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1. Introduction

Let Q be an open subset of R”, n > 3. Assign in Q the uniformly elliptic second-order linear
differential operator

n az n o
L= _ilzz:laij—ax,-axj + ;aia—xi +a, (11)

with coefficients a;; = aj; € L*(Q),i,j = 1,...,n,and consider the associate Dirichlet problem:

LEWP(Q) W (Q),
Lu=f, feLl(Q),

(1.2)

where p €]1, +oo].

It is well known that if Q is a bounded and sufficiently regular set, the above problem
has been widely investigated by several authors under various hypotheses of discontinuity
on the leading coefficients, in the case p = 2 or p sufficiently close to 2. In particular, some
W2P-bounds for the solutions of the problem (1.2) and related existence and uniqueness
results have been obtained. Among the other results on this subject, we quote here those
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proved in [1], where the author assumed that a;;’s belong to W(Q) (and considered the
case p = 2) and in [2-4] (where the coefficients belong to some classes wider than W1*(Q)).
More recently, a relevant contribution has been given in [5-8], where the coefficients a;; are
assumed to be in the class VMO and p €]1, +oo[; observe here that VMO contains the space
Win(Q).

If the set Q is unbounded and regular enough, under assumptions similar to those
required in [1], problem (1.2) has for instance been studied in [9-11] with p = 2, and in [12]
with p €]1, +oo[. Instead, in [13, 14] the leading coefficients satisfy restrictions similar to those
in [5, 6].

In this paper, we extend some results of [13, 14] to a weighted case. More precisely, we
denote by p a weight function belonging to a suitable class such that

igfp >0, lim p(x) = +oo, (1.3)

|x|—+o0
and consider the Dirichlet problem:
2p o lp
ue Wm(Q)nw, (Q),
Lu=f, felLi(Q),

(1.4)

o 1/
where s € R, WS2 P(Q), W, ’ (Q), and L (Q) are some weighted Sobolev spaces and the weight
functions are a suitable power of p. We obtain an a priori bound for the solutions of (1.4).
Moreover, we state a regularity result that allows us to deduce a uniqueness theorem for
the problem (1.4). A similar weighted case was studied in [15] with the leading coefficients
satisfying hypotheses of Miranda’s type and when p = 2.

2. Weight functions and weighted spaces

Let G be any Lebesgue measurable subset of R” and let £(G) be the collection of all Lebesgue
measurable subsets of G. If F € 2(G), denote by |F| the Lebesgue measure of F, by yr the
characteristic function of F, by F(x,r) the intersection F N B(x,r) (x € R", r € R,)—where
B(x,r) is the open ball of radius r centered at x—and by D(F) the class of restrictions to F of
functions ¢ € CZ(R") with F nsupp ¢ C F. Moreover, if X(F) is a space of functions defined
on F, we denote by Xj,.(F) the class of all functions g : F — R, such that {g € X(F) for any
¢ € D(F).

We introduce a class of weight functions defined on an open subset € of R". Denote
by #4(Q) the set of all measurable functions p : £ — R,, such that

Y lp(y) <px) <yply) Yy eQ, VxeQ(y, p(y)), (2.1)
where y € R, is independent of x and y. Examples of functions in «#(Q) are the function
x€eR" —1+alx|, a€]0,1], (2.2)
and, if Q #R" and S is a nonempty subset of 0, the function

x € Q — adist(x,S), ac€]0,1]. (2.3)
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For p € #(Q), we put

S, ={z€0Q:limp(x) = 0}. (2.4)
It is known that

peLX(Q), pleLli(Q\S,) 2.5)
(see [16,17]).

We assign an unbounded open subset € of R”.

Let p; be a function, such that p; € #(R") and

'mepl >0, | }im p1(x) = +oo. (2.6)
We put
P =pia- 2.7)

For any a €]0,1] and x € R", we set
Io(x) = Q(x, api(x)). (2.8)

IfkeNp,1<p<+oo,5s€R, and p € H4(Q), consider the space Wf’p(Q) of distributions
u on Q, such that p°0%u € LP(Q) for |a| < k, equipped with the norm

leellyyir ) = > ”PSa“””LP(Q)' (2.9)

|a|<k

o k,P
Moreover, denote by W, (Q) the closure of CZ(£2) in Wf’p(Q) and put Wg'p(Q) =L/ (Q). A
more detailed account of properties of the above defined spaces can be found, for instance, in
[18].
From [15, Lemmas 1.1 and 2.1], we deduce the following two lemmas, respectively.

