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1. Introduction
Let {a,} and {b,} be two sequences of complex numbers. If A = 0,1, then

Z Z amEn < ]l'( i |a |2>1/2< i |b |2>1/2
| = n n ’
m=1-1 n:l—)Lm +n+d n=1-1 n=1-1

© © 4 E w 1/2 © 1/2
S 3 b er< z|an|2> <z|bn|2> ,
1-A A n=1-1

=1-An=1- m=1-\
m#n

(1.1)

(1.2)

where the constant factor o is the best possible. It is all known that the inequalities (1.1) and
(1.2) are called the Hilbert theorem for double series. The two forms (1.1) and (1.2) on the
Hilbert inequality were combined into one similar form in some papers (e.g., [1, 2], etc.),


mailto:mingzhegao@163.com

2 International Journal of Mathematics and Mathematical Sciences

that is,
2
2
DD I Y I o 2 S a3 fbl? (13)
<ua a, nl” - .
m=1-\ n=1 Am+”+)‘ m=1-An=1-1"" nel-d n=lo)
m#n

Recently, the various extensions on (1.1) appeared in some papers (e.g., [3, 4], etc.).They
focalize on changing the denominator of the function of the left-hand side of (1.1). Such as the
denominator (m + n + \) is replaced by (a,, + )" in [3], and the denominator (m + n + 1)
is replaced by (mu(m)+nov(n))" in [4]. Some new results in these papers were yielded.
The inequality (1.3) is obviously a significant refinement of (1.1) and (1.2). However, both
extensions and refinements on (1.2) and (1.3) do not commonly appear in previous papers. The
main purpose of the present paper is to establish both an extension and a significant refinement
on (1.3). Explicitly, let u (x) > 0x € [0, + oo) be a real function and let lim,_,,u(x) = +oo. If the
denominator (m+mn+ 1) of the first term of the left-hand side of (1.3) is replaced by u(m) +u(n),
and the denominator (m — n) of the second term of the left-hand side of (1.3) is replaced by
u(m) — u(n), then a new inequality established is significant in theory and applications; and
as applications, we will give both extensions and refinements on Fejer-Riesz’s inequality and
Hardy’s inequality. For convenience, we introduce some notations and functions as follows:

) © ambn
V@ =2 2 o

(a, b) = ZZ k=12,

m=0n=0 u(m +u(n))
2 2
[l = lenl ,

= k=1,2,

(1.4)

(f8)=] f(t)g(_t)dt,
27
||0c||2 = J‘ |a|2dt, where a = f, g, h.
0

In particular, when b = @, the notations Uk (a, a) and V (a, a) are denoted, respectively, by Ux(a)
and V (a). Throughout this paper, we will frequently use these notations, and we stipulate that
Z denotes integer set and that u(n) = Z, + 1/2, where Z,, € Z, n € Ny, A is an integer or
O<A<l.

2. Lemmas

In order to prove our assertions, we need the following lemmas.
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Lemma 2.1. If both 372 ya, and X5 by, are absolute convergent, then

(1) oo o> 0@mbn is absolute convergent,

(i) ||a||* and ||b||* are convergent.
The proof of it has been given in the paper [2]. Hence, it is omitted here.
Lemma 2.2. Let f, g, h € L?[0, 2or], and let h be a variable unit-vector. Then,

sl LED] @\
£ < IFPIg] (1 ( - )) @.1)

In particular, when h is orthogonal to f, we have

2 ooz (1 (1 &M] 2 .
1917 < 1Pl (1 ( - )) 2.2)

and the equality in (2.2) holds if and only if f, g and h are linearly dependent.

