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1. Introduction

Let # denote the class of analytic functions in the unit disk A := {z : |z| < 1}, and let #[a, p]
be the subclass of # of the form

f(z)=a+apzp+ap+1zp+1+"', P€N={112/3/---}- (11)

Let +4(p) be the subclass of H of the form

f(z) =2"+ Z arzk, peN. (1.2)
k=p+1

If f and g are analytic and there exists a Schwarz function w(z), analytic in A with
w(0) =0, lw(z)| <1, ze€A, (1.3)
such that f(z) = g(w(z)), then the function f is called subordinate to g and is denoted by

f<g or f(z)<g(z), z€A. (1.4)
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In particular, if the function g is univalent in A, the above subordination is equivalent to

f0)=g(0),  f(A)Cg(A). (1.5)

Suppose h and k are analytic functions in A and ¢(r,s,t;z) : C 3 x A—C. If h and
¢(h(z),zN (z), z2h"(z); z) are univalent and if h satisfies the second-order superordination

k(z) < ¢(h(z),zH (z),2°h"(z); 2), (1.6)

then h is a solution of the differential superordination (1.6). Note that if f is subordinate to
g, then g is superordinate to f. An analytic function g is called subordinant if g < h forall h
satisfying (1.6). A univalent subordinant g that satisfies g < g for all subordinants g of (1.6) is
said to be the best subordinant. Miller and Mocanu [1] have obtained conditions on k, g, and
¢ for which the following implication holds:

k(z) < p(h(z),zH (), 2*h"(z); z) = q(z) < h(z). (1.7)
Ali et al. [2] have obtained sufficient conditions for certain normalized analytic functions

f(z) to satisfy

zf'(2)

f(2)

where g; and ¢, are given univalent functions in A with g;(0) =1 and g,(0) = 1.
Recently, Shanmugam et al. [3, 4] have also obtained sandwich results for certain classes
of analytic functions. Further subordination results can be found in [5-8].

qi(z) < < q2(2), (1.8)

2. Definitions and Preliminaries

Definition 2.1. For f(z) € #(p), Shams et al. [9] defined the following integral operator:

- C(p+1)? (7 z\°™!

29f(z) = o) fo<log ?> f(t)dt (2.1)
_ < (PHINT
_Zp+n_§p+1<n+1> ayz", o>0. (2.2)

For the operator, one easily gets

z[07f(2)]' = (p+ DO f(2) - 07 f (2). (23)

Also for -1 < B < A < 1and 1 > 0, Shams et al. [9] defined a class €27 (A, B; 1) of functions
f(z) € H4(p), so that

(L)AL <

The family Q7(A;B; 1) is a general family containing various new and known classes of
analytic functions (see, e.g., [10, 11]).
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Definition 2.2 (see [1]). Denote by Q the set of all functions f(z) that are analytic and injective
on A — E(f), where

E(f)={¢eoa: limf (2) = o}, (2.5)
and are such that f'(¢) # 0 for { € 0A — E(f).

We will require certain results due to Miller and Mocanu [1, 12], Bulboacd [13], and
Shanmugam et al. [4] contained in the following lemmas.

Lemma 2.3 (see [12]). Let q(z) be univalent in the unit disk A, and let © and ¢ be analytic in the
domain D containing q(A) with ¢(w) #0 when w € q(A). Set Q(z) = zq'(z2)¢(q(z)), h(z) =
0(q(z)) + Q(=). Suppose that

(1) Q(z) is starlike univalent in A;
(ii) Re(zh'(2)/Q(z)) > 0 for z € A.
If p(2) is analytic in A, with p(0) = g(0), p(A) € D, and
0(p(2)) +zp'(2)9(p(2)) < 0(q(2)) + 24 (2)$(q(2)), (2.6)
then p(z) < q(z) and q(z) is the best dominant.