Lemma 2.1. Forany p € [1,+o[, s € R, and a €]0,1], g € LL(Q) ifand only if g € L? (Q) and

loc
the function x € R" — pf_"/p(x)H 8l (1, (x)) belongs to LP(R™). Moreover, there exist ¢1,¢2 € Ry,
such that

sp-n

allgllyy g < Ian OIS r, e dx < c2llglly ) V8 € LI(Q), (2.10)

where ¢y and ¢y depend on n, p, s, a, and p.

Lemma 2.2. If Q has the segment property, then for any k € No, p € [1,+oo[, and s € R one has

k,p o krP — o k,P
W (Q)n Wioe (Q) =W; (Q) (2.11)
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3. Some embedding lemmas

We now recall the definitions of the function spaces in which the coefficients of the operator
will be chosen. If Q has the property

|Q(x, )| > Ar" Vx € Q, Vr€]0,1], (3.1)

where A is a positive constant independent of x and r, it is possible to consider the space
BMO(Q,7) (7 € R,) of functions g € L (Q) such that

[&lpmo ©r) = SUp g —{’ g| < +oo, (3.2)
xeQ Q(x,r) Q(x,r)
r€l0,7]
where
j£ g= IQ(x,r)I'lf g (3.3)
Q(x,r) Q(x,r)

If g € BMO(Q) = BMO(L, 74), where

Tpo=sup4 TER, : sup r < ! (3.4)
A= : T~/ N = A 7 B
" x€Q |Q(x, T) | A

rel0,r]

we will say that g € VMO(Q) if [g]py0(qr — 0 for 7 — 07. A function 7[g] : ]0,1] — R, is
called a modulus of continuity of g in VMO(Q) if

[8lsvo @) < nlgl(T) Y7 €]0,1], limnlg](7) =0. (3.5)

Fort € [1,+oo[ and A € [0, n[, we denote by M'*(Q) the set of all functions g in L. (Q) such
that

Igllmi@) = sup ¥ !|gllr @) < +oo, (3.6)
re]0,1]

xeQ

endowed with the norm defined by (3.6). Then, we define Mf;A(Q) as the closure of C* (Q) in
M'(Q). In particular, we put M*(Q) = M*0(Q), and M!(Q) = M:°(Q). In order to define the
modulus of continuity of a function g in M (Q), recall first that for a function g € M**(Q)
the following characterization holds:

g€ MM Q) = TILD(;(Pg(T) +1(1 = &1/r)8llmery) =0, (3.7)
where
pe(T) = sup ”XE8”MM(Q)f TER,, (3.8)
Eex(Q)

sup, .o |E(x,1)[<T
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and ¢, r € Ry, is a function in C (R") such that
0<¢ <1, & =1 suppi CBa, (39)
with the position B, = B(0,r). Thus, the modulus of continuity of g € MY (Q) is a function
o.[g]: 10,1] —R., (3.10)
such that
pe(@) + (1= 8/e)8llppa @) S 0e[81(7) Y €10,1], limoe[g](z) =0.  (3.11)

A more detailed account of properties of the above defined function spaces can be found in
[9, 19, 20].
We consider the following condition:

(ho) Q has the cone property, p €]1, +x[, s € R, k, h, t are numbers such that

keN, he{01,...,k-1}, t>p, t>p ifp= ﬁ g€ M(Q). (3.12)

From [21, Theorem 3.1] we have the following.

Lemma 3.1. If the assumption (hg) holds, then for any u € Wf P(Q) one has gou € L2(Q) and

with ¢ dependent only on Q, n, k, h, p, and t.
From [21, Theorem 3.2] it follows Lemma 3.2.