The proof of these results has been given in [5, 6].
Define a function by

r(x) = U (x) sin 20 — U, (x)sin A, (2.3)

Lemma 2.3. Let {a,} and {b,} be two sequences of complex numbers. If \ is an integeror 1/2 < A <1,
then

r(a)r(b) > 0. (2.4)

Proof. When \ is an integer, it is clear that r(a)r(b) = 0. So we consider only the case for 1/2 <
A < 1.1t is easy to deduce that

Ui (x) = f
=[5 f

When 1/2< 1 <1, it follows from (2.3) that r(x) <0 for any x€ C. Hence, we have r(a)r(b) >0.
O

tu(m) 1/2 dt >0,

(2.5)

Xt m-1/2 dt > 0.

n=0

Lemma 2.4. Let f(z) = 302 0a,z"™V2 If f(z) is analytic in the unit-disc |z| < 1, then

=|V(a)l. (2.6)

L (" ity |2
|5z reenra
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Proof.

f J;t| f(-e") |2dt‘

[ tr(-enyieena

JT [ee] [ee]
j D" D aman(cos(r +t) +isin(or + £))"“"712(cos(r — t) + i sin(or — t))”(")_l/zdt

—T m=0n=0

& & ama_n . . < < ama_n
=20 ———————— | sinAor +1 ——— | cos Ao
2 2 - ut 2 2w
u(m) #u(n) u(m) #u(n)
=2 |V(a)|.
(2.7)
Thereby, the relation (2.6) holds. O
3. Theorems and their corollaries
In order to prove our assertions, we need also to introduce the following functions:
510) V2| Ty (x) cos Aor — (1/2 )T (x) sin Ar|
1(x) = ,
(2] = 7(x))"? (3.1)
52(x) V2| Ty (x) sin Ao — (1/1)To(x) sin? (Ao /2)] '
2(x) = .

(2 [|x|* + 7(x))"?

Theorem 3.1. Lef r(x) be a function defined by (2.3), let {a,} and {b,} be two nonzero sequences of
complex numbers, and let both > 5. a, and > me by be absolute convergent. Then,

(i) if A is an integer, then
Ui (a,b)|* + |V(a,b)|* < (#|al*[[b]*) (1 - R, (32)

where

1[(Ti@ _T®)\ (k) D@\ . .
a2 - - £ is odd
. A Clat” = wen) * ol jap) | #4is 0ad o

1 Tl(a)>2 <T1(b)>2> s
—( (=) +( —= if A is even;
Jr2<< [lall 1l

(i) if 0 < A < 1, then

2
U1 (a,b) cos2\ar — %Uz(a, b) sin 2\or

# V@b < {#1alfIblE - Zr@rb) -2,
(3.4)
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where R* = min{(s;(a) - 52(b))?, (s1(b) - s2(a))?}, si(x) (i = 1,2) is defined by (3.1). In
particular, when 1/2 < A < 1, we have r(a)r(b) > 0.

Proof. Define two functions by

flat) = iam\/i sin(u(m))t,

" (3.5)
g(b,t) = > byVtcos(u(n))t, t € [0, 2zx].

n=0

Since both >7”,a, and >, b, are absolute convergent by Lemma 2.1, the double series
S0 meoAmby is absolute convergent. Accordingly, f(a, t)g(b, t) is uniformly convergent
in the interval [0, 2or]. Thereby, the interchange in order of summation and integration can
be made. In what follows, we stipulate that the interchanges in order of summation and
integration are justified. It is easy to deduce that

If1I? = 7*llall® - r(a),

Igll* = 72||bl|* + (b),

20T
|(f,8)] = | fans®na (3.6)

4

= JZ"V(UI, b) + <ll1(a, b) cos 2\ — %Uz(a, b) sin2)ur>

where r(x) is a function defined by (2.3). By Lemma 2.2, we have

1 2
‘V(a, b) + (Ul(a, b) cos 2\ — Euz(a, b) sin 2/\.71')

= %Hﬂg)lz < %Ilfllzllgllz(l -7) (3.7)
= L {lall - r(@) (#2617 + r)) 1 - 1),

where r = (| (f,h) |/|IfIl - |(g h) |/||g||)2, h is a variable unit-vector, it can be properly chosen
in accordance with our requirement. O

(i) When 1 is an integer, it is known from (2.3) that r(x) = 0.
We select hy = v/2t/2r it is easy to deduce that ||| = 1, and

(1= V25t 63

—u(m)

Since the series .-, is absolute convergent, it is justified that the complex number a,
is replaced by |a,| in (3.8). Hence, we have

[(f, )| = V2Ti(a). (3.9)
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Similarly

V2 L
|(g,h1)|= ?Tz(b) if L isodd, (3.10)

0 if A iseven.