Lemma 2.4 (see [4]). Let q(z) be a convex univalent function in A and ¢,y € C with Re(1 +
(zq9"(2)/q' (2))) > max{0,-Re(¢/y)}. If p(z) is analytic in A and

pp(z) +yzp'(z) < ¢q(z) + yzq'(2), (2.7)
then p(z) < q(z) and q(z) is the best dominant.

Lemma 2.5 (see [12]). Let q(z) be univalent in A, and let ¢(z) be analytic in a domain containing
q(A). If zq'(z) / ¢p(q(z)) is starlike and

zp' (2)p(p(2)) < 29 (2)9(q(2)), (2.8)
then p(z) < q(z) and q(z) is the best dominant.

Lemma 2.6 (see [13]). Let q(z) be convex univalent in the unit disk A, and let & and ¢ be analytic in
a domain D containing q(A). Suppose that

(i) Re[8'(q(2))/9(q(2))] > 0 for z € A,
(ii) zq'(2)(q(z)) is starlike univalent in z € A.

Ifp(z) € H[q(0),11 N Q, with p(A) C D, and if 3(p(z)) + zp'(z)p(p(z)) is univalent in A and
B(q(2)) + zq'(2)p(q(2)) < B(p(2)) + zp'(2)p(p(2)), (29)
then q(z) < p(z) and q(z) is the best subordinant.

Lemma 2.7 (see [1]). Let q(z) be convex univalent in A and y € C. Further assume that Re(y) > 0.
Ifp(z) € H[q(0),11 N Q and p(z) + yzp'(z) is univalent in A, then

q(z) +yzq'(z) < p(2) +yzp'(2), (2.10)
which implies that q(z) < p(z) and q(z) is the best subordinant.



4 International Journal of Mathematics and Mathematical Sciences

The main object of this paper is to apply a method based on the differential subordination
in order to derive several subordination results.

3. Subordination for analytic functions

Theorem 3.1. Let q(z) be univalent in the unit disk A, A € C, and

zq'(2) o (Plp+])
Re<1+ ) > >max{0, Re( I )}, A#0 (peN). (3.1)
If f(z) € HA(p) satisfies the subordination
L/0%Hf(z2)\ p-A/0f(z) \zg'(z)
;3( z >+ p < z ><q(z)+P(P+1)' G2

where 0° f (z) is defined by (2.1), then

<9"fp(2)

zZ

) <4tz (63
and q(z) is the best dominant.

Proof. Consider

h(z) = (90;(2)>. (3.4)

Differentiating (3.4) with respect to z logarithmically, we get

zH(z) _z[0°f ()]

= 3.5
Wz 0°f@) (52)
Now, in view of (2.3), we obtain from (3.5) the following subordination:
AzH'(z) Azg'(z)
h(z) + <g(z)+ . 3.6
=) p(p+1) 9(z) p(p+1) (3.6)
An application of Lemma 2.4, with y = A/p(p + 1) and ¢ = 1, leads to (3.3). O

Taking g(z) = (1 + Az)/(1 + Bz) in Theorem 3.1, we arrive at the following.

Corollary 3.2. Let -1 < B < A < 1 and Re((1 - Bz)/(1 + Bz)) > max{0, —Re(p(p +

1)/} #0), p e N.If f € A(p) and

i 071 (z2) p—A/0f(2) 1+ Az L (A-B)z
P( zP >+ P < 2P ><1+BZ+P(P+1)(1+Bz)2, (3.7)

then
2°f(z) 1+ Az .

zP 1+ Bz

and (1 + Az)/(1 + Bz) is the best dominant.
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Putting p =1 and q(z) = (1 + z)/(1 - z) in Theorem 3.1, we get the following corollary.
Corollary 3.3. Let Re((1+z)/(1 - z)) > max{0, —Re(2/A)} and A #0.If f € H4(1) and

A0 f(z) (1-M)0f(z) 1+z Az
z - z <1—z+(1_z)2

, (3.9)

then

29 f(z) <1+z
z 1-z

(3.10)

and (1 + z)/(1 - z) is the best dominant.