Lemma 3.2. If the assumption (hy) is satisfied and in addition g € ML(Q), then for any € € R, there
exist a constant c(e) € R, and a bounded open set Q. CC Q, with the cone property, such that

k,
130" ull 0 < ellitllyoy +c@llullina, Y€ WEP(Q), (3.14)
where c(g), Q depend on e, Q, n, k, h, p, t, p, s, and o.[g].

4. An a priori bound

Assume that Q is an unbounded open subset of R”, n > 3, with the uniform C!!-regularity
property, and let p be the function defined by (2.7). Moreover, let p €]1,+o[ and s € R.
Consider in € the differential operator:

n 62 n a
L= _..Zlaij—axiaxj + .Zlaia—m +a, (41)
i,j= i=
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with the following conditions on the coefficients:
(h1)

aij = a; € L*(Q)NVMOc(Q), i, j=1,...,n,
n ) ) (4.2)
>0 : Za,-jgigj >v|é|° ae. in Q, V¢ eR",
ij=1
there exist functions e;j, i,j = 1,...,n, g and p € R, such that
(h2)

ej=ei €L=(Q),  (ey), € M (Q), withte]2,n], i,jh=1,.,n

n
Z&'jééj > ulgl? ae. in Q, V¢ eR”,
=]

g€ L*(Q), 0= essginfg >0, (43)

n
Jim, Sl =5y =0

(h3)

ae MI(Q), i=1,...,n,

44
a=da+ad', de M?(Q), a" € L*(Q), essinfa” = aj >0, (44)
Q

where

th>n ifp<mn, tp>n ifp=n, th=p ifp>mn,

4.5
th>n/2 ifp<n/2, bh>n/2 ifp=n/2, tb=p ifp>n/2 *5)

Observe that under the assumptions (hi)-(h3), it follows that the operator L
Wf’p(Q) — LF(Q) is bounded from Lemma 3.1.

Theorem 4.1. If the hypotheses (h1), (hy), and (h3) are verified, then there exist a constant ¢ € R,
and a bounded open subset Qy CC Q, with the cone property, such that

oer
2,
lllyzo gy < e(ILull iz + lllirgy ), Vi€ WP (@) n W, (Q), (4.6)

with ¢ and QO depending onmn,p, Pr S, Qr v, H, gO/ ag/ t/ tl/ tZ/ ||aij||Loo(Q)/ ||eij||Loc(Q)/ ||g”L°°(Q)/
la"ll» (@), (¢ aij], Oul(eif) ], Oolail, oola’]l, where ry € R, depends on n, p, Q, u, go, ag, t,
lleijlli=(), Igll=(2), la"llL=), ool (eij) ]

Proof. We consider a function ¢ € CZ(R"), such that

¢\31/2 =1, suppd) C By,

sup|o*¢p| <ca VaeN], (4.7)
Rn
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where ¢, € R, depends only on «, fix y € R" and put

(p:q;y:xG]R”—w])(;lzyy)). (4.8)

Clearly we have

WBy,a/2nw) =1, suppy C B(y,p1(y)),

N n 49
sup|oy| < copy*I(y) Ve € NG, (4.9)
Now, we put
n az
b= (4.10)
ij=

o 1/P o 1/P
and fix u € Wf’p(Q) NW, (). Since gu € W (Q)NW (Q), from [14, Theorem 3.3], it
follows that there exist ¢c; € R, and a bounded open subset ; CC Q, with the cone property,
such that

lgsullyesey < 1 (| (Lo + @) (@510 || 0 + lostelogry)s (4.11)

with ¢1 and Q; depending on n, p, Q, v, u, g0, ag, t, |aijl .. ) lleijllL=(@), 18llL=@), 12" llL=(@),

nlaryai], 0ol(eij).], where vy € R. depends on n, p, @ p, go, ag, 1, lleijlli-, lglli=@,
||a”||L°°(Q)/ 00[(eij)x]- Since

n n
Lo(gu) = gLou — ZZ Aij P U, — Z Aij P U, (4.12)
ij=1 ij=1

from (4.11) and (4.12), we have

llgullwzr @)

n

n (4.13)
< C2<||qf(L0 + a”)u”LP(Q) + Z ”q’rxiuxj”LP(Q) + ||q"xixju”Lp(Q) + ”qjullLP(Q]))/
1

ij=1 ij=

with ¢, dependent on the same parameters of ;.
On the other hand, since p € L® (), we have that

loc

gl ey < €3>l oy (4.14)
(1) y

where c3 € R, depends only on p.
Therefore, by (4.13) and (4.14), we deduce the bound:

lellwes 20 < Ipttllnzn gy (4.15)

