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1. Introduction

There have been papers devoted to the study of faster convergence of sequences. Certain
methods concerning acceleration of convergence of sequences of partial sums of fixed series
using linear or nonlinear transformations of partial sums of series are studied in [1]. The
acceleration field of subsequence matrix transformations with respect to the convergence rate
of the sequence being accelerated are studied in [2]. In [3], it is discussed a class of methods
for summing sequences which are generalizations of a method due to Salzer [4], which
accelerate some convergent sequences especially monotone sequences. In [5], is characterized
the summability field of a matrix A by showing A is convergence preserving over the set of all
sequences which converge faster than some fixed sequence x, A is convergence preserving over
the set of all sequences, or A only preserves the limit of a set of constant sequences. Statistical
acceleration convergence of sequences was discussed in [6]. The notion of faster convergent
series with positive terms is defined in [7] and the notion of T-convergent series is defined in
[8-10]. The statistical convergence of infinite series as a special case of T-convergence of infinite
series is discussed in [11-14].

In this paper, some questions related to sufficient conditions and necessary conditions
for faster convergent infinite series are studied, faster T-convergent series are defined and
studied, and faster convergence of series of Kummer’s type is proved. In [7, page 146], it is
mentioned the Kummer’s result: if >, a, is convergent series with positive terms and with
an unknown sum a, >’ ¢, is a convergent series with positive terms and with a known sum
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¢, and lim,,,a,/c, = p > 0, then the Kummer series >, ,b, has the same sum as >, a,
and is a faster convergent series than Y-, a,, if all terms of 3.7, b, are positive. Hence we can
calculate the unknown sum a faster by summation terms of the Kummer series >, ,b,, which
is constructed by X771 a,, .21y, and p. In Lemma 4.1, we proved a faster convergence of the
Kummer series Y- 1b, to the unknown sum a of >, a, without conditions of positivity of p
and terms of 3771 an, >oeq1bu, SoeqCn.

We denote by N the set of all positive integers and by R the set of all real numbers.

Definition 1.1 (see [2]). Let 3771 an, >.ooqbn be convergent real series with the same sum, with
nonzero terms and such that b, + by + --- #0, n € N. The series 3,7 a, is called faster
convergent than > by, if limy, oo (ay + ape1 + -+ )/ (by + byg +---) =0.

Lemma 1.2 (see [7]). Let >.;21an, >.eqbn be convergent real series with positive terms and with the
same sum. If lim,_.o,(a,/by) = 0, then lim,_.o,(a, + aws1 + )/ (bp + by +---) = 0.

. . © ®

In what follows, we do not assume equality of sum of convergent series >~ an, >, 1bn
because we can construct series >, ay, > oq1by, where aj, = a, and b}, = b, for n > 2 with the
same sum.

2. Faster convergent series
Lemma 2.1. Let 3,77 a,, >,me1by be convergent real series with positive terms. If

B 222941 Y0 then liminf2% = 0. (2.1)

n—wob, + by + - n—e  Op

Proof. By the way of contradiction, we suppose that liminf,_,.,(a,/b,) = g > 0, then there
exists ny € N such that for every n > ny we have 0 < g* < a,/b,, where 0 < g* < g. From
this follows q*(b, + bys1 + -++) < (an + apa + ) for n > ny, which is a contradiction with
limy, o (an + ans1 + )/ (bp + by +--+) = 0, similarly for g = co. ]

Lemma 2.2. Let >,7°a,, >,q1bn be convergent real series with positive terms. Let limy,_(a,/by)
exist. Then
ap

lim— =0 iff lim
n—oo by, n—>oobn+bn+1 + e

Gt ¥ 2.2)

The next example shows that under the conditions of Lemma 2.1, for all 0 < r < oo, there
exist a series 372 a,, > ;2 by such that limsup, _ (a,/by,) =r.

