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1. Introduction

In ordinary topology, Matveev [1] has introduced a topological property called inverse com-
pactness which is weaker than compactness and stronger than countable compactness. In [1, 2],
inverse countable compactness and inverse Lindelofness have been defined and studied.

A topological space X is called inversely compact if and only if for every open cover
p of X, one can select a finite subcover y of X which consists of the elements of f or their
complements (but of course y is prohibited to contain both U and X \ U for any U € ).

In L-fuzzy topological spaces fuzzy compactness has been introduced by Warner and
McLean [3] and extended to arbitrary L-fuzzy sets by Kudri [4].

In this paper, we initiate fuzzy inverse compactness in L-fuzzy topological spaces which
is weaker than fuzzy compactness and introduce fuzzy inverse countable compactness and
fuzzy inverse Lindelofness. We prove that proposed definitions are good extensions of the
corresponding notions in ordinary topology.

2. Preliminaries

We assume that the reader is familiar with the usual notations and most of the concepts of
fuzzy topology and lattice theory.


mailto:halis@kou.edu.tr

2 International Journal of Mathematics and Mathematical Sciences

Throughout this paper X and Y will be nonempty ordinary sets and L = L(<,V, A,) will
denote a completely distributive lattice with a smallest element 0 and a largest element 1 (0 # 1)
and with an order-reversing involution a — a' (a € L). T and T will denote L-fuzzy topology
and ordinary topology, respectively.

Definition 2.1 (see [5]). An element p of a lattice L is called prime if and only if p # 1 and
whenever a,b € LwithaAb<pthena<porb<p.

The set of all prime elements of a lattice L will be denoted by pr(L).

Definition 2.2 (see [5]). An element a of a lattice L is called coprime (or union irreducible) if
and only if « # 0 and whenever a,b € Lwitha<avbthena<pora <b.

The set of all coprime elements of a lattice L will be denoted by M(L).
From the definitions we have that p € pr(L) © p' € M(L).

Definition 2.3 (see [3]). Let L be a complete lattice. A subset U of L is called Scott open if and
only if it is an upper set and is inaccessible by directed joins, that is,

(a)ifaeUand a < b, thenb € U;
(b) if D is a directed subset of L with \/ D € U, then thereisa d € D with d € U.

The collection of all Scott-open subsets of L is a topology on L and is called Scott topology of
L. The Scott topology of completely distributive lattice L is generated by the sets of the form
{x € L | x £ p}, where p € pr(L). This means that the family {{x € L | x £ p} | p € pr(L)}
forms a base for Scott topology on L.

A function f from (X, T) to L with its Scott topology is Scott continuous if and only if
f'({x e X |x £p}) €T for every p € pr(L).

Definition 2.4 (see [6]). An L-fuzzy topology on X is a subset 7 of LX satisfying the following
properties:
(i) the constant functions 0 and 1 belong to 7;
(ii) if f,g €T, then fAgE T,
(iii) if {fi:i€ J} C 7, then ;. fi € T.

The pair (X, 7) is called an L-fuzzy topological space. The elements of 7 are called open L-fuzzy
sets. An L-fuzzy set h is said to be closed if and only if i’ € 7.

Definition 2.5 (see [6]). Let (X, 7) and (Y, 7*) be L-fuzzy topological spaces. A function ¢ :
(X,7) = (Y, 1) is called fuzzy continuous if and only if ¢~ (g) € T for every g € *. (¢p7(g) =
8(p(x))).

Definition 2.6 (see [7]). Let (X, T) be an ordinary topological space. The set of all Scott continu-
ous functions from (X, T) to L with its Scott topology forms an L-fuzzy topology on X, which
will be denoted by w (T), that is,

wr(T) = {f € L* | f: (X, T) — L is Scott continuous}. (2.1)
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Definition 2.7 (see [7]). Let (X,T) be an ordinary topological space. An L-fuzzy topologi-
cal property Py is a “good extension” of a topological property P if and only if the topo-
logical space (X,T) has P if and only if the induced L-fuzzy topological space (X, wr(T))
has P f-

Definition 2.8 (see [4]). Let (X, T) be an L-fuzzy topological space, ¢ € LX and p € L. A collec-
tion f = (fi);e; of open L-fuzzy sets is called a p-level open cover of the L-fuzzy set g if and
only if (\;c; fi)(x) £ p for all x € X with g(x) > p'.

If g is the whole space X (= 1), then f is called a p-level open cover of X.

Thus f is called a p-level open cover of X if and only if (\ef)(x) £ p for all
xeX.

