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Let H be a graph on n vertices and & a collection of n subgraphs of H, one for each vertex, where & is an orthogonal double
cover (ODC) of H if every edge of H occurs in exactly two members of ¥ and any two members share an edge whenever the
corresponding vertices are adjacent in H and share no edges whenever the corresponding vertices are nonadjacent in H. In this
paper, we are concerned with the Cartesian product of symmetric starter vectors of orthogonal double covers of the complete

bipartite graphs and using this method to construct ODCs by new disjoint unions of complete bipartite graphs.

1. Introduction

For the definition of an orthogonal double cover (ODC) of the
complete graph K, by a graph G and for a survey on this topic,
see [1]. In [2], this concept has been generalized to ODCs of
any graph H by a graph G.

While in principle any regular graph is worth considering
(e.g., the remarkable case of hypercubes has been investigated
in [2]), the choice of H = K|, is quite natural, and also in view
of a technical motivation, ODCs of such graphs are a helpful
tool for constructing ODCs of K,, (see [3, page 48]).

In this paper, we assume H = K, ,, the complete bipartite
graph with partition sets of size n each.

An ODC of K, is a collection & = {G,G,;...,G, |,
Fy, Fy,...,F, |} of 2n subgraphs (called pages) of K, ,, such
that

(i) every edge of K, ,, is in exactly one page of {G, G},
...»G,_,} and in exactly one page of {F,, F,,..., F,_};

(ii) fori,j € {0,1,2,...,n— 1} and i # j, E(G;) N E(G)) =
E(F) n E(F;) = 0; and |E(G)) n E(F;)| = 1 for all
i,je{0,1,2,...,n— 1}

If all the pages are isomorphic to a given graph G, then &
is said to be an ODC of K, , by G.

Denote the vertices of the partition sets of K, by
{0g, Ly, ..., (n—1)p} and {0;,1,,..., (n—1),}. The length of an
edge x,y, of K, is defined to be the difference y — x, where

x,y€eZ,=10,1,2,...,n—1}. Note that sums and differences
are calculated in Z,(i.e., sums and differences are calculated
modulo n).

Throughout the paper we make use of the usual notation:
K., for the complete bipartite graph with partition sets of
sizes m and n, P, for the path on n vertices, C,, for the cycle
on n vertices, K,, for the complete graph on n vertices, K, for
an isolated vertex, G U H for the disjoint union of G and H,
and mG for m disjoint copies of G.

An algebraic construction of ODCs via “symmetric
starters” (see Section 2) has been exploited to get a complete
classification of ODCs of K, ,, by G for n < 9, a few exceptions
apart, all graphs G are found this way (see [3, Table 1]). This
method has been applied in [3, 4] to detect some infinite
classes of graphs G for which there are ODCs of K, by G.

In [5], Scapellato et al. studied the ODCs of Cayley graphs
and they proved the following. (i) All 3-regular Cayley graphs,
except K, have ODCs by P,. (ii) All 3-regular Cayley graphs
on Abelian groups, except K, have ODCs by P; U K. (iii)
All 3-regular Cayley graphs on Abelian groups, except K, and
the 3-prism (Cartesian product of C; and Kj,), have ODCs by
3K,.

Much research on this subject focused on the detection of
ODC:s with pages isomorphic to a given graph G. For a sum-
mary of results on ODCs, see [1, 4]. The other terminologies
not defined here can be found in [6].
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2. Symmetric Starters

All graphs here are finite, simple, and undirected. Let I' =
{Yo» - +>Vu1} be an (additive) abelian group of order n. The
vertices of K, ,, will be labeled by the elements of ' x Z,.
Namely, for (v,i) € I x Z, we will write v; for the
corresponding vertex and define {w;,u;} € E(K,,) if and
onlyifi# j,forallw,u €T'andi,j € Z,.Ifthereisno chance
of confusion, (w, u) will be written instead of {wy, u, } for the
edge between the vertices wy, u;.

Let G be a spanning subgraph of K,, , and let a € T. Then
the graph G + awith E(G + a) = {(u + a,v + a) : (u,v) €
E(G)} is called the a-translate of G. The length of an edge e =
(u,v) € E(G) is defined by d(e) = v — u.