We therefore obtain that

3( Ti(a) Ta(b)

2

—_— if A is odd,
. <|(f,h1)| |(g,h1)|>2 72\ Jrnbn) s
1= bl =

3.11
A Tl > /TN o G40
== if A is even.
a2\ al
Hence, the inequality (3.7) can be reduced to
[V(a,b) + Ui (a,b)|* < {?[lal*|IBI*} (1 - 7). (3.12)

Notice that Uy (b, a) = Uy(a,b) and V(b,a) = -V (a,b). If we still select the unit-vector
hy = v/2t/2r, then, interchanging a and b in (3.12), we have

2
- V(a,b)+Ui(a,b)| < (alallbI) (1 -12), (3.13)

where r; is defined by

2 <—T1(b) L@ >2 if A is odd

2
py = (1] [ m)[ N J 2\l lal (3.14)
£l llgll 2 /Ti(b) 2 o
P( bl > if A is even.

Adding (3.12) and (3.13), then the inequality (3.2) follows after simplifications.
(ii) When 0 < A < 1, we firstly consider h in (3.7). We still select unit-vector hy = /2t /2.
It is easy to deduce that

|(f, )] =2

7

o am 1 e am .
<%m> cos \or — T <,,,Z_O(u(m))2> sin A

E b, . 1/& b, . LT
<nZ_O u(n)> sin \or — ;<nz_0 (u(n))2> sm27 .

Since the series Y, ,a, and >,,- b, are absolute convergent, it is justified that the complex
numbers a, and b, are replaced, respectively, by |a,| and |b,| in the above relations.
Let si(x) = |(f,m)|/IfID), s2(x) = |(g h1)|/lIgll. By using (3.1), we find si(a), s2(b).

|(g, )| =2




Z.Yu and G. Mingzhe 7

Let R? = (s1(a) — s2(b))*. We obtain from (3.7)

2
|V(a, b) + <U1(a,b) cos 2\ — %Uz(a, b) sin2)ur>

(3.16)
< {2 alPlbl? - Qb1Pr @) - lalFr ) - Zzr(@re) (1~ B,

Notice that U;(b,a) = U1(a,b), Uz(b,a) = Uy(a,b), and V(b,a) = -V (a,b). If we still
select the unit-vector hy = /2t/2ur, then, interchanging a and b in (3.16), we have

2

‘ -V(a,b)+ <ll1(a, b) cos 2\ — %Ug(a,b) sin2)ur>

(3.17)
< { T NalPIbI? - lalPr®) - 1bPr(@) - Zr(era) } (1 - 1),

where R2 = (s1(b) - s2(a))*. Let R> = min{R?, R?}. Adding (3.16) and (3.17), the inequality
(3.4) can be gotten after simplifications. In particular, when 1/2 < A < 1, by Lemma 2.3, we
have r(a)r(b) > 0. The proof of Theorem 3.1 is completed.

Corollary 3.2. Let >, a, be absolute convergent. Then,

(i) if A is an integer, then

[Ui(@)|* + V(@) [ < (x?[lall*) (1 - R?), (3.18)
where
2
2 . <T1(a) - Tzw)) if \ is odd,
5 x| all T
R? = (3.19)
2 5 ey
——(Ti(a if A is even;
T 1(a)) if

(ii) if 0 < A < 1, then

2
U1 (a) cos 2\ — %Uz(a) sin 2Aor

AV@P < ol - Lr@ba-r), )

where R? = (s1(a) - 52(a))?, si(x) (i = 1,2) is defined by (3.1).

In particular, when u(n) = n+ A/2, according to (3.2), one obtains a refinement of (1.3) immediately.

