GEP(fx, Ax))N(NZ2y F(T,)) # 0. Assume that {a, )2, C (0,1),

{Pulyy € (0,1), vy € (k1) and r € (0,2ax) for each k € {1,2,..., M} satisfy the following
conditions:

(i) imy,— a, =0and 3,77, a, = 00,
(ii) 0 < liminf, . f, < limsup, ,  fn < 1.

Suppose that ({T,},T) satisfies the AKTT-condition. Then, {x,} generated by (1.14)
converges strongly to an element in F.

Proof. For each n € N, define S, : C — Cby S,x = yx+ (1 - y)Tx, x € C. Then, F(S,) =
F(T,) = F(T), since y € (0,1). Moreover, we know that {S,} satisfies the AKTT-condition,
since {T,} satisfies the AKTT-condition. By Lemma 2.5, we can define the mapping S : C —
C by Sx = lim,,Syx for x € C. Hence, Sx = yx + (1 - y)Tx, x € C, since T,x — Tx for



14 Fixed Point Theory and Applications

x € C. Further, we know that S, is nonexpansive for each n € N. Indeed, for each x,y € C
and n € N, we have

I1Sux = Suyll* = llyx + (1 =7)Tux = yy = (1= 1) Ty’
= ly(x-v) + A -7)(Tux - Ty) |’
=yllx = yl* + =) Tux = Tuy||* -y (L =) | - T)x - (I = T}y’
<ylle-yllP+ A=Dlx -yl + Q- -Tyx- A =Tyl @1
~y( =)= Tyx - (I - Ty
= x=ylI* + A =y) (=) T - T)x = (T - T)y]|*
< Jlx -yl

Hence, S, is nonexpansive for eachn € Nand so is S.

Next, we show that {x,} is bounded. Denote ©F = T/*T /-t . T/v4 for any

ke{1,2,...,M} and @ = I. We note that u, = ©My,. From (1.14), we have for each
p € F that
[l2¢e1 = Pl = [1Bnxn + (1= Bu) Sutan|

< Bullxn = pll + (1= Bu) | Suten = |

< Pullxen =pll + (1= Pu) [[un - p

= Ballxu = pll + (1= ) | ©My - |

< Pullxn =pll + (1= Bu) [lyn - p

< Bullxn = pll + (1= Bu) [ = an) |20 = p| + n]lp]|]

= (1= an(1 =) lxn =Pl + @n(1 =) llpll
pll}-

(4.2)

< max{ |}, - p

7

Hence, by induction, {x,} is bounded and so are {y,} and {u,}.
Next, we show that

;}i_{r;”xnﬂ = x| =0. (4.3)

Since u, = OMy, and 1 = OMy,.,

s =l = [|©M i1 - OMy,

(4.4)
<Ny =yl
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Set z,, = S,u,, n € N. So, we have from (1.14) and (4.4) that

||Zn+1 - Zn” = ||Sn+1un+1 - Snun”
SSni1ttns1 = Sparttall + | Sne1ttn
< ||u1’l+1 - un” + ||Sn+1un - Snun”

< ||Yns1 = Y|l + 1Sns1tn — Sttall

= Sutta|

< = ans1)xn = (1= an)xnl| + sup [|Sni1z = Suz|

z€e{uy}

< lxne1 = Xl + ansal[xnar || + anllxnll + sup [|Sni1z — Suz|l.

z€{uy }
Since {S,} satisfies the AKTT-condition and lim,, _, ,a, = 0, it follows that
lim sup(||zn+1 = Znl| = [[Xn1 = Xall) <0.

n—oo
So, by Lemma 2.2 and (ii), we obtain

lim ||z, — x,|| = 0.
n—oo

Hence,

nh_{l;”xnﬂ =Xl = nlgl’;)(l _ﬂn)l

Observe that

|z — x| = 0.

”}/n - xn” = [|Pc[(1 = an)xn] — Pcxnl| < anllxall — 0,

asn — oo. Similar to the proof of Theorem 3.1, we obta

M
llen = pII* < lln = pII” + My + 31t =
i=1

M
e = pII* < fln = pIP + @ M; = X5 ||© yn - Oy
i=1

in for each p € F that

7

2a;) ||Ai@i71}/n - Aip :

2 M
+ MY ”Al-@i_lyn ~ Aip
i=1

7

15

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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for some M) >0 and M), > 0. Then, from (4.10), we have
12wt = PII* < Bullen = pII” + (1= Bu) [|Suten — pI”

< Bullxn = plI* + (1= o) 1w =

<Pallu=pll* + (1= )

M (4.12)
. 2
x <len =Pl M+ 3 - 2a0) || 40y - A >
i=1
5 M . 2
< [ln = pl* + @M + (1= B) Y riri = 200 | A0y - A,
i=1
which implies that
= i1 2 2 2 ,
(1-Bn) D riRai = 1) | Ai© y — Aip | <|lxwer = p||” = ||xn = p||” + an M. (4.13)
i=1
So, from (4.8), (i), (ii) and 0 < r¢ < 2ay foreach k =1,2,..., M, we have
lim ||Ak®k‘1yn - Akp” =0, (4.14)

n—o
foreach k € {1,2,..., M}. Similarly, from (4.11), we have
lnsr = pII* < Bullxn = I+ (1= o) | Suten = pII°
<Palln=pl* + (1= ) 1w~ p I