- 2
< C4(||L0u + a"u”LP(Il(y)) + P11(]/)||ux”m(11(y)) P (y)”u”LP(Il(y))’

where ¢4 € R, depends on the same parameters of ¢, and on p.
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From (4.15) it follows
J‘R,,pfs_n (y)”u”;ﬂ"“(h/z(}/))dy
= <,[ RHPTS_"(y) ILow + a"ullf g,y Ay

I 5—1—2,
" wa POl + jRnPf p(y)”””iuh(y))dy)

(4.16)
where ¢5 € R, depends on the same parameters of c,.
Since
LY(Q) = L' (Q), LY(Q) = LV ,(Q), (4.17)
from (4.16) and from Lemma 2.1 we have that
l[llyy2r g < co(l|Lou + a"ul| p g + ”u"”L’;l(Q) +lully o). (4.18)

with ¢ € R, dependent on the same parameters of c5 and also on s.
Moreover, from Lemma 3.2 it follows that for any € € R, there exist ¢’(¢), ¢"(¢) € R,
and two bounded open sets Q;, Q! cC Q, both with the cone property, such that

”ux”LZfl(Q) + ”u“LZZ(Q) < €||u|IW52'V(Q) + Cl(g)”u”LP(Q’E)/

(4.19)

< 5||u||W§,p(Q) +c"(@)lull ),
LE(Q)

n
Zaiuxi +du
i=1

where ¢'(¢), Q. depend on ¢, Q, 1, p, p, s, and " (¢), Q. depend on ¢, Q, n, p, t1, 2, p, s, 0ol ai],
and o,[d'].
From (4.18) and (4.19) it follows (4.6) and then we have the result. O

5. A uniqueness result

In this section, we will prove our uniqueness theorem. We begin to prove a regularity result.

Lemma 5.1. Suppose that the assumptions (hy), (hy), and (h3) (with t; > nand t, > n/2) hold, and
let u be a solution of the problem

243y Ao Sy (1P
u €W, 1 (€2) N Wi, (Q) N Ly (Q),

(5.1)
Lue Ll (Q),

where g €]1, p] and m € R. Then, u belongs to WP (Q).
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Proof. By [13, Lemma 4.1] we have

2 R o LP —
uew ’ (Q) n Wloc (Q)

loc

We choose r, ' € R,, withr <7’ <1, and a function ¢ € CL(R"), such that

¢, =1,  supp¢ C By,
sup|0°| < co(r' —=1)™ Vae N,
Rn

where ¢, € R, depends only on a.
We fix y € R" and put

g=gy xR _>¢<;1Eyy)>.

Clearly we have

Pwrme) =1, suppg C B(y,r'mi(y)),
sup|0%gs| < cap] ) (¥ - 1) Vae N
Rn

(5.2)

(5.3)

(5.4)

(5.5)

o 147
Since gpu € W2P(Q)NW  (Q), from [14, Theorem 3.3] it follows that there exist ¢; € R,

and a bounded open subset Q; CC Q, with the cone property, such that

”‘Pu”WZfV(Q) < Cl(”L(‘Pu)”Uv(Q) + ”()uu”LP(Ql))l

(5.6)

with ¢ and ©; depending on n, p, Q, v, i, o, ay, t, t1, t2, llaijllr=(0), lleijlli=@), 18llr=),
la"|l» (@), nlS2naijl, Osl(eij) ], Oolail, os[a’], where ry € R, depends on n, p, Q, u, o, ay, t,

||eij||L°°(Q)r ”g”L‘*’(Q)/ ||a"||L°°(Q), O'O[(eij)x]-
Since

L(pu) = —Z aij(‘l’”)x,-xj + Za,-(q;u)xi +agu
i=1

ij=1

n n n
=¢Lu- ZZ ai,-((pxiu)x]_ + Z Qi @ U+ Zai(pxiu,
i1

i,j=1 ij=1
from (5.6) and (5.7), we have

llgullwer o)

(5.7)

n n n
< C2<”(IULMHLP(Q) + Z ” (qjxiu)xj”Lp(Q) + Z ”()Uxixju”LP(Q) + Z”aiq’xiu”LP(Q) + ”(Ifu“U’(Ql)>/
ij=1 i1

ij=1

with ¢, dependent on the same parameters of ;.