Example 2.3. Let {a,; n € N} be any sequence of real positive numbers which satisfy a,, < 1/n*
for n > 1. We define the series >, a, = ra; + ar /12 +ray+ay /2% + -+ rag + ar/k*+ -+ and
Soabn = + 1201 + ay + 2% + - - - + ay + K2ay + - - - . Then we have

Aop1+ Qop + -+ r(an+anp +-+ )+ (1/n%) (ay + apr + )

li ~ = i =0
e I S (n+aper+-+ ) +n2(ay + ey +-+) ’
hmw _ limr((xn+1+lxn+2+-..)+ (1/n2)([xn+[1n+1+...) =0’

n=w by + bops1 + 00 10 (A Apan +oo0 ) F02(a + iy + 000 )
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Im 2= = im 22 -, (2.3)

n—oo b2n

n—w by 1

If Y2 an=a +a1/12+2a0 + ay /2% + -+ + kag + ax /K> + - -, then lim,,_, (a2,-1/b2n-1) = c0.

Remark 2.4. 1t is evident that in general from lim, . (an + an+1 + -+ )/ (bp + byer + -+ ) = 0 does
not follow liminf, . (a,/b,) = 0. For example, if we put az, = by, = 1/(n(n+1)),n € N, and
aop1 = —byy1 = -1/(n(n+1)),n € N, we obtain lim,, o, (a, + aps1 +-+)/(bp + by +--+) =0
and {-1,1} is the set of all cluster points of the sequence {a,/b,; n € N}.

In general, the condition lim,_..,(a,/b,) = 0 does not imply the condition lim,_,,(a, +
ap1 + )/ (by + by +---) = 0 as it follows from the next example.

Example 2.5. Let {a,; n € N} be a sequence such that a, = g", n € N, 0 < g < 1/2. We define
convergent series Yoo a, = a1 +ay + a2/22 + ay /2% + -+ + ar /k* + ax /K> + -+ and 32 1b, =
o —ar/2+ay/3—-ax/4+---+ar/(2k — 1) — ax /2k + - - - . From the definition, we obtain

—Qp Xpil Api2

[ S —"
e S  Gnr 1) @n+2) | @n+d)(2n+d)

<i(— + + 40 2.4
n X+ Apyl T Apy2 ()

n+1 + n+2 _ qn(zq - 1)

qgqre+--) <0

—i(_ n 4 -~ - 7
Top T4 A _Zn(l—q) '

It is obvious that by,.1 + by + - -+ > 0 and lim,, . (a, /b,,) = 0. From (2(k + m) - 1)(2(k + m)) >
(k +m)? k, m € N we have

k-1 + Aok + -+ 2(ar /K2 + agsr /(k+1)% +--)
bokt + b+ -+ a/(2k(2k — 1)) + ags1 / ((2k +1)(2k +2)) +---

>2 fork>1. (2.5)

Thus limy, e (ay + ape1 + -+ )/ (by + bper +---) #0.

Lemma 2.6. Let 3.7 an, >.oeqby be convergent real series with nonzero terms. Let by + byyq + -+ #0
foralln € N. Let Ii(a) = iminf, .o |1+ apy1/an+ a2/ an +---|, Is(a) = limsup,,_ |1+ a,.1/a,+
Ans2/ n + -+ |, Li(b) = iminf, |1 + bps1 /by + byy2 /by + - -+, Is(b) = limsup, |1+ by1/by +
byi2/by + -+ |, then

(1) Zf.ls(a) < o, ll(b) > O, limn‘;w(an/bn) = O, the}’l limnaw(an + any1 + 00 )/(bn + bn+1 +

) =0,

(2)if an+ aps1 + -+ #0 forall n € N, l;(a) > 0, I;(b) < oo, limy—oo(ay + an +---)/(by +
by +--+) =0, then lim,_,(a,/b,) =0,

3) ifa, + aps1 + --- #£0 forall n € N, 0 < Ii(a), I;(a) < 0,0 < i(b), [5(b) < oo,
then limy, o, (a,/b,) =0 if and only if lim, o (ay + ans1 + )/ (bp + by +---) = 0.
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Proof. For every n € N, we have

an+an+1+“"_ |1+an+1/an+an+2/an+"'|
by +bpyy + -+ |bn/an+bn+1/an+bn+2/an+"'|

|1+an+1/an+an+2/an+"'|

_ 26
Ibn/anl|1+bn+1/bn+bn+2/bn+"'| ( )
_ |an/bn| |1 +ans1/ A + Ania/ Qn + Any3/ A + - |
|1 + bn+1/bn + bn+2/bn + bn+3/bn +- |
From this follows our assertion. O