Corollary 3.3. If A =0, 1, then

2

< < ambn ‘ < = amb_n <2 - 2 = 2 2
< (2D 1al X b)) (1-R), (321
mg—/\ n:zl—)tm +tn+d mZPAn;Am -n ng—/\ " n:zl—l "
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where
1 (/Ti(a) T®\> [Ti(b) Ts(a)\?) .
i _ — A=
- A (Tat ~ior) * (ot ~gan) } 740 o)
1 (T@N, (T®Y . |
x2<<||a||> +<||b||>> =0
where
Te(x) = i bl (3.23)
W +4/2)F

Corollary 3.4. If u(n) =n+1/4, then

<Z Zm+n+1/2>

2 0 ) 2

mEn
P

< {#lalPIbl? - 5r(@r®)} (1 - R),

m=0 n=0 m=0n=0,m#n
(3.24)
where
r(a)r(b) >0,  R*=min{(s1(a) - s2(b))? (51(b) - 52(a))?},
_-/v2n )|
@ xlP - )
_ (3.25)
ooy = Y2TL) (/200 |
(2| x[|” + 7(x))
< |xn|
T, = —, k=12
() ,,Zzo(n +1/4)F

Since A = 1/2, it is known from Lemma 2.3 that r(a)r(b) > 0.
Ifr(a)r(b) and R in (3.24) are replaced by zero, then the inequality (3.24) can be reduced to

(Z Zm+n+1/2>

m=0 n=0

71

< || a|l?|[b]*. (3.26)

m=0 n= Om#n

The inequalities (3.24) and (3.26) are refinements of the Hilbert-Ingham inequality

> >t | <l (627)

‘m =0 n=0

One has yet a new inequality according to Theorem 3.1(ii).
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Theorem 3.5. With the assumptions as Theorem 3.1, if A = 1/4, then

2
|5tz 0| +1Via, 0P < {alalPlol? - Sr@re }a-r),  G29)

where
R? = min{(s1(a) — s2(b))?, (51(b) — s2(a))?},

_Nx) - (1/2m)Th(x) |

51(x)
S P - )
) < [T = (/2T (V2 1) (329
(w2lxl + r@)?
< |%n]
Tie(x)= Y —————, k=1,2.
' nZ:o (n+1/8)F
4. Applications to Hp function
Let f(z) be analytic in the unit-disc |z| < 1. If f(z) = 37 a.z" € H, with p > 0, then
[ Irorae<3 [ irEnra @1

where the coefficient 1/2 is the best possible. It is called the Fejer-Riesz inequality in H),
function [7].
We will give both an extension and a refinement of (4.1) in what follows.

Theorem 4.1. Let f(z) = 37 a,z*™ "2 € H,, wherep > 0 and u(n) = Z, + (\/2)(Z, € Z, L €
No). If f(z) is analytic in the unit-disc |z| < 1, then

2
+

’ < G J'ZJr |f(e") |”dt>2(1 -R%), (4.2)

0

1
[ ropar

L (" NP
5 | Hr-enra

where R > 0.

Proof. At first, we prove the theorem for case p = 2. Let f(z) = S a,,z" ™12 1t is easy to
deduce that

0

! 2 = Aman
[(ora-3, 3 o),
m=0

~ u(m) + u(n)
u(m)+u(n)#0 (43)

1 20T ; P
EI |f(e")|dt = ||all*.

0
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By Lemma 2.4, we have

1 » N 12 & & ama

— t —et| dtl = __TmTn | _

5 L atlf (=)l ‘ > HZ:O o) e | = V@ (4.4)
u(m) #u(n)

Since the series > a, is absolutely convergent, it is justified that the complex number a,, is
replaced by |a,|.
According (3.18), we have

2
+

2 27 2
INFAGIREE < (%f |f(e”)|2dt> (1-R?), (4.5)

0

1 (" it 12
3 | Cenrar

where R? is defined by (3.19). It is easy to deduce that
2 4 < r’f i\ |2 >‘1
— == e)|dt) ,
i | TICO]

Ti(a) = f: 12| f(t)|dt, (4.6)

1 s
To(a) = fo % fo 12| f(t)|at.