Definition 2.9 (see [4]). Let (X, 7) be an L-fuzzy topological space and g € LX. The L-fuzzy set
g is said to be fuzzy compact if and only if every p-level open cover of g, where p € pr(L), has
a finite p-level subcover of g.

If g is the whole space X, then (X, 7) is called fuzzy compact L-fuzzy topological
space.

3. Proposed definitions

Definition 3.1. Let X be nonempty set and let §,y C LX. B is called a partial inversement of y if
and only if p and y can be indexed with the same indexset,sayJ : f=(fi:i€ J},y={g:i€ ]}
so that for every i € ] either f; = gor f; = g.

Definition 3.2. Let (X,T) be an L-fuzzy topological space and ¢ € LX. g is said to be fuzzy
inversely compact if and only if every p-level open cover of g, where p € pr(L), has a partial
inversement which contains a finite p-level cover of g.

If g is the whole space X, then (X, 7) is called fuzzy inverse compact L-fuzzy topological
space.

This definition can be restated as follows. g is fuzzy inverse compact if and only if for
every p-level open cover f = {f; : i € J} of g, where p € pr(L), there exists a finite p-level
subcover y = {g; : i € J} of g such that there exist g1, $,...,8n € vy : (Vi214i) (x) £ p for every

!

x € X with g(x) > p', where foreachi=1,2,...,n, g = fi,or gi = f,.

1
Clearly, every fuzzy compact L-fuzzy set is inversely fuzzy compact.

Definition 3.3. Let (X,T) be an L-fuzzy topological space and ¢ € LX. ¢ is said to be fuzzy
inversely countably compact if and only if for every countable p-level open cover of g, where
p € pr(L), has a partial inversement which contains a finite p-level cover of g.

If g is the whole space, then we say that the L-fuzzy topological space (X, T) is fuzzy
inversely countably compact.

Definition 3.4. Let (X, ) be an L-fuzzy topological space and g € L*. g is said to be fuzzy
inversely Lindelof if and only if every p-level open cover of g, where p € pr(L), has a partial
inversement which contains a countable p-level cover of g.

If g is the whole space, then we say that the L-fuzzy topological space (X, T) is fuzzy
inversely Lindelof.
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From the definitions, it can be easily verified that every fuzzy inversely compact L-fuzzy
set g is fuzzy inversely countably compact and fuzzy inversely Lindelof.

4. Other characterizations

Definition 4.1. Leta € L, { C L, and g € LX. { is called an a-level centered family of g if and
only if for any hy, hy, ..., h, € ¢ there exists x € X with g(x) >a such that (h; Ahy A+ - -Ahy,) (x) > a.

Theorem 4.2. Let (X, T) be an L-fuzzy topological space and g € LX. g is fuzzy compact if and only
if for every a-level centered family ¢ of closed L-fuzzy sets, where & € M(L), there exists x € X with
8(x) 2 a such that (\peh) (x) 2 a.

Proof
Necessity. Let « € M (L) and let ¢ be a-level centered family of closed L-fuzzy sets such that for
each x € X with g(x) > a, there exists h € ¢ with h(x) 7 a.

Then, (A\ye:h)(x) £ a forall x € X with g(x) > a.

Hence (V') (x) # p forall x € X with g(x) > p', wherep = o’

Thus, p = {h' : h € {} is a p-level open cover of g that has no finite p-level subcover of
8- Infact, if b}, 1), ..., k), € B, then, since ¢ is a-level centered, there exists x € X with g(x) > a
and (A i) (x) > a; hence (VI H) (x) < p.
Sufficiency. Suppose that f is a p-level open cover of g with no finite p-level subcover of g,
where p € pr(L). Then, { = {f' : f € B} is a collection of closed L-fuzzy sets. Moreover, ¢ is an
a-level centered family of g, where a = p'. In fact, if f}, f},..., f, € {, then there exists x € X
with g(x) > p’ = a such that (\/IL, fi) (x) < p; hence (AL, f])(x) > a.

By the hypothesis, there exists x € X with g(x) > p’ with such that (A\;esf")(x) > p’;
hence (\/ fep f)(x) < p which yields a contradiction. O

Definition 4.3. Let { C LX, g € LX,and a € L.

¢ is called an a-level independent family of g if and only if for any finite fi, f>,..., fu,
81,82, ---,8m € { there exists x € X with g(x) > a such that (AL, fi A \iZ;8)) (x) > a.