Theorem 3.4. Let q(z) be univalent in A and 0# y,u € C, and a,p € C such that a + p #0. Let
f € H#(p) and suppose that q satisfies

zq"(z) _29'(2)
Re{l + ) T } > 0. (3.11)
If
az[0°7 f(2)] +pz[0°f (2)] 24 (2)
1+ yy[ D71 f(2) + B0 f(2) - p] <1l+y e (3.12)
then
a0 f(z) + PO ()"
[ @+ P <q(=2), (3.13)
and q(z) is the best dominant.
Proof. Let us consider a function h(z) defined by
no-1 no H
h(z) = [“ ](CD(CZ: ;)ir' f(z)] . u#0, a+p#0. (3.14)
Now, differentiating (3.14) logarithmically, we get
zh(2) _ [az[07f(2)] +pz[07f(2)]
h(z) [ ado-lf(z) +p0of(z) (3.15)
By setting
0w =1,  $w) =1, (3.16)

it can be easily observed that 8(w) is analytic in C and that ¢(w) # 0 is analytic in C/{0}. Also,
we let

Q) = =7 (b)) -y 5, 617)
n(2) = 0(q(2)) + Q=) = 1+ 21 &) (3.18)

q(z)
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From (3.11) we see that Q(z) is starlike univalent in the unit disk A, and from (3.18) we get

ZP’(Z)> { zq'(z) _zq'(2) }

Re( =Rejl+ - > 0. 3.19
Q@) FTENTE 1)
An application of Lemma 2.3 to (3.12) yields the result. O

Puttinga =0, =1,y =1,and g(z) = (1 + Az)/(1 + Bz) in Theorem 3.4, we obtain the
following corollary.

Corollary 3.5. If f(z) € HA(p) and for -1 < A<B<1, u#0,

z[0°f(2)]' (A-B)z
L+ [ f Pl AT ana+Br) (3:20)
then
29f(z)1" 1+ Az
[ zP ] “1+Bz (3:21)

and (1 + Az)/(1 + Bz) is the best dominant.

By settinga =0,=1,y=1,0=0,p=1,and g(z) = (1 + Bz)*A"B)/B inTheorem 3.4, we
get the following corollary.

Corollary 3.6. Suppose f(z) € A(1) andlet -1 < B < A<1land B#0.If

zf’(z) 1+ Az
Lhp| ey 1] 1+Bz’ 2
then
[@]” < (1+Bz)MABI/B (3.23)

and (1 + Bz)* BB is the best dominant.

Remark 3.7. q(z) = (1 + Bz)”(A_B)/B is univalent if and only if |(#(A - B)/B) — 1| < 1 or |(u(A -
B)/B) +1]| <1 (see [5]).

Againby settingp =1, u=1,a=0,y=1/b,p=1,and 0 = 0, and by g(z) = 1/(1 -
z)%® (b e C\ {0}) in Theorm 3.4, we get the following corollary.

Corollary 3.8. Suppose f(z) € #4(1) and b is a nonzero complex number for which

1[zf'(z) 1+z
1+E @) —1]<1_Z. (3.24)
Then,
f(z) 1

and 1/(1 - z)2b is the best dominant.
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The result contained in Corollary 3.8 was earlier given by Srivastava and Lashin [7].

Theorem 3.9. Let q be univalent in the unit disk A, and let p,y #0,1,6,a,p € C, and f(z) € H4(p).