Remark 2.7. The condition lim inf,,_.o;|1+bp41/bp+bpi2/by+- - - | > 0 can be satisfied, for example,
if limsup,_,_|by:1/by| < 1/2.In fact, if limsup,,_,  |byi1/by| < 7 < 1/2. then there exists ng € N
such that for every n > ny, we have

by . bui2  bps e ‘ < buaa| | busz||brn buis| | busz | | brat
bn bn bn - bn bn+1 bn bn+2 bn+l bn (2 7)
<r+r? 4=
1-r

and thus [1 + b1 /by + by2/by +---| > (1 -2r)/(1 = r) > 0. The condition limsup,,_, |1 +
Ane1/ An + Apy2/an + - -+ | < co can be satisfied, for example, if limsup,_,_|a,.1/a,| < 1. Indeed,
iflimsup,_,_|au.1/a,| = a < 1, then there exists ng € N such that for every n > ny, we have

1+ An+l + An+2 +| _ ‘1 + An+1 + A2 Anil + Ant3 Ans2 Antl ..
an an an an+1 A ant2 A1 Qpn 2.8)
§1+ﬂ+p2+ﬂ3+-'-=ﬁ<oo, where a < f < 1.
Conversely, from the condition liminf, |1 + by41/by + bys2/by + -] > 0 need not follow
the condition limsup,_,_[(by+1/bs)| < 1/2. For example, if we put a;#0, az, = 1/2n,
a1 = —1/2n,n = 1,2,..., then >, a, is convergent series and limsup,_,_|ap.1/a,] = 1,
limsup, |1+ ap1/a,+apo/ag+---|=1.

3. T-convergent series

Definition 3.1 (see [10]). We say that a sequence {a,; n € N} has 7-limit a real number L and
we write T-lim,_,,a, = L, if for each € > 0 the set A(¢) = {n; |a, — L| > ¢} belongs to the ideal
T, where T is an admissible ideal of subsets of N which is additive (if A,B € T, then AUB € 1),
hereditary (if B C A € 7, then B € T), containing all singletons and not containing N.

We denote by 7y the ideal of all finite subsets of N.

Definition 3.2 (see [10]). We say that >.,”;a,7-converges to a real number L and we write
T-> o a, = L if for each ¢ > 0 the set A(e) = {n; |>;_jar — L| > €} belongs to the ideal 7,
where 7 is an admissible ideal of subsets of N.
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Definition 3.3. Let 3,721 an, > qbn be T-convergent real series with nonzero terms such that b, +
byii+--- #0,n € N. A series 3,77, a, is called 7-faster convergent than >, by, if 7-limy, o, (@41 +
an+2+"')/(bn+1 +bn+2+"’) =0.

Definition 3.4 (see [9]). Let T be an admissible ideal of subsets of N. A number x € R is said to
be a 7-cluster point of > x, if for each ¢ > 0 the set {n € N; |3}_,xx — x| < £} is not from 7.

Remark 3.5. Of course, if T is an admissible ideal of subsets of N, by 7-cluster point of a real
sequence {x,; n € N}, we mean a number x € R, where for each ¢ > O the set {n € N; |x,—x| < ¢}
is not from 7. Moreover, we say that co (—o0) is the T-cluster point of a real sequence {x,; n € N}
if foreach ¢ >0 (¢ <0) theset {n €N; x, > c} ({n € N; x, < c}) is not from 7.