In other words, ¢ is an a-level independent family of g if and only if for every nonempty
finite partial inversement ¢* of ¢, there exists x € X with g(x) > a and (A e-h)(x) 2 a.

Theorem 4.4. Let (X, T) be an L-fuzzy topological space and g € LX. g is fuzzy inversely compact if
and only if for every a-level independent family § of closed L-fuzzy sets, where a € M(L), there exists
x € X with g(x) > a and ()\ye;h)(x) 2 a.

Prog
Nece];sity. Let @« € M(L). Suppose that ¢ is an a-level independent family of L-fuzzy sets, such
that (A\jch) (x) # a for every x € X with g(x) > a.

Then, (el (%) £ « for all x € X with g(x) > a.

Hence, p = {l' : h € {} is a p-level open cover of g, where p = o'

By the fuzzy inverse compactness of g, there is a partial inversement y of  which con-
tains a finite p-level subcover of g.

Lety={gi:i€J}andf={h;:i€ ], h; €}

Then, there exists g1, %, ..., 8 € y such that (\/1., ) (x) £ p for all x € X with g(x) >p/,
where for eachi € {1,2,...,n}, g =h;, or g = h..
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Let g1 = hy, & = h,,..., 8 = Ny, &1 = hks1, k2 = hks2,---,8n = hy. Then g, g5,
v/ 8 Sk+ls-+-,8n € §. Since § is an a-level independent family of g, there exists x € X with
g(x) > a such that

/k\g£ A /n\gé (x) = /n\gZ (x) > a. (4.1)
<i:l > <i=1 >

i=k+1

Hence, there exists x € X with g(x) > p’ such that (\/1L;4i)(x) < p, which yields a
contradiction.
Sufficiency. Suppose that f is a p-level open cover of g with no partial inversement which con-
tains a finite p-level subcover of g, where p € pr(L). Then, { = {f' : f € B} is a collection of
closed L-fuzzy sets. Furthermore, ¢ is an a-level independent family of g, where a = p'. In fact,
if fi, for- s fir frs1r-- o fn € &, then by the assumption, there exists x € X with g(x) > p’ and
(Vi fi V Vit f) () < pshence (A fi A N fi) () > a

By the hypothesis, there exists z € X with g(z) > a and (A fep f)(z) > a; hence
(V fep f)(z) < p, which yields a contradiction. O

Theorem 4.5. Let (X, ) be an L-fuzzy topological space and g € LX. g is fuzzy inversely countably
compact if and only if for every countable a-level independent family ¢ of closed L-fuzzy sets, where
a € M(L), there exists x € X with g(x) > a and (/\heﬂh)(x) >a.

Proof. This is similar to Theorem 4.4. O

Definition 4.6. Let ¢ C LX and p € pr(L). ¢ is said to have the finite union property (for short
FUP)in G = {x € X : g(x) > p'} if and only if for any finite f1, f2,..., fx, g1, 82, ---,8n € ¢, there
exists x € G with (V& fi v VI, ¢) (x) < p.

Theorem 4.7. Let (X, T) be an L-fuzzy topological space and g € LX. g is fuzzy inversely compact if
and only if no § C T with the FUP in G satisfies (\/ pe; f)(x) £ pforall x € G.

Proof
Necessity. Suppose that { C 7 has the FUP in G such that (\/ s, f) (x) £ pforall x € G.

Then, { = {f' : f € ¢} is an a-level independent family of closed L-fuzzy sets, where
a = p'. From Theorem 4.4, there exists x € X with g(x) > a and (/\feéf’)(x) > a; hence
(Vfee f) (x) < p which yields a contradiction.
Sufficiency. Suppose that g is not fuzzy inverse compact. Then, there is an a-level independent
family ¢ of closed L-fuzzy sets such that (Aje.h)(x) # afor all x € X with g(x) > a, where
a € M(L). Hence (Vh')(x) & p for all x € X with g(x) > p/, where p = a'. Moreover,
¢ ={K : h €} isafamily of open L-fuzzy sets having the FUP in G. This completes the
proof. O

5. Some properties

The next theorem shows that fuzzy inverse compactness is a good extension of inverse com-
pactness in general topology.