(5.8)
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From Lemma 3.1 with s = 0, we have that

”ai(pxiu”U’(Q) < csllail| v (Q)(”‘I’xi””Ln(Q) +l ((pxiu)x”LP(Q))’ (5.9)

with ¢3 dependent on &, n, p, and t;.
Using [22, Corollary 4.5], we can obtain the following interpolation estimate:

1/2 1/2
lgztell iy + 1@t Nl ) < calll (i) well o el gy + 1wl ), (5:10)

where the constant ¢4 depends on Q, n, p.
Thus, by (5.8)-(5.10), with easy computations, we deduce the bound:

2
lllwze (1, ) < Nlpullys ) < cs(r' —r)

1/2 -1 1/2 1
x (”Lu”LP(Ir;(]/)) + ”u”WZ,p(Ir,(y)) (Pl (y)”u”LP(I,,(y))) P (]/)”u”LV(I,,(y)))r

(5.11)

where ¢5 € R, depends on n, p, p, Q, v, u, go, ag, t, t1, ta, llaijlli=), lleijll=@), 18llr=@),
lla"l|z= (), 1[G2ry @ij], Oo[(if) ], @il aan (@), 0o ai], 00[a'].

By a well-known lemma of monotonicity of Miranda (see [23, Lemma 3.1]), it follows
from (5.11) that

- _ 1/2
||u||W2fr’(11/2(y)) < 06(||Lu||LP(11(y)) +p11(y)”u“LP(Il(y)) + (P11(y)||u||Lp(11(y))) ||u||%§p(11/z(y)))r
(5.12)
and then, using Young’s inequality, we deduce from (5.12) that
lttllwes 1y ) < €7 (ILutllr iy + 7 Wl @y ) (5.13)
with cg, ¢7 € R, dependent on the same parameters of cs.
From (5.13) it follows
ps—n p
IRnpl Wl s, o4 2Y
(5.14)
<cg (J‘RnPTsn (v) ||Lu“zp(11 (y))dy + J'R"pizsnp (v) ”u”][’ip(h (y))dy> ’
where cg € R, depends on the same parameters of c;.
If m>s—1,since
Lh(Q) <=LV (Q), (5.15)
from (5.14) and from Lemma 2.1 we have that
lallyzr ey < o (ILullziay + il o), (5.16)

with ¢g € R, dependent on the same parameters of cg and on s. Therefore, u belongs to
2p
W ().
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If m < s — 1, we denote by k the positive integer, such that

s—-m-1<k<s-m. (5.17)
Then, fori=1,...,k, we have that
LY(Q) = L (Q). (5.18)

Therefore, using (5.14) and (5.16) with m +i,i = 1,..., k, instead of s, we deduce that u €
w2 (Q),...,ue Wifk(Q). On the other hand, we have that

m+1

W2 (Q) = LF(Q) (5.19)

and then, since u € L’Zﬁl (Q), (5.14) holds. Thus, u satisfies (5.16) and then u € Wsz’p(Q). O

Theorem 5.2. If conditions (hy), (hy), and (hs) (with ty > nand t, > n/2) hold, and a > ap > O a.e.
in Q, then the problem

2, o Lp

admits only the zero solution.

o Lp
Proof. Fix u € Wsz’)U (Q) NW, (Q), such that Lu = 0. From Lemma 5.1 it follows that u €
o 1/P J—
W2P(Q). On the other hand, since u € WP (Q) N W,.(Q), from Lemma 2.2 we have that
oLp
ue W (Q).Thus, from [13, Theorem 5.2] we deduce that u = 0. O
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