Remark 3.6. If {x,; n € N} is a real sequence, T is an admissible ideal, and X = {x;
x is a T-cluster point of {x,; n € N}}, then X #@., Indeed, if {x,; n € N} is bounded, then
by [8] there exists a T-cluster point of {x,; n € N}. If {x,; n € N} is not bounded, then either
+o0 or —oo is T-cluster point of {x,; n € N} according to Remark 3.5 or there exists [ € R such
that {neN; |x,| >} er.If forsomel e R{neN; |x,| >} €T, thenK; = {neN; |x,| <I} ¢
Consider the ideal v = {K; N A; A € T}. Because {x,; n € K} is a bounded set, there exists
x* € R, |x*| < I such that x* is a v-cluster point of {x,; n € K;}. Let € > 0. Since x* is a v-cluster
point of {x,; n € K}, then the set {n € Kj; |x, — x*| < €} ¢ v and then also is not from 7. Since T
has a hereditary property, then {n € N; |x, — x*| < €} € 7. So x* is a cluster point of {x,; n € N}.

Definition 3.7. Let T be an admissible ideal of subsets of N. Let ;7 x, be an infinite series of
real numbers and let X = {x € R; x isa 7-cluster point of >,”;x, }. If X is bounded, then
s = sup X (s = inf X) is said to be a 7-limsup,__ > > x, (T-liminf, ., > 72 x,). If sup X = oo
or oo is T-cluster point (inf X = —oo or —oo is T-cluster point), then 7-limsup, ,_ >7 x, = o
(T-iminfy, 0 Doy Xy = —00).

Definition 3.8. We say that a sequence {x,; n € R} is T-bounded above (7-bounded bellow), if
there existm € Rsuch that {n € N; x, >m} et ({n € N; x,, <m} € 7) and is T-bounded if it is
T-bounded above and below simultaneously.

It is obvious that if 3.7, a, is faster convergent than .7 ,b,, then 3,77 a, is T-faster
convergent, the 3,7 b,. Generally, from the fact that >,>°,a, is T-faster convergent, > by,
does not hold that ;7 a, is faster convergent than ;> b,,.

It is obvious that for T-convergent series where 7 has the property p1:

iftMer, then M+1={n+1,neMnN}er, M-1={n-1>0,neMnN}er
(3.1)

(7 or 74 = {A C N; asymptotic density (A) = 0} have pl), we obtain similar lemma as
Lemma 2.6.

Lemma 3.9. Let T be an admissible ideal of subsets of N with property pl. Let 3,77 an, Yimeibn be
T-convergent real series with nonzero terms. Let by + byaq + -+ #0, foralln € N. Let

an+l | Ans2
n + n 4.
aTl an

buii | bueo
n++n++”',

n n

an+1 | An+2
_n +_n e

an an

ti(a) = T-liminf|1 + 1+

n—oo

-1, ts(a) = T-limsup

n—oo

7

(3.2)

1+ 1+

t;(b) = T-liminf

n—oo

ts(b) = T-lim sup

n—oo

bn+1 + bn+2 +
b, b,
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Then

(1) if ts(a) < o0, i(b) > 0, T-limy oo (ay/by) = 0, then T-limy, o (an+@ni1+---)/ (bu+bpr +
) =0,
(2)if an+aps+---#0 forall neN, tj(a) >0, ts(b) < oo, T-limy—oo (ay + Aper +- -+ )/ (by +
b +-- ) =0, then T-limn_mo(an/bn) =0,

(B)if ap+ ans1 +--- #0 forall n € N, 0 < tj(a), ts(a) < o, 0 < t;(b), ts(b) < oo, then
T-limy, .o (a,/by) =0, ifand only if T-limy, e (an + ans1 + )/ (bp + by +---) = 0.

Proof. First, we note that if 7-limsup, ,_x, < oo, then sequence {x,; n € N} is 7-bounded
above (similarly for 7-liminf). Next, we show that if {a,; n € N} is a T-convergent sequence
to 0 and {b,; n € N} is a 7-bounded sequence, then {a,b, : n € N} is a T-convergent sequence
to 0. There exist k € R such that the set N, = {n; |b,| > k} is from 7. Let ¢ > 0. The set
N,(e) = {n; |ay| > e/k} isfrom 7. If n € N\ (N,(¢) U Nyp), then |a,| < /K and |b,| < k and so
|anby| < €. From this and from properties of ideal 7, follows that {a,b, : n € N}T-converges to
0. Then the proof follows from Lemma 2.6. O

The following examples show that we cannot replace lim by 7-lim in Lemmas 1.2, 2.1,
and 2.2.