G is called a half starter with respect to I if |[E(G)| = n
and the lengths of all edges in G are mutually distinct; that
is, {d(e) : e € E(G)} = I. The following three results were
established in [3].

Theorem 1. IfG is a half starter, then the union of all translates
of G forms an edge decomposition of K,, ,; that is, | J,er E(G +
a) = E(K,,,).

Hereafter, a half starter G will be represented by the vector
v(G) = (Vyo,...,vy ), where v, € T and (v )O is the unique
vertex ((v ,00e T X {0}) that belongs to the unique edge of
length y; inG.

Two half starter vectors v(G,) and v(G,
orthogonal it {v,(Gy) - v,(G,) : y € [} =T

) are said to be

Theorem 2. If two half starter vectors v(G,) and v(G,) are
orthogonal, then G = {G,; : (a,i) € TxZ,} withG,; = G;+a
isan ODC of K, ,

The subgraph G, of K, , with E(G;) = {(uy, v,) : (vy,u;) €
E(G)} is called the symmetric graph of G. Note that if G is a
half starter, then G; is also a half starter.

A half starter G is called a symmetric starter with respect
to T if v(G) and v(G;) are orthogonal.

Theorem 3. Let n be a positive integer and let G be a half
starter represented by the vector v(G) = (Vyo’ s VYH). Then
G is symmetric starter if and only if {v, —v_, +y:y €T} =T.

The above results on ODCs of graphs motivated us to
consider ODCs of K,,,,, ., if we have the ODCs of K, , by G
and ODCs of K, ,, by H where G, H are symmetric starters.
In this paper, we have settled the existence problem of ODCs
of K., ., by few infinite families of graphs presented in the
next section.

3. The Main Results

In the following, if there is no danger of ambiguity, if (i, j) €
Z, x Z,, we can write (i, j) as ij.

Theorem 4. The Cartesian product of any two symmetric
starter vectors is a symmetric starter vector with respect to the
Cartesian product of the corresponding groups.

Proof. Let (G) = (vo,vy,...,V,_1) € Z, be a symmetric
starter vector of an ODC of K, , by G with respect to Z,, then

{vi-vi+iviez} =2, (1)

Let u(H) = (ug, thy,...,U,_,) € Z, be a symmetric starter

vector of an ODC of K, ,, by H with respect to Z,,, then
fuj-u,+j:jez,}=2, )
Then v(G) x u(H) = (volhg, Vol -+ > Villjs -+ o> Vo1 Uy 1))

wherei€ Z,and j€ Z,,.
From (1) and (2), we conclude

{v,»uj —vu_jtijiijeZ,x Zm}

:{(Vi_v—i+i)(uj_U_j+j):iEZn,

j€Z,,ijeZ,xZ,}

3)

=Z,x7Z,,.

Then v(G) x u(H) is a symmetric starter vector of an
ODC of K, ;> With respect to Z, x Z,,, by a new graph
G x H which can be described as follows.

Since E(G) = {(v;, v;+i) :i € Z,}and E(H) = {(uj,uj+j) :
j € Z,,}, then E(G x H) = {(vjuj, viu; +ij) 1 ij € Z,x Z,,}. 1t
should be noted that Gx H is not the usual Cartesian product
of the graphs G and H that has been studied widely in the

literature. O

All our results based on the following two major points:

(1) the cartesian product construction in Theorem 4,

(2) The existence of symmetric starters for a few classes
of graphs that can be used as ingredients for carte-
sian product construction to obtain new symmetric
starters. These are as follows.

(1) K, ,, which is a symmetric starter of an ODC of

ntimes
K, whose vector is v(K, ,) = (0,0,0,...,0) €

Z;, see Corollary 2.2.7 in [7].

(2) mK,, which is a symmetric starter of an
ODC of K, 4, whose vector is v(mK,,) =
0,1,2,...,2m - 1,0,1,2,...,2m — 1) € Z"

see [7, Lemma 2.2.13].