Theorem 5.1. Let (X, T) be an ordinary topological space. (X, T) is inversely compact if and only if the
L-fuzzy topological space (X, wy (T)) is fuzzy inversely compact.
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Proof

Sufficiency. Let « € M(L) and ¢ be an a-level independent family of closed subsets of X. Then,
¢* ={xa: A€} isafamily of closed L-fuzzy sets. Furthermore, {* is an a-level independent
family of X. In fact, if ya,, X4,/ ---, X4, XBi..XB, € ¢, then since ¢ is independent, (., A; N
Niz1B; # ¢- Hence (AL xa; A NZ1X5) = X, anny, B, # 0- So, there is x € X such that (AL x4, A
N x’Bi)(x) =1 > a. Since (X, wy(T)) is fuzzy inversely compact, there exists z € X with
(Aaecxa)(z) 2 a; hence (A acpxa)(2) = (XN,4)(2) = 1 and therefore z € (4, A. Hence (X, T)
is inversely compact.

Necessity. Let p € pr(L) and p = (fi),c; be a p-level open cover of X consisting of basic open
L-fuzzy sets in (X, wr (T)). Then

e,€l;, xeA;eT,

fi(x) = {0; g A, (5.1)

(for each i € J) and (Vie; fi)(x) £ p forall x € X.

Let{={A; CX:Jie Jwithe; £ pand f; € p}.

It is clear that ¢ is an open cover of X in (X, T). Due to inverse compactness of (X, T),
there exists a partial inversement * of { which contains a finite cover of X.

Let ¢* = {B; : i € J}. Then there exist By, By, ..., B, € ¢{* such that X = [J,B;, where
B; = A;jand B; = A] (foreachi€ {1,2,...,n}).

(i) If B; = Ajforalli € {1,2,...,n}, then p* = {f1, fo,..., fu} is a finite partial inverse-
ment of . p* is also a p-level subcover of X in (X, w(T)). Hence, (X, wr(T)) is fuzzy
inversely compact.

(ii) Suppose that there exists iy € {1,2,...,n} such that B;, = A;O.

Let p* = {fi, fo,---, fio-1, fis -, fu}. Obviously, p* is a partial inversement of f. Fur-
thermore, p* is a p-level subcover of X in (X, w(T)). In fact, let x € X. Since X = U,;B; =
By, UULy, 2 i,Bi=x€BjorxelUl,,;,Bi=x€ A orxelUl ;A

(1°) If x € A} , then f] (x) =1 £ p. Hence (f; (x) V Vi1, 4, fi) (x) £ p.

(2°) If x ¢ A;O, then there is i € {1,2,...,n} — {ig} such that x € A;. Hence fi(x) =
ei £ p and therefore (f; V /i, ., fi)(x) £ p. Consequently, p* is p-level subcover of X in
(X, wr(T)). O

Theorem 5.2 (the goodness of fuzzy inverse countable compactness). Let (X, T) be an ordinary
topological space. (X,T) is inversely countably compact if and only if the L-fuzzy topological space
(X, wr(T)) is fuzzy inversely countably compact.

Proof. This is similar to the proof of the goodness of fuzzy inverse compactness. O

Theorem 5.3 (the goodness of fuzzy inverse Lindelofness). Let (X, T) be an ordinary topological
space. (X, T) is an inverse Lindelof space if and only if the L-fuzzy topological space (X, wy (T)) is fuzzy
inverse Lindelof space.

Proof. This is similar to the proof of the goodness of fuzzy inverse compactness. O

Theorem 5.4. Let (X, ) be an L-fuzzy topological space. If g € LX is fuzzy inversely compact and
h € LX closed, then g A h is also fuzzy inversely compact.



Halis Aygtin et al. 7

Proof. Letp € pr(L) and let f = (fi);c; € L be a p-level open cover of gAh; thatis, (Vc;fi) (x) £
p for all x € X with (g Ah)(x) 2 p'. So " = (fi)ie; U {H'} is p-level family of g. In fact, if

hix)>p = <\/fl->(x) £p VxeXwith (gAh)(x)>p'
ie]

- ( V k) (x) = <\/ fi> () VH(x) £ p (5.2)

kepr ie]

hix) 2p =hx) £p= (\/k)(x) £ p.

kep*

Since g is fuzzy inversely compact, f* has a partial inversement y* which contains a finite
p-level subcover of g.

Lety*={g:ieJju{h}and g ={fi:ie J}U{h'}.

Then there exists g1,9,...,9n € y* such that (\/7,g V I')(x) £ p for all x € X with
g(x) > p’ where for eachi € {1,2,...,n}, g = fior g = fl.

So (V1,4 (x) £ p forall x € X with (g Ah)(x) >p'. In fact x € X with (g Ah)(x) >p =
g(x) 2 p'and h(x) 2 p',

g(x)Zp'=>< gth’>(x) £p

n
i=1

= (Vg,-> (x)VH(x) £p (5.3)
i=1

= <i\_n/181'>(x) £p.