Example 3.10. Let X7, b, be a convergent series with positive terms such that 3,77 (b, + bys1 +
busp + -+ ) is convergent (e.g., 32 by = Soeqa™ ', 0 <a <1). Let M = {i;; 1 <i; <ij.,j € N},
M € T be an infinite subset of N, where 7 is an arbitrary admissible ideal with property p1

different from 7. We define a real series Y, a, in the following way:

1
Ebn, Tl>1,Tl§£ij,ijEM,j=2’3,___

=\ by, +by g+ neM\{ir}, (3.3)
c, n=1,

where ¢ be a real number such that X, a, = >, b,. We obtain 7-limy, ., (a,/b,) = 0, (a, +
aps1++2)/(by +bpyy +-+-)>1foralln > ip.

Example 3.11. Let M = {nj; n1 = 1, nj <nj,1,nj;1—-n; > 2, j € N}, M € 7 be an infinite subset of
N, where 7 is an arbitrary admissible ideal with property p1 different from 7;. Let {By, }Jf‘il be
a sequence of positive real numbers such that By, < By, < mBy,,,,lim;_.,By; = 0, where m > 1.
Put Ay = Bx/2%,k € M. Let Ay, B for k¢ M be defined as follows: if nj < k < nj;1, where
j € Nwe put e, = (An,, - Anjﬂ)/(njﬂ -nj), Ax = Ay, = (k- n]-)sn}.,Bk =By, - (k —nj)ey,. For
k¢ M, we have Ax/Bi < An]./Bn#1 = Bn]./Z"an}.+1 <m/2", where nj < k < nj,;. From this and
from the definition Ak, k € M, it follows limy_., (Ax/Bk) = 0, hence 7-limy_,(Ax/Bx) = 0. It
is obvious that (Ax — Ak+1)/(Bk — Bk+1) = 1fork#n;-1,j > 1. Let Ag > A; and By > By be real
numbers. Put a, = A,_1 — Ay, by, = By_1 — By, n € N. The series X7 a,, >, by are convergent
with positive terms and 7-limy .o (an + ans1 + )/ (bp + by +--+) =0, 7-lim, .o (a, /by) = 1.

Remark 3.12. If T have not the property pl, we get similar lemma as Lemma 3.9, but with shift
indices of given series. (In general, it does not hold that if 7-lim,,_.,a, = a, then 7-lim,, ., a,+1 =
a, and so on.)
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4. Kummer series

In [7], is showed: if X7, a, is a convergent real series with positive terms and with an unknown
sum a and >, ¢, is a convergent real series with positive terms and with a known sum ¢, then
if im0 (an/cy) = p > 0 the Kummer series Y, ,b,, where by = a1 +p(c—c1) and b, = a, —pcy,
for n > 2, has the same sum as >,,”;a, and if b, > 0 is a faster convergent series then >, a,.

In the following lemma, we prove by using Lemma 2.6 the faster convergence of the
Kummer series >;”1b, to the unknown sum of >, a, without conditions of positivity of p
and terms of 3,771 ay, > peqbu, DopeiCa

Lemma 4.1. Let >,;7,a, be a convergent real series with nonzero terms and with the sum a. Let
liminf, |1 + ap1/an + ansa/ay +---| > 0. Let ap + apq + --- #0 for all n € N. Let 3,77 1¢y
be a convergent series with nonzero terms and with the sum c. Let lim,_, a,/c, = p#0. If for the
series Yoo 1by, where by = a1 + p(c — ¢1) and b, = a, — pcy, for n > 2,is by #0, for n > 2, and
limsup, |1+ bui1/by + bya/by +---| < oo, thenY, 2 b, = a and 3,2 ,by is a faster convergent
series than > ay.

