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1. Introduction

In this paper, we investigate the summation of the reciprocal of triple products of combinatorial
coefficients. In particular, we develop integral representations for

o0 1 o <n+;n—l)
. , : , (1.1)
nZ_O<“’;+]><an:k)(cnl+l> %(“"j’f])(bn}:k)(cnfl)

and their alternating series counterparts.

For the representation of sums of reciprocals of single and double binomial coefficients,
one may refer to some results in the papers [1-3], see also [4].

For designated cases of the parameter values (a,b,c, j, k,I,m), various particular sums
may be expressed in terms of {(2) and ¢(3). For many interesting properties of the Zeta func-
tion, the reader is referred to [5].

The representation of sums in terms of integrals is extremely useful because it allows
one to estimate bounds on the sums in cases they cannot be written in closed form. Convexity
properties for sums may also be investigated.

Apéry’s [6], see also Beukers [7], proof of the irrationality of {(3) uses an elementary
and quite complicated construction of the approximants a,/f, € Q to this number based on
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a recurrence relation. The integral representation

dxdydz =2p,((3) - 2a, (1.2)

ml {x(1-x)y(1-y)z(1-2)}"

0 (1-(1-xy)z)™

for the sequence {a,, ,} was proposed.

It is important to note that other integral representations of (3) are available in terms of
both single and double integrals. Guillera and Sondow [8] list a number of them including the
classical results

' ~In(xy) _
II - xy dx dy - 2§(3),
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(1.3)
'n(2 - xy) 5
In a recent paper, Muzaffar [9] also obtained some results of the combinatorial type
SR ) R
= k- + ,Bk (1.4)

=0 2n+1 2n+k+1 2n+2k
- 1 1 n+k

by utilising the power series expansion of (sin"'x)?, and (ax, fx) are constants depending on
k > 0. In this paper, we complement and extend some of the results given by Muzaffar.

There are some identities in the literature involving reciprocals of triple products of com-
binatorial coefficients, one prominentidentity is the Dougall identity, see [10] or [11],
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(1.5)

for Rla+b+c) > -1.

2. The main results

In this section, we develop integral identities for reciprocals of triple products of binomial
coefficients.

Theorem 2.1. For a, b, and c positive real numbers and j, k,1 > 0, then

S(a,b,c,j, k1) = !

= (fm]ﬁ ) ( sk ) < c,;”) (2.1)
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T1-x)(1-y)* 1 -2)!XYZ((XYZ)* +4XYZ +1)dxdy d
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and similarly
T(a,b,c,j k1)
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(2.8)
where
XYZ = x“ybzc. (2.9)
Proof. Consider (2.1):
. = 1
S(a,b,c,j k1) = —
n=0( ]><bnk+k><cr3+l>
& (an+1D)I(j)I(bn + 1)I'(k)I'(cn + 1)I(1) (2.10)

=7 nZO T(an+j+1)T(bn+k+ 1 (cn+1+1)

= jkI>.B(an,j +1)B(bn,k + 1)B(cn,1+1),
n=0
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where I'(+) is the classical Gamma function and B(-, ) is the Beta function. It holds that

1
S(a,b,c,j,k, l)_]kle (1-x)/™ ”"dxf

1
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y=0

z=0

1 1 1
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(2.11)

by an allowable change of integral and sum, and hence we have

11 = x)1(1 = )51 (] = )
S(a,b,c,j k,1) = jkl”f (1= (1 ;;Z( 2 i dydz, (2.12)
. -

which is the result (2.2).
To prove identity (2.3), consider (2.1) and expand as follows:

S(a,b,c,j k1)

& abenT(an)T(j + )T (bm)T(k + I (cm)T(I + 1)
_nzzo Flan+j+1)I(bn+k+1)I(cn+1+1)

= > aben®B(j +1,an)B(k +1,bn)B(k + 1, cn)
n=0

_1+abcjfj (- x)](lxyy) -2’ Zn (x*y"z%)"dx dy dz

1 _ _ _ 1
1+ abcj f J' @ x’;);g - g()y(zl)‘* 2 XYZ((XYZ) +4XYZ +1)dx dy d=

(2.13)

which is the result (2.3). The results (2.6) and (2.7) may be obtained in a similar fashion and
therefore will not be pursued here. O

The hypergeometric representation (2.4) and (2.8) can be obtained by the consideration
of the ratio of successive terms (2.1) and (2.5), respectively.

We may also note that from known properties of the hypergeometric function, we may
write, from (2.4) and (2.8),

j+k+l+1Fj+k+l
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= a+b+c+1F a+b+c 1 ’

j+1 j+2 jta k+1 k+2 k+b 1+1 1+2 I+c
a’ a7 a’ b’ b7 b ¢ ¢ ¢

j+k+l+1F +k+1 .
a+1l a+2 a+j b+

= a+b+c+1 F a+b+c

3. Examples

Example 3.1. It holds that

0 1 1dxdydz 1/1/111
1,1,1,1,1,1) = = = Toxvs -~ 4F
S( 4,41, 1, ) nzzo 1’l+1)3 g(B) J‘IIO 1_xyz 4 3[ 2,2,2

|

dxdydz.