3) K;, U K, ,,_;y which is a symmetric starter
1,2 1,2(n-1) Y
of an ODC of K,, ,, whose vector is ¥(K;, U
(n—1) times (n—1) times

Kize1) = (0,3 5mn, 0,7, ..., n) €
73, n > 2,and it is easily checked that v;(K, , U
Kl)z(n,l)) =v (K ,U Kl,z(nq))’ and hence {v; -
vtitieZ,}) =2,,

4m>
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(4) K;, UK,, , which is a symmetric starter of an
ODC of K,,, ,,, whose vector is v(K, , UK, ,, ;) =
(n—1) times (n—1) times
0,1,1,1,..., 1, I,n,n+ 1,n+1,...,n+1) €
Z%n, n > 2 for this vector, and it is easily
checked that
v i if i =0,n, or @
V.=V _.+1=
! ! n+i otherwise

and hence {v;, -v_;+i:i € Z,,} = Z,,.

(5) K, 5 which is a symmetric starter of an ODC of
K¢ whose vector is v(K, ;) = (0,0,3,3,3,0) €
Zg, see [4, Theorem 2.2.7].

These known symmetric starters will be used as ingre-
dients for the cartesian product construction to obtain new
symmetric starters.

Theorem 5. For all positive integers m, n with ged(m,3) = 1,
there exists an ODC of K., 4 by mK, 5, U 2m(3n — 1)K;.

Proof. Since v(mK,,) and v(K,,) are symmetric starter
vectors, then v(mK,,) x v(K;,) is a symmetric starter
vector with respect to Z,,, x Z, (Theorem 4). The resulting
symmetric starter graph has the following edges set:

E (sz,zn)

L [(0i, B(20)), (04,28 (m + 1)), (0 (m + i), B (20)),
-Uf f

(0(m+z) 2B(m+i):0<B<n—1

1=

)
O

Lemma 6. For any positive integer m with gcd(m, 3) = 1, there
exists an ODC of K\, 14, by mK, , U 24mK.

Proof. Since v(K,,) and v(mK,,) are symmetric starter
vectors, then v(K, ,) x v(mK, ,) is a symmetric starter vector
with respect to Z, x Z,,, (Theorem 4), and the resulting
symmetric starter graph has the following edges set:

E (mK4,4)

{ (0 +m),0(+m)+ij):

ije{0(+m),0(+3m),2(+m),2(l+3m)}
{(11, 1l+l]) ij e {1, 1(I+2m),3L,3(+2m)}} U
{ (LAd+m), 1(+m)+ij): }
ijef{l(I+m),1(I+3m),3(+m),3(l+3m)}

{ {(0, 00 +ij) : ij € {0, 0 (1 + 2m), 21,2 (I + 2m)}} U ’}
U
m—1 }

-U
=0
(©)

0

Lemma7. For any positive integer m with gcd(m, 3) = 1, there
exists an ODC of K3, 3,,, by 2mK, , U 48mK;.

Proof. Since v(2K,,) and v(mK,,) are symmetric starter
vectors, then v(2K, ,) xv(mK, ,) is a symmetric starter vector

with respect to Zg x Z,,, (Theorem 4), and the resulting
symmetric starter graph has the following edges set:

E(2mK,,)

{(o1, Ol+z]) ij € {0L,0 (I +2m), 21,2 (I + 2m)}} U

{ (0 +m),0(+m)+ij): }»U
ije{o(+m),0(1+3m),2(+m),2(l+3m)}
{(21, 21+1]) ij e {1,1(I+2m),7L,7 (I +2m)}} U

<{ QU+m),2(0+m)+ij): }»U
e

3
L

ijef{l(I+m),1(I+3m),7(+m),7(+3m)}
(41, 4l+l]) ij € {4,4 (1 + 2m), 6,6 (I + 2m)}} U
(4 +m),4(1+m)+ij): }»U

Il
=}

ije{da(l+m),4(1+3m),6(l+m),6(l+3m)}
{(el, 61+1]) ij € {31,3(1+2m),5L,5 (I +2m)}} U
{ (6 +m),6(1+m)+ij): }
ije{3(+m),3(+3m),5(+m),5(+3m)}

@)
O

The following conjecture generalizes Lemmas 6 and 7.

Conjecture 8. For all positive integers m, n with gcd(m, 3) =
1 and gcd(n,3) = 1, there exists an ODC of Ky, 16mn bY
nmK, 4 U 24mnK;.