Suppose that q satisfies
zq"(z) o1
Re{1+ e } >max{0, Re(y)}. (3.26)
Let
_ [a0°7 f(2) + pO° f(2)]" az[0°71f(z)] + Pz[0° f(z)]
¥(z) = T {11 +y/4< DT f(2) + fO°f (=) —p>} +6. (327
If
@(2) <nq(z) +6 +yzq (2), (3.28)
then
a2 f(z) + pO°f(2)]"
[ @+ ) <q(z), a+p#0, (3.29)
and q(z) is the best dominant.
Proof. Define a function h(z) by
_ [297 7 f(2) + B F ()"
h(z) := [ @ p)7 . (3.30)
Then, a computation shows that
zh'(z)  [az[07'f(2)]' + pz[07f(2)] ~
h(z) { a0 f(z) + O f(z) } (331)
and hence
oy z[a0 ' f(2)]' + zB[0°f (2)]
zh'(z) = yh(z)( D71 f(2) % B F(2) - ) (3.32)
Set
O(w) =mw+6,  p(w) =7, (333)
and let
Q(z) = zq'(2)$(q(2)) = yzq (2), (334)
p(2) = 0(q(2)) + Q(2) = 14(2) + 6 + 124 (2). '
From (3.26), we see that Q(z) is starlike in A and that
zp'(2) | _ o [ zq"(z)
Re{ 0@ } = Re{Y +1+ ) } >0, (3.35)

by the hypothesis (3.26) of Theorem 3.9. Thus, applying Lemma 2.3, the proof of Theorem 3.9
is completed. O
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By setting f =1,y =1, a =0, andq(z) = (1 + Az)/(1 + Bz), we obtain the following
corollary.

Corollary 3.10. Let f(z) € #(p) and Re(r) > 0. Suppose that

1-B
Re{ ﬁ } > max{0,-Re(7)}. (3.36)
If
2°f(z)1" z[O"f(z)]'_ 1+ Az (A-B)
= (o p>}+6<’11+8z+6”<l+32)2’ (337
then

[O"f(z)]" (lraz

zP 1+ Bz (3.38)

and (1 + Az)/(1 + Bz) is the best dominant.

Again by setting f=1,y=1,a=0,p=1,and 0 =0, and by q(z) = (1 + z)/(1 — z), we
get the following corollary.

Corollary 3.11. Lef f(z) € H4(1) and

f(Z) K Zf'(z) _ 1+z 2%
[ z ] {71+#< @) 1>}+6<n1_z+6+—(1_z)2, (3.39)
then
[f(z) ]/4 < 1+z (340)
z -z

and (1 + z)/ (1 — z) is the best dominant.

4. Superordination for analytic functions

Theorem 4.1. Let q be convex univalent in the unit disk A, and X € C. Suppose A satisfies Re{A} > 0
and 0° f(z)/zP € H#(g(0),1) N Q. Suppose that

A=) p-A0f(2)
(222 (52) (1)
is univalent in the unit disk A. If
Azg'(z) A0 (z)\ p-A/O%f(z)
q(z)+p(P+1)<5< 2 >+ p ( 2z ) 42
then
OO’
a(z) < 2L 3)

and q(z) is the best subordinant.
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Proof. Let

, z#0. (4.4)
Differentiating logarithmically, we get
(@) ZfE)]

= 4.5
e o) )
After some computation, we get
! o-1 -1 o
pley o S LTI pod( 2 w6
pp+1) p\ 2 p z
Now, using Lemma 2.7, we get the desired result (4.3). O

Corollary 4.2. Let q be convex univalent in A, and A € C. Suppose A satisfies R{A} > 0 and
0°f(z)/zF € H#(g(0),1) N Q. Let

LT\ p-A/0f ()
(222 (752) (47)
be univalent in the unit disk A. If
MA-B)z 1+Az A/07f(z)\ p-A/0f(2)
p(p+1)(1+Bz)2+1+BZ<P< zP >+ 4 ( zP > “8)

then
1+ Az < 29f(z)
1+ Bz zP
and (1 + Az)/(1 + Bz) is the best subordinant.

(4.9)

Since the proofs of Theorems 4.3 and 4.4 are similar to the proofs of the previous
theorems, we only give statements of these theorems without proofs.