<l -l + (1- )
5 M
(ol st - 3
i=1

ei—lyn _ @iyn

2 M
+ M,ZZ ||Ai@i_1yn - Alp
i=1

)

2 M -
+ M'zzl“”Ai@l - A
i (4.15)

M
< e =plI* + @M = (1= ) 3|07y~ 'y
i=1

This implies that

2

M . .
(1-B) 2|0 v - Oy
o (4.16)

M
<t =l = s~ pIF + @My + M5 3| 40y, — A
i=1
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From (i), (ii), (4.8), and (4.14), it follows that

lim ||@k-1yn —Oky,|| =0, (4.17)
n— oo
foreachk € {1,2,..., M}.
Next, we show that
lim [|x, = Sxy | = 0. (4.18)
Observing
1t = yall = || € =
(4.19)

7

< ||9Myn _ @M—lyn” + ||@M—1yn _ @M—Zyn

+~-+||@1yn—yn

it follows, by (4.17), that

,}E}}o”un -ya| =0. (4.20)
From (4.9) and (4.20), we have
lim e, — x| = 0. (4.21)

We see that

| = Sxnll < ||xn — Snttnl| + |Snthn — Snxnll + ||Snxn — Sxul|

4.22
< ot = Sutta + 1t = | + s 1S,z = Sz 422
z€{x}
So, by (4.7), (4.21), and Lemma 2.5, we have
lim [|x, = S| = 0. (4.23)

Let the net {x;} be defined by (3.3). By Theorem 3.1, we have x; — x* € Fast — 0.
Moreover, by proving in the same manner as in Theorem 3.2 of [25], we can show that

limsup(x*, x* - x,,) <0. (4.24)

n—oo
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Finally, we show that x, — x* € Fasn — oo. From (1.14), we have
lenss = 2 I* < Bullxt = "7 + (1= Bu) 1 Sutt — x|
< Bullan = 27 + (1= ) lun = x°|°
< Bullocn =P+ (1= Pu) [l yn - x°

< Bullxn = x| + (1 = Bu) (1 = @) (300 — X7) — atax”™|1”

2

(4.25)
< Pullxn - x*llz + (1 - ﬂn)

x (1= an)llen = x| = 200 (1 = @) (2", 2 = ) + a2 ")
= (1= an(1=pn))lxn — x|

+a, (1= ) (2(1 — ) (X, x* = x,) + anllx*||2>.

By (i) and (4.24), it follows from Lemma 2.3 that x, — x* € F. This completes the proof. O

As a direct consequence of Lemmas 2.6 and 2.7 and Theorem 4.1, we obtain the
following result.

Theorem 4.2. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let { fi },](\i 1:
C x C — R be a family of bifunctions, let (A}, : C — H be a family of ax-inverse-strongly
monotone mappings, and let {S;}2, be a sequence of w;-strict pseudocontractions of C into itself such
that F := (M, GEP(fx, Ax)) N (N2 F(Si)) #0 and sup{x; : i € N} = x > 0. Assume that
y € (x,1) and ry € (0,2ax) foreach k € {1,2,..., M}. Define the sequence {x,} by x1 € C and

Yn = Pc[(1-ay)xn],

U, = TrfMM,AMTqu,AMA o Trj:z,Aszl,Aly

M- nooJmw (4.26)

n
X1 = Puxen + (1= Pn) [Yun +(1- Y)Z#ZSI'”"]/ n>1,

i=1

where {ay Yooy and {P, )2, are real sequences in (0,1) which satisfy (i)-(ii) of Theorem 4.1 and {y,}
is a real sequence which satisfies (i)—(iii) of Lemma 2.7. Then, {x,} converges strongly to an element

inF.

Remark 4.3. Theorems 4.1 and 4.2 extend the main results in [25] from a nonexpansive map-
ping to an infinite family of strict pseudocontractions and a system of generalized equilibrium
problems.

Remark 4.4. 1If we take Ax = 0 and fx = 0 for each k = 1,2,..., M, then Theorems 3.1, 4.1,
and 4.2 can be applied to a system of equilibrium problems and to a system of variational
inequality problems, respectively.
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Remark 4.5. Let 51,5, ... be an infinite family of nonexpansive mappings of C into itself,
and let &1, &, ... be real numbers such that 0 < ¢; < 1 for all i € N. Moreover, let W,, and
W be the W-mappings [35] generated by Si,S»,...,S, and &1, &,...,¢, and S1,S,,... and
&1,¢, . ... Then, we know from [7, 35] that ({W,,}, W) satisfies the AKTT-condition. Therefore,
in Theorem 4.1, the mapping T, can be also replaced by W,,.
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