O

Corollary 5.5. Let (X, T) be an L-fuzzy topological space. If g is a fuzzy inversely compact L-fuzzy set
and h is a closed L-fuzzy set with h < g, then h is fuzzy inversely compact as well.

Proof. This follows directly from the previous theorem. O

Corollary 5.6. Let (X, T) be an L-fuzzy topological space. If (X, T) is fuzzy inversely compact, then
every closed L-fuzzy set on X is fuzzy inversely compact.

Proof. This follows from Theorem 5.4. O

Proposition 5.7. Let (X, ) be an L-fuzzy topological space and g, h € LX with h < g. If g is fuzzy in-
versely countably compact (fuzzy inversely Lindelof) and h is closed, then h is fuzzy inversely countably
compact (fuzzy inversely Lindelof).

Proof. This is similar to Theorem 5.4. O

Theorem 5.8. Let (X, T) be an L-fuzzy topological space and g, h € LX. If g and h are fuzzy inversely
compact, then gV h is fuzzy inversely compact as well.
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Proof. Suppose that g Vv h is not fuzzy inverse compact.

Then, there exists an a-level independent family § of g V h consisting of closed L-fuzzy
sets such that (/\feéf)(x) > a for all x € X with (g V h)(x) > a, where a € M(L).

Since a € M(L) we have (gV h)(x) > a © g(x) > a or h(x) > a.

Let f1, fo,.--, fx, fr+1,---, fn € & Since ¢ is an a-level independent family of g V h, there
exists x € X with (g Vv h)(x) > « and (/\lefi A Nitgar f1)(x) > a. That is, there exists x € X with
g(x) > aor h(x) > a such that (AL, fi A Nlpar f1) (%) > a.

Assume that g(x) > a. Then, ¢ is a-level independent family of g consisting of closed
L-fuzzy sets. Furthermore, (/A fee f)(x) # aforall x € X with g(x) > a.

So, g is not fuzzy inversely compact. O

Proposition 5.9. Let (X,T) be an L-fuzzy topological space and g,h € LX. If g and h are fuzzy
inversely countably compact (fuzzy inversely Lindelof), then gV h is fuzzy inversely countably compact
(fuzzy inversely Lindelof).

Proof. This is similar to Theorem 5.8. O

Theorem 5.10. Let (X, ) and (Y, T*) be L-fuzzy topological spaces and let ¢ : (X, T) — (Y,7*) bea
fuzzy continuous function such that ¢~ (y) is finite for every y € Y. If g € LX is fuzzy inversely com-
pact in (X, T), then ¢(g) € LY is fuzzy inversely compact in (Y, 7*), where ¢(g)(y) = Ve 1) 8(%)-

Proof. Let a € M(L) and ¢ is an a-level independent family of ¢(g) consisting of closed L-fuzzy
setsin (Y, 7%). Let ¢* = {¢}(h) : h € {}.

Since ¢ is fuzzy continuous, ¢* is a family of closed L-fuzzy sets in (X, 7). Further-
more, ¢* is an a-level independent family of g. In fact, if (p‘l(hl),(p‘l(hz),...,(p‘l(hk),
¢ (hks1), ..., 7 (hy) € &*, then there exists y € Y with ¢(g)(y) > @ and (AL AN, B (y) >
a because ¢ is an a—level independent family of ¢(g). ¢(g)(y) = anp_q ) g(x) > a implies
that there exists x € X with g(x) > a and ¢(x) = y because a € M(L) and ¢! (y) is finite.
Hence, (A7 (1) A N0 H(ED)) (%) = (A ki A NP B (9(x)) > a. From the fuzzy in-
verse compactness of g, there exists z € X with g(z) > a and (/\heé(p‘l(h))(z) > a. Then,
(Anech) (9(2)) = a. This means that ¢(g) is fuzzy inversely compact in (Y, 7%). O

Theorem 5.11. Let (X, T) and (Y, T*) be L-fuzzy topological spaces and let ¢ : (X, T) — (Y, T*) be
a fuzzy continuous function such that ¢~ (y) is finite for every y € Y. If ¢ € LX is fuzzy inversely
countable compact (fuzzy inversely Lindelof) in (X, ), then ¢(g) € LY is fuzzy inversely countably
compact (fuzzy inversely Lindelof) in (Y, T*).

Proof. This is similar to the proof of Theorem 5.10. O
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