Theorem 9. For all positive integers m,n > 2, there exists an
ODC OfKZmn,Zmn by K1,2m u K1,2m(n—1) u 2(1’”7’1 - I)Kl

Proof. Since v(K, ,,) and (K, U K| 5,,)) are symmetric
starter vectors, then v(K ,,,) x W(K;, U K|, ;) is a sym-
metric starter vector with respect to Z,, x Z,, (Theorem 4),
and the resulting symmetric starter graph has the following
edges set:

E (K1,2m u K1,2m(n—1))

m—1
= U {(00,aB), (0n, ay) : B € {0,n},y € Z,, \ {n}}.
a=0

(8)
O

Theorem 10. For all positive integers m,n > 2, there exists
an ODC of Kypyamn by Kig U Kiypny U Kyggny U
K1)4(m_1)(n_1) U 4(mn— l)Kl

Proof. Since v(K;, U K| 5,_1)) and v(K;, U K ,,_;)) are
symmetric starter vectors, then v(K; , U Kj 5(,,,_1)) X V(K , U
K 5(s-1)) is @ symmetric starter vector with respect to Z,,, x
Z,, (Theorem 4), and the resulting symmetric starter graph
has the following edges set:

E (K U Ky 4tn-1) Y Ky agm-1y Y K1,4(m—1)(n—1))

B aml (00,ap), (01, ay) , (M0, k) , (mn, ky) :
- U { a € {0,m},B ef{0,nt,ye Zy,\{0,n} }

k=1, k+m
9)
O
Theorem 11. For all positive integers m,n > 2 with

ged(m,3) = 1, there exists an ODC of Ky, gy by mK, 4 U
MK, 4,-1) U 4m(3n — K.
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Proof. Since v(K,, U K| 5,_)) and v(mK,,) are symmetric
starter vectors, then v(K, , U K 5, ;)) X v(mK,,) is a sym-
metric starter vector with respect to Z,, x Z,,,, (Theorem 4),
and the resulting symmetric starter graph has the following
edges set:

E(mK,, U mK2,4(n—1))

m—1

{(o1,01 +ij) : ij € {01,0 (I + 2m) , 21,2 (I + 2m)}} U
{ (01+m),0(+m)+ij): } u
ije{0(l+m),0(+3m),2(I+m),2(+3m)}

:ZU {(nl, nl+z]) ij e {1,1(1+2m),3L,3 (I +2m)}} U
{ (n(l+m),n(l+m)+ij): }
ije{l(l+m),1(I+3m),3(+m),3(l+3m)}

(1&)

Theorem 12. For all positive integers m,n > 2, there exists an
ODC of Ky 2mn by Ky U Ky -1y U (3mn — 4)K;.

Proof. Since v(K,,,) and v(K,, U K,, ;) are symmetric
starter vectors, then v(K ,,) x (K, , UK, ;) is a symmetric
starter vector with respect to Z,, x Z,, (Theorem 4), and the
resulting symmetric starter graph has the following edges set:

E (KZ,m U KZ,m(n—l))
m—1
= [ J {(01,B). (00,20, (01, 20), (11)
a=0

(0(n+1),aB):2<p<n}. O

Lemma 13. For any positive integer m, there exists an ODC of
Kemom by Ky 3 U (9m = 2)K,.

Proof. Since v(K,,,) and v(K, ;) are symmetric starter vec-
tors, then v(K ) X v(K, ;) is a symmetric starter vector with
respect to Z,,, x Z¢ (Theorem 4), and the resulting symmetric
starter graph has the following edges set:

E(K,3,) = D {(00,aB),(03,ap) : B€{0,1,5}}. (12)
a=0 O

4. Conclusion

In conclusion, the known symmetric starters are used as
ingredients for the cartesian product construction to obtain
new symmetric starters which are mK,,, U 2m(3n -
DK,, mK,, U24mK,, 2mK, , U 48mK,, nmK, , U 24mnK,
Ky UK pin(n-1y U2(mn— 1)K, Ky 4 UK, 4, 1) UK 41y U
Ky som-1)(n-1) Y 4(mn — 1)Ky, mK, , UmK, 4,1y U 4m(3n —
DK}, Ky UK, o1y U(Bmn—4)K;, and K, 5, U(9m-2)K;.
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