Because u(n) = Z,+\/2#1/x,Ti(a) — Ta(a) /o #0. It shows that R? > 0. Hence, the inequality
(4.2) is valid when p = 2. If p #2, then by the Blaschke decomposition theorem, it holds that
f(z) = B(z)G(z), where B(z) is Blaschke function and G(z)#0, |B(z)] < 1in |z| < 1 and
IB(e")] = 1.

Let F(z) = (G(z))”/ 2 e H,. According to the above result for p = 2, we have

2
+

2
+

2

i 7 _ ity |P ! 2 LJ‘I ity |2 2
2ﬂfﬂt|f( Pt HO|F(t)|dt 5| tFC-elar

1
[NICIE
0

27 2
%f |P(eff)|2dt} (1-R2)

0

IN

(4.7)

201 . 2
- Efo |G(e")|”dt} (1-R%)

27 2
_ %f |f(e“)|”dt} (1- R,

0

Based on the case for p = 2, we have R% > 0. Hence, R?> > 0. The proof of Theorem 4.1 is
completed.
Let

f(z) = icmzm € Hi. (4.8)

m=0
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Then,
ol 1 T i
n=0 -
It is called the Hardy inequality in H, function [7]. O

We will give both an extension and a refinement of (4.9) as follows.

Theorem 4.2. Let f(z) = 3o cuz"™ be analytic in the unit-disc |z| < 1, where u(m) = Z,, + 1/2
(with Z,, € Z and A € Ny) and f € Hy. Then,

(i) | Larceoraf

< G Jm |f(e™) |dt>2(1 - R?), (4.10)

—Jr

where

%(jgt—1|f(t)|dt - % f; % f; t‘1|f(t)|dt>2<f:ﬂ |f(e”)|dt>_1 if Lisodd,

4 < ﬂ F5 ) dt>2< f ()] dt>1 if A is coen.

Proof. By Blaschke decomposition theorem, we have

(4.11)

f(2) = B(2)G(2) = B(2)G"*(2)G'2(2) = fi(2) f2(2), (4.12)

where B(z) is Blaschke function, f1, f» € H,. Let f1(z) = B(z)GY?(z) = 3 _yamz"™, f2(z) =
GY%(z) = 32 b,z"™. It is easy to deduce that

[e'e} [o'e) 1 v/ .
llall* = [Ib]* = Zlaml2 = Z|bn|2 = ﬂf |GY/2 (e dt
"0 "0 7 (4.13)
1

T ) ) 1 201 )
- B ity —~1/2 1t2t=_f it £
5 | IBena enpar= o [ (el
1
Owing to f(2) = fi(2) f2(2), it holds that [ ¢! f()|dt = [, £7}| f1(£)|’dt. 1t is easy to deduce
that

[©2)

< lc < la||as| |@m| |an|
< _— (4.14)
n=0 n=0 r+ :nu(r) + u(s) r;)nzo m) + u(n)
By Lemma 2.4, we find that

0

—f t|f(—e’f)|dt| |—f tfi( - e’t)|dt‘ i > _anllanl | (4.15)

m=0 n=0 u(m) - u(n)
u(m) #u(n)
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It follows from (4.13), (4.14), (4.15), and Corollary 3.2 that

(Sl Y | L [ rc- ey

n:Ou(n)

2 < (% jjﬂ |f(e") |dt>2(1 -R?), (4.16)

where R? is defined by (3.19). It is easy to deduce that

2 4<J‘2” i\ 12 )‘1
— == e dt)
el § IIACH]

1 1
T (a) =f t_1|f1(t)|2dt:j £ £ ()] dt, (4.17)
0 0
Yds (° -1 2 Lds (® 1
Tz(a)=I —f t |f1(t)|dt=f _I ¢ |f(t)|dt.
0o 5 Jo 0 S Jo
These show that the inequality (4.10) is valid. O
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