(3.1)

1. J‘J‘ T1-2x)(1-y)(1 -2)((xyz)* +4xyz + 1)
(1- xyz)
Other integral representations of ¢(3) do exist, some of which are as follows.
Finch [12] gave the expression

o " D {In(1-x)}"

(~1)"nie(n+1) = f ﬂdx - f de. (3.2)
x=0 1-x x=0 X

Lord [13] posed the problem to show that

5(2,2,2,1,1,1)

- v L Z§(3) _ qu/4 In (COS(X))ln(sin(x))dx _ J‘J‘J‘l dxdydz

“on+1)® 0 cos(x)sin(x) 01— x2y222

- 84” 101 -y) (1 - 2)xyz((xy2)’ +4(xyz)" + 1)

dxdydz (3.3)
(1- 22y’ !

the last three expressions are directly from (2.2), (2.3), and (2.4), respectively.
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Nan-Yue and Williams [14] also gave

¢3) = -5 f(:) xIn (2 sinh( §>>dx, (3.4)

where ¢ = golden ratio = (1 +1/5) /2.

Example 3.2. It holds that
5(4,2,3,5,k,1) = i 1
R AN AN,
= (7)) (1)
jlk!
AT (4n+ )T @n+ NI G +7)

M8

T -x)'1 -y - 2)dx dy dz
[ Q0 e dy 53
1_x4y223
321111
VL 235331
=10F9 . . . . 1
j+1 j+2 j+3j+4 k+1 k+2 1+1 1+2 1+3
4 7 47 4 47 27 2737373
=ay + apar + azl(2) + ag In(2) + a5 In(3) + a6 (3).
For j =5, k =6,and | = 6, we have the values
o _ 495762799093 _< 167-2%  23.5.316\3 >
YT1711 7232 08 27\17-13-11-72-32 17-13-11-72- 24
. _1709-5-2 py = — 755357 - 219 ae = 43.23.5.316 qee53.3. 02
T YT 171311723 T 1713-11- 72 2% o '
(3.6)
Example 3.3. For the alternating case,
T(llllll—w —§§(3)
_n:O( _4
J‘J‘J‘ dxdydz 1,1,1,1 1 .
1+xyz =i 00 (37)

L (((fA=0A -y -2)((y2)® - 4xyz +1)
=1 jjf dxdydz.

1+ xyz)4
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Example 3.4. It holds that
T(2/3,2/3,5/6,2,4,3)
i (-1)"
= (2n/3+2 > <2n/3+4 > <5n/36+3 )
i ( 1)7125311
3(n+3)2(n+6)(2n+3)*(2n +9)(5n + 6) (51 + 12) (51 + 18)
o T1-x)1-y)*(1 - 2)*dxdy dz
1+ x2/3y2/355/6
33 9 612 18
1,2,2 Z = (3.8)
_ F 12/213/3/216/51515 _1
1079 55,,11111723,
2121112151515/
70663 - 1669 . 32.210  109.5.3.2° 28 .34
= 2%2(2 In2 -
B a17532 0 28— CGr— o In2- g

+<113~56~\@_ 271-5° >ln([x)_<113-56-\/5+ 271 -5° >1n(¢)
11-72.22 11-72.23 11-72-22  11-72.23

11-2 72

<54 3-45- ¢F 37-5*- V5. a\/d)f)

where G is Catalan’s constant, ¢ is the golden ratio, and a = silver ratio = (v/5 - 1)/2.
Now consider the following theorem, which is a generalisation of Theorem 2.1.

Theorem 3.5. For a, b, c, and m positive real numbers and j, k,1 > 0 with j + k +1 > m, then

Q(a,b,c,j k,1,m)

) . <n+m 1 ) (3.9)
nzzo < an+j > (bnk+k ) < el >

Jk(n+1),,

=nzzo(m—1)!(an+1)]~(bn+1)k(cn+1)l (3.10)
'a-0Ta-ytla- 9t
-/ klf I (1-XYZ)" dxdy dz (3.11)
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=1+mab ”jl 1-x)(1-y) 1 -2)'XYZ((XYZ)* + Bm +1)XYZ +1)dx dy dz
- xyz(l-XYZ)™?
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12 j12 k12 1
mlala/ . alblbl"'/blclcl“‘lc
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a+1l a+2 a+j b+1 b+2 b+k c+1 c+2 c+l1
a 4 a VAR a 4 b 4 b VA b 4 C 4 C VAR C
(3.13)
R(a,b,c,j, k,1,m)
$ (1" () (3.14)
- - an+j bn+k cn+l
= (7)) ()
°° (~D)"jk!(n +1),, 4
- 3.15
nzzo(m—l)!(an+1)]~(bn+1)k(cn+1)l (315)
1-x)"1-y) -2
= dxdyd 3.16
kl”j 1+XYZ)" 7= (3.16)
b HJ' 1-x)1-y) 1 -2)'XYZ((XYZ)* - Gm+1)XYZ +1)dx dy dz
=1-mabc
xyz(1+XYZ)™3
(3.17)
mi2 pl2 k12 1
!alal" Ia!b/bl"'lblclcl‘ ‘!C
= j+k+l+1Fj+k+l . -1
a+1l a+2 a+j b+1 b+2 b+k c+1 c+2 c+1
a 4 a VA a 4 b 4 b s c7 b 4 C 4 C VAR 4 C
(3.18)
where XY Z is given by (2.9) and
I'p+a)
Pa=pp+1)--(p+ta-1)= P(p) (3.19)

is Pochhammer’s symbol.
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Proof. Consider (3.14):