Proof. Since limy,—,, (b, / a,) = 0, the proof follows from Lemma 2.6. O

In the next example, we construct, by using of Remark 2.7 and Lemma 4.1, the Kummer
series 371 b, faster convergent than the series > ;o a, such that series X1 an, Diei1Cns Do bn
does not have positive terms.

Example 4.2. Let 352 a, = Y1 (-1)"/(4"(3n + \/n)), (the sum is unknown). It is evident that
limsup, _|an1/a.] =1/4 < 1/2. Let 372 ¢p = >, (-1)"/(4"n?), then lim,_,,a,/c, = 1/3
and from Y%, (x"/n?) = —jg(ln(l —t)/t)dt, x € (-1,1), it follows X2 (-1)"/(4"n?) =
f?1/4(ln(1 —t)/t) dt (the sum is known). The Kummer series is >,,> b, = b1+ >, 5(a,—(1/3)cy),
where 3 2,b, = 3%,(-1)""/(4"3ny/n(3n* + /n)), by = 1/48 +1/3 f?1/4(ln(1 -/t dt. It
is obvious that limsup,_,_ |bns1/b,] = 1/4 < 1. Because 32 a, is series with alternating
signs such that for all n € N we have that |a,.| < |a,|, we get for n € Nay, + asye1 + -+ >
0, azps1 + A2psz + - -+ < 0. Hence 317 by, is a faster convergent series than >, ;a, and it has the
same sum.

References

[1] D. A. Smith and W. E Ford, “Acceleration of linear and logarithmic convergence,” SIAM Journal on
Numerical Analysis, vol. 16, no. 2, pp. 223-240, 1979.

[2] T. A. Keagy and W. E Ford, “Acceleration by subsequence transformations,” Pacific Journal of
Mathematics, vol. 132, no. 2, pp. 357-362, 1988.

[3] J. Wimp, “Some transformations of monotone sequences,” Mathematics of Computation, vol. 26, no. 117,
pp. 251-254, 1972.

[4] H. E. Salzer, “A simple method for summing certain slowly convergent series,” Journal of Mathematics
and Physics, vol. 33, pp. 356-359, 1955.

[5] D. F. Dawson, “Matrix summability over certain classes of sequences ordered with respect to rate of
convergence,” Pacific Journal of Mathematics, vol. 24, no. 1, pp. 51-56, 1968.

[6] B. C. Tripathy and M. Sen, “A note on rate of convergence of sequences and density of subsets of
natural numbers,” Italian Journal of Pure and Applied Mathematics, no. 17, pp. 151-158, 2005.

[7] T. Salat, Nekonecné Rady, ACADEMIA Nakladatelstvi Ceskoslovenské Akademie, Prague, Czech
Republic, 1974.



8 International Journal of Mathematics and Mathematical Sciences

[8] R. Filipéw, L. Rectaw, N. Mrozek, and P. Szuca, “Ideal convergence of bounded sequences,” Journal of
Symbolic Logic, vol. 72, no. 2, pp. 501-512, 2007.
[9] P. Kostyrko, T. Salat, and W. Wilczyniski, “O-convergence,” Real Analysis Exchange, vol. 26, no. 2,
pp. 669-685, 2001.
[10] T. Salét and V. Toma, “A classical Olivier’s theorem and statistical convergence,” Annales
Mathématiques Blaise Pascal, vol. 10, no. 2, pp. 305-313, 2003.
[11] M. Dindos, T. Salat, and V. Toma, “Statistical convergence of infinite series,” Czechoslovak Mathematical
Journal, vol. 53(128), no. 4, pp. 989-1000, 2003.
[12] T. Salat, “On statistically convergent sequences of real numbers,” Mathematica Slovaca, vol. 30, no. 2,
pp. 139-150, 1980.
[13] B. C. Tripathy, “On statistical convergence,” Proceedings of the Estonian Academy of Sciences. Physics,
Mathematics, vol. 47, no. 4, pp. 299-303, 1998.
[14] B.C. Tripathy, “On statistically convergent series,” The Punjab University. Journal of Mathematics, vol. 32,
pp. 1-8, 1999.



	Introduction
	Faster convergent series
	-convergent series
	Kummer series
	References