Theorem 4.3. Let q(z) be convex univalent in A, and 0 £y, p € C,and a, p € C such that a +  # 0.
Let f(z) € A(p). Suppose that [(a0°7 f(z) + pO° f(2))/ (a + ﬂ)zp]” € #(q(0),1)NQ, and

az[0°7'f (2)] + Bz[0°f (z)]
1 +yy[ aOf"lf(z) +ﬂ9"f(Z) - ] (4.10)
is univalent in A. If
zq (2) az[0°71 f(2)] + p[0°f ()]’
e “”‘[ D7 f(z) + Of () ] (#1D)
then
o—1 o H
4(z) < [“0 {izj ;)i f ) (4.12)

and q(z) is the best subordinant.
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Theorem 4.4. Let g be convex univalent in the unit disk A, and let y #0 € C,1,6,a,p € C with
a+p#0,and f(z) € HA(p). Suppose that 0° f (z)/zF € H(g(0),1) N Q, and

Re{@} > 0. (4.13)

If
e o+ yage)< [T (T SOLHTTEL ),
4.14
then | |
a0 < [Z4E P # (419

and q(z) is the best subordinant.

5. Sandwich results

Combining results of differential subordinations and superordinations, we arrive at the
following “sandwich results.”

Theorem 5.1. Let q1(z) be convex univalent, and let q»(z) be univalent in A, and \ € C. Suppose qi
satisfies Re{A} > 0 and g satisfies (3.1). If 0° f(z) /zF € H(q(0),1) N Q and

ad? ' f(2) + pO° f(2)]"

(a+p)zP ’

a+p#0, (5.1)

is univalent in A, and if

\zq, pYola - 1)0° \zq.
0(2) + p(z’jﬁ; - pr (), )Zp f@ ¢ iz + }%zﬁ)) , (5.2)
then
OO‘
q1(z) < ( 5 p(z)> < q2(2) (5.3)

and q1(z) and q,(z) are, respectively, the best subordinant and the best dominant.

Theorem 5.2. Let q1(z) be convex univalent, and let q»(z) be univalent in A, and A € C. Suppose that
q satisfies (3.11). Further suppose that [(a0°~ f(z) + pO° f(z))/(a + P)zP]* € H(gq(0),1) N Q and
1+ yul(az[0°7 f(2)] + Bz[09f (2)]) /(a0 f (2) + BO° f(2)) — p] is univalent in A.

If

24} (2) az[07 f(2)] +pz[9°F (2)]' zq5(2)
@ T ”‘[ a0 f(z) + PO f (2) p] e Y
then
Oo—l o H
(z) < [“ J;iz: ;)i =i (Z)] <gp(z), a+P#o0, (55)

and q1(z) and q,(z) are, respectively, the best subordinant and the best dominant.
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Theorem 5.3. Let g1(z) be convex univalent, and let q(z) be univalent in A, and A € C.
Suppose that qi(z) satisfies (4.13) and qa(z) satisfies (3.28). Further suppose that [(a0°7 f(z) +
PO°f(z))/(a+ P)zF1* € H(q(0),1) N Q with a + p # 0, and that

o " u o ’ o !
[aO 1£(2) + pO°f (2) {q+w<za[0 @) +zp[0°f(2)] —p>}+5 (5.6)

(a+p)zp 207 1f(z) + p0° f(z)

is univalent in A. If

o— o H o— ! o !
12+ 6+ v, ()< [ 2 f(2) +pO7f (2) {H+Yﬂ<mﬂo f (@) +2p[07f (2)] p)}s

(a+p)z¥ alo 1 f(z) + O f(2)
<Nq2(z) +6 +y24,(2),
(5.7)
then
o-1 o H
01(2) < ald% f(z) + P07 f(z) <3(2) (58)

(@+f)zr

and qi(z) and q,(z) are, respectively, the best subordinant and the best dominant.
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