R(a/ b/ C/jr k/ lr m)

L (n+m—=1Y\ aben®T (an)T'(j + )T (bn)T(k + )T (en)T(1 +1)
n Flan+j+1)I(bn+k+1)I(cn+1+1)

= 3 (-1)"aben’ <” * ’: B 1> B(an,j+1)B(bn, k +1)B(cn, 1 +1)

o 1 _ 1 1
=1+ ach(—l)"n3 <n * :lrz B 1> .[0 (1-x) 'x"dx fo 1- y)k_lyb"dy -[0 (1-2z)"z"dz.
n=1
(3.20)

By an allowable change of integral and sum, we have

R(a,b,c,j, k,1,m)

‘1+ab0m 1-x/a- y) (1-2'g S <n+m 1>n3<xaybzc)ndxdydz

1 . XYZ((XYZ)* - Bm+1)XYZ +1)
_1_ Vi1 k1 _ 0\l d
1 mabcjfjo(l x))1-y)"1-2) e XYZ)"™ dxdydz

(3.21)

which is the result (3.17).
To arrive at the result (3.16), consider

R(a,b,j,¢c,k,1,m)

e 2 fn+m—-1\I'(an+1)I'()I'(bn +1)I'(k)I'(cn + 1)I'(])
_]klnz_o("l)< n >r(an+j+1)r(bn+k+1)r(cn+l+1)

= jkI>(-1)" <" - :’; B 1> B(an+1,j)B(bn +1,k)B(cn+1,1)
=]kli(—1)n <Tl+m 1>J‘ (1 x] 1 andxj (1 y)k 1 bndyJ. (1 _z)l 1ZCndz
n=0

:jklfjj:(l—x)jl(l Y la-z)" 12( )" <"+m 1> (x*y’z%)"dx dy dz

(3.22)
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by an allowable change of sum and integral, hence

1 k-1 -1
R(a,b,j,c,k,1,m) = Jklﬂf (-xy (11+ XyY)Z) (1-2) dxdydz (3.23)

which is the result (3.16). O

The hypergeometric representations (3.13) and (3.18) can be obtained by the considera-
tion of the ratio of successive terms (3.9) and (3.14), respectively.

In the case when m = 1, Theorem 3.5 reduces to Theorem 2.1.
4. Examples
Example 4.1. It holds that

Q(4,3,2,5,3,6,11)
= <n+,-110>
B nZ_O<4nS+5) (3n3+3><2n6+6>

9OIII A-0"0 -y -2 dxdydz

(1-xty3z2)"

1. 264J'J‘J‘1 (1-x)°(1-y)°(1 - 2)°y?z(x3y°z* + 34x*y>22 + 1)dx dy dz
(1-xty3z2)" (4.1)

11/ 1/ 1/ 1/ Y YA

= oF 1
1059 b 79,,5734
'2/4///3'4/2/3

3413 43.5.3 1931 - 509 90379\/ 1459 - 1231
62) + 2 5 N 2. nll
214 21 7-3-2 7-32.2

379880779 22567 - 3*
7.3.210 7-25
Example 4.2. It holds that

In3.

. (_1)"(11;13)
R(1/4,1/6,1/2,5,3,7,14) := Z (n/4+5) (n/6+3> (n/2+7>
3 7

~ i (~1)"5!317!(n + 1)1
- &131(n/4+1),(n/6+1),(n/2+1),

—105”f (-0'-pa-=°, xdy dz

(1 +x1/4 1/621/2>14
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=1 Jff 1- ) (1- ) a- ) ( 1/2 1/32+43x1/4y1/6 1/2+1) o
_ +_
x Y x3/4y5/621/2(1 - x1/4y1/6zl/2)17 dxdydz

_1]
_7-5- 33 24€(2) 16231-11-3
7.5.23 42)

24.46,68,8,10,12,12,12,14 14,16, 18,20
1 35 5779,9,11,13,13,13,15,17,19, 21

5. Conclusion

We have provided triple integral identities for sums of the reciprocal of triple binomial coef-
ficients. In doing so, we have recovered the standard representation for ¢(3) and have gener-
alised and extended some results published previously by other authors.

In another forum, we will extend our results to consider binomial coefficients of the form

. " <n+m 1) <"+T_l)
N IR CIICDIE)

(5.1)

Ms
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